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Invariance Properties of Gabor Filter Based
Features – Overview and Applications
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Abstract— For almost three decades the use of features based
on Gabor filters has been promoted for their useful properties in
image processing. The most important properties are related to
invariance to illumination, rotation, scale and translation. These
properties are based on the fact that they are all parameters
of Gabor filters themselves. This is especially useful in feature
extraction, where Gabor filters have succeeded in many applica-
tions, from texture analysis to iris and face recognition. This study
provides an overview of Gabor filters in image processing, a short
literature survey of the most significant results, and establishes
invariance properties and restrictions to the use of Gabor filters
in feature extraction. Results are demonstrated by application
examples.

Index Terms— Gabor filters, feature extraction, invariance,
object detection, object recognition, image processing.

I. I NTRODUCTION

I NVARIANCE of features has been an active area in object
recognition research for decades. By invariance not only

are features meant which are invariant to a set of geometric
transforms but also methods to perform object detection re-
gardless of pose and imaging conditions using features which
are not invariant. Invariance requirements are application de-
pendent. In the recognition of 2-D rigid objects, for example,
illumination, orientation, scale, and translation invariances are
the most typical requirements. General approaches, such as
moment invariants, do exist, but have problems in practice
since they require precise segmentation and uniform lighting.
Gabor features have instead been utilized since they can
preserve pose information in the feature space. This study
presents an overview and a literature survey of Gabor filters
in feature extraction, their invariance properties, and describes
results in applications utilizing Gabor features.

Works utilizing Gabor filters often refer to the original
contribution by Dennis Gabor in 1946 when he proposed
a represention of signals as a combination of elementary
functions [1]. Gabor’s work was a continuation and partly
parallel to the works of Nyquist [2] and Shannon [3] founding
the theory of communication. Since then Gabor functions have
been deployed in many areas of signal processing and to list
some of the most influential works which contributed to this
research, credit must be given to the detailed analysis of Ga-
bor’s expansion by Bastiaans [4], [5], [6], the introduction of
the two dimensional (2-D) counterpart of a Gabor elementary
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function by Granlund [7], the generalization to two dimensions
and the 2-D function as a model of a simple cell in the
mammalian visual cortex by Daugman [8], and the wavelet
treatment of Gabor filters by Lee [9].

In the overview part of this study the fundamental results
involved in the discovery and development of Gabor filters
in signal processing are described. In addition, the study
formulates invariance properties in more interpretable forms
and their use is demonstrated in applications. The Gabor
research community lacks an adequate overview of the field,
and for this reason, the authors have collated an extensive list
of references. Gabor researchers have combined results from
many different contexts and consequently the terminology
used may be confusing to researchers who are not aware
of the context they should work with; Gabor filter, Gabor
expansion, Gabor transform, Gabor jet, Gabor frame, or Gabor
wavelet? Despite the fact that this study begins from the
filters in one dimension, the study is mainly relevant to image
processing. The image processing community seems to be
more familiar with Gabor filters compared to other research
areas, which is probably due to the physiological fact that,as
Daugman pointed out, the 2-D Gabor filters are good models
of the simple cells in the mammalian visual system [8]. This
qualitative fact has promoted the use of Gabor filters for twenty
years and is still mentioned in almost every article on the
subject. Nevertheless, the physiological issues are only briefly
considered in this study which attempts to provide motivations
for Gabor filter use with a more quantitative rationale.

II. SURVEY AND OVERVIEW

A. Signals in two domains

In signal analysis, and especially in image processing,
feature extraction plays a central role in “Knowing what is
where?”. If one can be convinced that frequency content
provides the information about “what”, and spatial coordinates
in 2-D provide the information about “where”, a connection to
the uncertainty principle and Gabor’s work can be established.
First what makes these two domains, time and frequency,
special should be considered and is it reasonable to restrict
the study to these domains alone.

1) Time: With one-dimensional (1-D) signals it is natural
to analyze their variation in time since most signals are
measured in time domain and time itself is fundamental.
However, it should be noted that for some other signals,
e.g., two dimensional (2-D) images, the characteristics ofthe
dimensions are not necessarily comparable to time.
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2) Frequency:Waveforms, optical, electrical, or acoustical,
and their Fourier spectra are appreciated equally as physically
picturable and measurable entities. Gabor was also concerned
about reasons for the use of frequency domain other than the
elementary mathematical properties and strong theory of the
harmonic wave functions. In his study Gabor pointed out that
some other selection of orthogonal basis, like Bessel functions,
would not provide spectral components whose number is
proportional to the length of a specific time interval [1].

3) Uncertainty: To analyze signals, an operator is needed
that performs the analysis simultaneously in both time and
frequency domains and provides information of localized time
and frequency events. Letψ(t) denote a function in terms of
time andΨ(u) its Fourier transform in terms of frequency.
These two functions are connected via the Fourier transform
pairs

Ψ(f) = F{ψ(t)}, ψ(t) = F
−1{Ψ(f)} . (1)

Clearly functionψ is situated in both domains, but since it
is well known that any compactly supported function cannot
have a finite Fourier transform and vice versa [10], there is
always uncertainty in the time and frequency locations ofψ.

Bandwidth has been widely studied in communication sys-
tems and it seems that even in this field no single definition
suffices [11], [12]. The bandwidth definition that Gabor found
useful was the root mean square (r.m.s.) bandwidth. A similar
r.m.s. measure can be applied to uncertainty in time, i.e., the
r.m.s. duration. In literature these two measures have been
referred to as Gabor bandwidths [11], [13]. The uncertaintyin
time, the time duration∆t, can be defined as ([8])

∆t =

√

√

√

√

∫

∞

−∞
(t− µt)2ψ(t)ψ∗(t)dt
∫

∞

−∞
ψ(t)ψ∗(t)dt

, µt =

∫

∞

−∞
tψ(t)ψ∗(t)dt

∫

∞

−∞
ψ(t)ψ∗(t)dt

(2)
whereµt is the centroid ofψ in time andψ∗ denotes the
complex conjugate. A similar uncertainty∆f for frequency
can be defined, and then, these two uncertainties are connected
via the uncertainty principle as

∆t∆f ≥ 1

4π
. (3)

There are several formulas for the Fourier transform vary-
ing by constant factors, and thus, the uncertainty value is
sometimes replaced by1/2, but these all have an identical
interpretation [10], [8], [1].

It is possible to derive a functionψ for which the product
∆t∆f assumes the smallest possible value, i.e., for which the
inequality in (3) turns into an equality:“The signal which
occupies the minimum area∆t∆f = 1

4π is the modulation
product of a harmonic oscillation of any frequency with pulse
of the form of a probability function”[1]

ψ(t) = e−α2(t−t0)
2

ej2πf0t+φ (4)

whereα is the sharpness (time duration / bandwidth) of a
Gaussian,t0 the centroid of the Gaussian,f0 is the frequency
of the harmonic oscillations, andφ denotes the phase shift of
the oscillation. The Gabor elementary function in (4) has the

Fourier spectrum

Ψ(f) =

√

π

α2
e−(π

α
)2(f−f0)

2

e−j2πt0(f−f0)+φ . (5)

It is straightforward to show that∆t∆f = 1
4π . The form of

the function, the Gabor elementary functionψ, that minimizes
the uncertainty and turns the inequality (3) into equality is
now defined and the use and properties of the function will
be considered next.

B. Gabor expansion

Signal expansion, synthesis, was Gabor’s main motivation
when he proposed the use of Gabor elementary functions in (4)
as expansion functions which would optimally represent the
time-frequency content. It should be noted that the expansion
functions do not have to constitute an orthogonal basis as
typically assumed in wavelet or Fourier transforms, but an
unconditional basis, a frame, may succeed as well [14]. In
the Gabor expansion, a signals(t) is represented as a sum of
Gabor elementary functionsψkl(t) multiplied by expansion
coefficientsakl as

s(t) =
∑

k,l

aklψkl(t), ψkl(t) = e−α2(t−kt0)
2

ej2πlf0t+φ (6)

wherek denotes time shifts andl frequency shifts of the Gabor
function. The expansion coefficientsakl must be computed us-
ing a biorthogonal function set [4], [14]. The biorthogonality is
trivial for orthogonal bases but more complicated for frames. It
has been shown that Gabor’s method to construct the biorthog-
onal set is impractical [?] and more stable methods have been
introduced by Bastiaans [4], [5], [6]. A unique solution can
be found only for a special case of the parametersk and l,
namely , when the signal is critically sampled (t0f0 = 2π),
but even then the convergence may be unstable [4], [5], [15].
For the valuest0f0 < 2π the Gabor frame is overcomplete and
the biorthogonal set is no longer unique, nevertheless, various
methods for constructing the set of biorthogonal functionshave
been proposed [6], [16], [17].

Despite the ambiguities the Gabor expansion has advantages
compared to other time-frequency methods [18] and it has
been successfully applied to analysis and used in applications
[19], [20]. Lately, inspired by wavelets the Gabor expansion
has been analyzed in the context of filter banks [21], [22]
and the Gabor theory (e.g. [23]) has been extended towards
wavelets (e.g. framelets in [24]).

C. 1-D Gabor filter

Next, instead of signal synthesis as in the expansion, the
Gabor elementary function is utilized as a signal analyzing
filter. To be consistent with linear filter theory a few justifica-
tions need to be made to (4) in order to define a proper form
of the Gabor filter function [25]. First, an origin centered form
(t0 = 0) is preferred for the convolution. There is no evidence
that any specific phase (φ) would be more beneficial than any
other, so the phase shift can be removed to define the Gabor
filter function in a more compact form

ψ(t) = e−α2t2ej2πf0t . (7)
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Now, response of the linear filter in (7) at some locationt1
for some signalξ(t) can be calculated with the convolution

resp(t1) = ψ(t1) ∗ ξ(t1) =
∫

∞

−∞

ψ(t1 − t)ξ(t)dt (8)

which is similar to the continuous short-time Fourier transform
with a Gaussian window function [26]. The only difference is
the time dependent phase factorej2πf0t1 which is caused by
the assumption of the0◦ phase angle in the filter centroid.

1) Multi-resolution analysis filter:The filter in (7) has the
same effective widths, duration and bandwidth, regardlessof
the central frequencyf0. However, a multi-resolution analysis
(MRA) compatible form can be introduced to make the filters
on different frequencies behave as scaled versions of each
other [14]. Intuitively this makes sense since it is reasonable to
inspect the same events but in different scales; the higher the
frequency the finer the details. The time duration of the filter
should depend on the central frequencyf0 [27] which can be
accomplished by setting the frequency normalized bandwidth
parameter

γ =
|f0|
α

. (9)

2) Response normalization:From the Fourier transformed
Gabor function in (5) it can be seen that the maximum re-
sponse for a complex signal is

√

π/α2, and thus, its inversion
can be used as a normalization term. Finally, a normalized 1-D
Gabor filter function can be defined (f0 = f ) as

ψ(t) =
|f |
γ
√
π
e−( f

γ
)2t2ej2πft (10)

which is referred to as the 1-D Gabor filter hereafter. The filter
has a Fourier transform

Ψ(u) = e−( γπ
f

)2(u−f)2 (11)

whereu denotes frequency.

D. 2-D Gabor filter

It is straightforward to generalize the filter in (10) to two
dimensions where the time variablet is replaced by the
spatial coordinates(x, y) and the frequency variableu by the
frequency variable pair(u, v) and this was presented in the
late 70’s. If similar studies in optics are not considered (e.g.
[28], [29]), the major effort to the development and use of 2-D
Gabor filters has been made in image processing and especially
in feature extraction. In 1978 Granlund proposed the form ofa
general picture processing operator which corresponds to a2-
D Gabor filter and was derived directly from requirements of
image processing [7]. It is noteworthy that Granlund addressed
many properties, such as the octave spacing of the frequencies,
that were reinvented later for Gabor filters.

Daugman later showed a surprising equivalence between a
structure based on the 2-D Gabor functions and the organiza-
tion and the characteristics of the mammalian visual system
[8], [30]. He also defined similar uncertainty measures as in
(2) for the 2-D case in terms of∆x, ∆y, ∆u, and∆v for
which it holds that

∆x∆u∆y∆v ≥ 1

16π2
. (12)

The most general form of the functions that achieve the lower
bound of the uncertainty inequality in (12) is

e−(Ax2+Bxy+Cy2+Dx+Ey+F ) (13)

whereB2 < 4AC andD, E, andF are complex [8], but for
practical use certain simplifications are typically made. The
simplifications are particularly motivated if the construction of
the 2-D Gabor filters is done according to biological evidence
(e.g. [8]), but they can also be justified based on linear filter
theory [25].

Furthermore, according to the MRA form in (10) substi-
tutions α = |f0|/γ and β = |f0|/η can be made and the
corresponding 2-D Gabor filter can be defined as

ψ(x, y) =
f2

πγη
e
−( f2

γ2
x′2+ f2

η2
y′2)

ej2πfx
′

x′ = x cos θ + y sin θ, y′ = −x sin θ + y cos θ .

(14)

wheref is the central frequency of the filter,θ the rotation
angle of the Gaussian major axis and the plane wave,γ the
sharpness along the major axis, andη the sharpness along the
minor axis (perpendicular to the wave). Note that the center
of the filter is defined in polar coordinates with parameters
(f, θ). In the given form, the aspect ratio of the Gaussian is
λ = η/γ. The normalized 2-D Gabor filter function in the
frequency domain is

Ψ(u, v) = e
−

π2

f2
(γ2(u′

−f)2+η2v′2)

u′ = u cos θ + v sin θ, v′ = −u sin θ + v cos θ .
(15)

The effects of the parameters, interpretable via the Fourier
similarity theorem, are demonstrated in Figs. 1 and 2.
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Fig. 1. Examples of 2-D Gabor filters in spatial and frequencydomains:
(a) f = 0.5, θ = 0◦, γ = 1.0, η = 1.0; (b) f = 1.0, θ = 0◦, γ = 1.0,
η = 1.0.

III. D ISCRETE FILTERS

To transform continuous domain entities to the discrete
domain one always needs to be sure that they are represented
with sufficient accuracy in order to reapply the continuous
domain results. The discrete domain has been addressed in
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Fig. 2. Examples of 2-D Gabor filters in spatial and frequencydomains: (a)
f = 1.0, θ = 0◦, γ = 2.0, η = 0.5; (b) f = 1.0, θ = 45◦, γ = 2.0,
η = 0.5.

several studies (e.g. [5], [6], [16], [15]), but the main concern
has been the construction of biorthogonals, not the sampling
and quantization of Gabor and biorthogonal functions or the
expansion coefficients.

Real signals are usually strictly amplitude limited and quan-
tization is not an issue. In applications, a proper construction
depends more on the sampling theorem, which has been
only briefly discussed for Gabor filters [31], [32], [33]. By
obeying the sampling theorem an accurate and aliasing free
construction of Gabor filters can be made in the frequency
domain. However, the avoidance of aliasing only guarantees
a proper sampling of the filter, but it does not say anything
about a proper filter in the time domain. In the time domain
it would be beneficial if the filter envelope falls completelyin
discrete bins of a filter representation, that is, the filter values
are negligible outside a limited length discrete filter [25].

As any continuous function, the Gabor filter in (10) can be
sampled as a discrete sequence

ψ(n) = ψ(T t) . (16)

Now, a discrete 1-D normalized Gabor filter can be defined as

ψ(n) =
|f |
γ
√
π
e−( f

γ
)2n2

ej2πfn (17)

wheref denotes discrete frequencies betweennmin

L
andnmax

L
,

wherenmin andnmax correspond to the bins of the first and
last discrete frequencies andL is the filter length.

To ensure that a filter is properly inside the frequency range,
that is, at most the proportion1− pf is aliased, it must hold
that (positive frequencies)

nmax−1
∑

n=1

Ψ(n) ≥ pf

∞
∑

n=−∞

Ψ(n), 0 < f < 0.5 (18)

which guarantees that the following condition for the contin-
uous case holds: [25]

∫
nmax

L

0

Ψ(u)du ≥ pf

∫

∞

−∞

Ψ(u)du . (19)

A proper filter construction in the frequency domain can be
guaranteed by satisfying [25]

1

2
erf(γπ) +

1

2
erf

(

γπ

|f | (
1

2
− 1

L
)− γπ

)

≥ pf (20)

whereerf is the error function

erf(x) =
2√
π

∫ x

0

e−t2dt . (21)

Eq. (20) provides a sufficient sampling of the filter in
the time domain, but the filter envelope may spread beyond
the discrete size of the filter. The effective filter envelopeis
specified by the modulating Gaussian, and thus, a restriction

nmax
∑

nmin

e−( f
γ
)2n2 ≥ pt

∞
∑

−∞

e−( f
γ
)2n2

(22)

must be satisfied where the factorpt corresponds topf in
the frequency domain. By lower bound estimations a general
constraint that holds for odd and evenL can be derived and
the time domain constraint can be written as

erf

( |f |
γ
(
L

2
− 1)

)

≥ pt . (23)

Eq. (23) can also be used to estimate the minimum sizeL of
the filter.

The results can be generalized to two dimensions [25]. To
define a strict lower boundary,L can be set equal to the size of
the smallest dimension of the 2-D filter,L = min{Lx, Ly},
and the filter can be considered in the standard pose where
the major axis is along the x-axis (θ = 0). Now, the frequency
constraint for the 2-D filter is

1

4

[

erf (γπ) + erf

(

γπ

|f | (
1

2
− 1

L
)− γπ

)]

[

erf (ηπ) + erf

(

ηπ

|f | (
1

2
− 1

L
)− ηπ

)]

≥ pf

(24)

and the spatial constraint

erf

( |f |
γ
(
L

2
− 1)

)

erf

( |f |
η
(
L

2
− 1)

)

≥ pt . (25)

Using the discrete form of the Gabor filter in (17) or a cor-
responding 2-D form, and by satisfying the given constraints
in (20) and (23) or in (24) and (25) a proper construction
of the Gabor filters can be achieved and reliable results in
applications can be expected.

IV. I NVARIANCE PROPERTIES

A. Time-frequency features of 1-D signals

The main use of Gabor filters is with 2-D images, but here
they are first demonstrated in one dimension for simplicity.
Gabor features from a signalξ(t) can be extracted via the
convolution

rξ(t; f) = ψ(t; f) ∗ ξ(t) =
∫

∞

−∞

ψ(t− tτ ; f)ξ(tτ )dtτ (26)

where the frequencyf is included as a feature variable. Via
the convolution, the Gabor filter works as any linear filter and
the responserξ(t; f) in (26) can be calculated at any time
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instantt and for various frequenciesf . An arbitrary amount
of the signal energy can be restored in the Gabor features
providing the reconstruction property. In addition, operations
to perform deformation independent detection of events can
be established [34].

1) Translation property:The first and most obvious use
of the time-frequency representation is to detect time varying
changes in a signal content. If the time axis is covered with
Gabor functions and their overlap is sufficient, an event in an
arbitrary position will always fall in the effective area ofsome
of the functions. On this basis a translation invariant search
can be established [34].

For the 1-D Gabor feature in (26) and a translated version

ξ1(t) = ξ(t− t1) (27)

of some signalξ(t) it can be shown that [34]

rξ1(t; f) =

∫

∞

−∞

ψ(t− tτ ; f)ξ1(tτ )dtτ = rξ(t− t1; f) (28)

which is the translation property of Gabor filters allowing
a translation invariant detection of events. The translation
property is common for most linear time-frequency represen-
tations and in general it holds for functions with a continuous
translation parameter.

2) Scale property: While the translation property was
recognized as an advantage already in the earliest studies
of the short-time Fourier transform, the scale property did
not gain any significant attention until the introduction of
wavelets; from time-frequency to time-scale. The original
time-frequency division by Gabor functions was a special case
of the short-time Fourier transform and not comparable to
time-scale methods [14]. By their mathematical propertiesboth
structures are special cases of “coherent states associated with
a Lie group”, but the short-time Fourier further corresponds
to the Weyl-Heisenberg group while the wavelets correspond
to the “ax+b” (affine) group [14], [23].

The time-frequency representation was criticized by
Daubechies who showed distinct advantages for the affine
group [14]. Fortunately, it is possible to formulate Gabor
functions in an affine manner, as was established by connecting
the sharpnessα and frequencyf in (9) [27]. The filters in
(10) and (11) extract the same information in different scales,
f denoting the scale parameter. Now, for a scaled signal
ξ2(t) = ξ(at) where a denotes the scaling factor, it holds
that ([27], [34])

rξ2(t; f) =

∫

∞

−∞

ψ(t− tτ ; f)ξ2(tτ )dtτ = rξ(at;
f

a
) . (29)

The interpretation of the above result is straightforward:a
response for a signal is the same as the response of a similarly
scaled filter for a scaled version of the signal. To maintain
a homogenous spacing between the scales, a logarithmic
frequency scale is typically established ([35], [14], [27], [34])

fk = c−kfmax, for k = 0, . . . ,m− 1 (30)

wherefmax is the maximum frequency andc is the frequency
scaling factor. Some useful values forc include c = 2 for
octave spacing andc =

√
2 for half-octave spacing. In Fig. 3

there is a logarithmic lattice marked with small circles and
examples of correspondingly spaced Gabor filters.
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Fig. 3. Logarithmic lattice indicating the time-frequencyspacing of Gabor
filtersψ(t−na; c−kb). Only some examples of filter bandwidths (uncertain-
ties) are shown.

It should be noted that filters on lower frequencies spread
over a substantially larger time duration than filters on high
frequencies, and thus, the logarithmic relation can be reflected
also to the time domain (ellipses in Fig. 3) [14], [36].

B. Space–frequency features of 2-D signals

The results from previous section are next generalized to
two dimensions since the feature extraction can be performed
similarly in two dimensions via the convolution as

rξ(x, y; f, θ) = ψ(x, y; f, θ) ∗ ξ(x, y)

=

∫ ∫

∞

−∞

ψ(x − xτ , y − yτ ; f, θ)ξ(xτ , yτ )dxτdyτ
(31)

1) Physiology of vision:It seems that in 1-D signal pro-
cessing the Gabor functions are mostly applied via the Gabor
expansion, but in 2-D processing Gabor filtering has received
much more attention. This can partly be explained by an
active use of other time-frequency methods in 1-D. In 2-
D one dominating reason has been correspondences found
in the physiology of mammalian vision. The relevance of
these considerations is not emphasized in this study but our
reasoning is rather based on present results and established
properties of Gabor filters. A comprehensive introduction to
the mammalian vision can be found in [37].

2) Translation, scale, and rotation properties:The 1-D
translation and scale properties in Eqs. (28) and (29) can be
straightforwardly generalized to two dimensions [34], butthere
is a new variant, the orientation, which has no analogy with the
1-D case. The rotation of an object and filter responses have
been studied in line detection [38], but were first introduced in
a more general form by Würtz [32] and as a simple response
matrix shift operation by the authors in [39], [34] and by others
in [40].

A rotated versionξ3(x, y) of a 2-D signalξ(x, y), an image,
rotated anti-clockwise around a spatial location(x0, y0) by an
angleφ can be written as

ξ3(x, y) = ξ(x̂, ŷ)

x̂ = (x− x0) cosφ+ (y − y0) sinφ+ x0

ŷ = −(x− x0) sinφ+ (y − y0) cosφ+ y0

(32)
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It can be easily shown that [34]

rξ3(x0, y0; f, θ) = rξ(x0, y0; f, θ − φ). (33)

Finally, utilizing the translation, scale, and rotation proper-
ties of the 2-D Gabor features it can be concluded that for a
2-D signalξ′(x, y) which is translated from a location(x0, y0)
to a location(x1, y1), scaled by a factora and rotated anti-
clockwise by an angleφ around the location(x1, y1) it holds
that

rξ′(x1, y1; f, θ) = rξ(ax0, ay0;
f

a
, θ − φ) (34)

which is a central result utilized in the rotation, scale, and
translation invariant search of objects in images ([34], [32]).

3) Simple Gabor feature space:A simple feature space
has been introduced by authors in [34] and successfully
applied to face detection in [41], [42], [43]. A significant
simplification made in the proposed feature space is the use
of only one spatial location(x′, y′) to represent an object.
The assumption is justified if the objects are simple or if
they are distinguishable from each other in the feature space.
This is not the case with, for example, the human face, but
seems to hold between salient sub-parts, such as nostrils,
eyes, mouth corners, etc. The filters in one location tuned to
various frequencies and orientations span a sub-space whose
accuracy decreases from the filter origin. This is demonstrated
in Fig. 4 where an original facial image is reconstructed using
filter responses from 10 locations with four orientations and
five frequencies. The reconstruction from a few filters can be
further improved by optimization [44].
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Fig. 4. Reconstruction from responses at 10 different locations: (a) original;
(b) reconstruction.

Using a single location and the logarithmic frequency scale,
the object search can be done independently in the scale and
location, as the objects appear the same in the feature space
[45], [34]. Furthermore, to search over orientations the filter
orientations can be drawn from

θk =
k2π

n
, k = {0, . . . , n− 1} . (35)

Since for real signals the responses at[π, 2π[ are complex
conjugates of responses on[0, π[ it is usual to compute
responses only for the half plane

θk =
kπ

n
, k = {0, . . . , n− 1} . (36)

Now, by using the filter responses in (31) at location(x0, y0)
with the parameters drawn from Eqs. (30) and (36) a feature

matrix G can be constructed as [34]

G =







r(x0,y0;f0,θ0) r(x0,y0;f0,θ1) ··· r(x0,y0;f0,θn−1)
r(x0,y0;f1,θ0) r(x0,y0;f1,θ1) ··· r(x0,y0;f1,θn−1)

...
...

...
...

r(x0,y0;fm−1,θ0) r(x0,y0;fm−1,θ1) ··· r(x0,y0;fm−1,θn−1)







(37)
Operations for rotation and scale invariant searches of objects
can be defined as a column-wise circular shift of the response
matrix corresponding to the rotation of the object around
the location(x0, y0) and a row-wise shift corresponding to
the scaling of an object by a factorc [34]. An illumination
invariance can be achieved by normalizing the feature matrix
[34].

V. I NVARIANT RECOGNITION

The translation, scale, and rotation properties provide op-
erations to perform search over their variation, and thus, the
object identification may concentrate only on discriminating
objects in one pose. That is, features from objects are stored
in a standard pose and the search is performed by applying
invariance shifts of features in order to detect objects in
arbitrary poses.

Various methods based directly on Gabor feature similarity
measures have been used, for example the face detection and
recognition methods in [46], [40], [47], [35]. An extensive
work on proper similarity measures has been reported by
Malsburg’s research group [47], [35], [48], [49], [32]. Thepro-
posed similarity measures were originally based on disparity
measures for binocular camera systems and are most useful
when objects in images are roughly in the same scale and
orientation. Lately, an ad hoc conditional likelihood response
distribution based measure has been proposed [46].

The similarity value guides the search in the similarity based
approaches, but in the simple Gabor feature space this is not
necessary and an alternative, a classifier based recognition, can
be used [41], [42], [43]. The classifier selection must be based
on the behavior of the instances in the feature space. Due to
the smooth shape of the Gabor filters the behavior of their
complex responses is also typically smooth as demonstrated
in Fig. 5 which shows responses for the real objects used in
[41], [42], [43]. In Fig. 5 filter responses from left and right
eye centers, which should be roughly symmetric, are plotted
on two frequencies at zero orientation. Complex responses in
Figs. 5(a) and 5(b) form smooth clusters, a result which can be
used in the classifier selection, e.g., by applying a statistical
classifier with Gaussian mixture-model probability densities
[41], [42], [43]. Complex responses are most natural since,
for example, the phase warping would cause a discontinuity
in the case of a magnitude-phase pair (see Figs. 5(c) and 5(d)).
In Fig. 5 it can be seen how the phase variation decreases at
lower frequencies. In addition, the robustness and stability of
the phase information increases for small values of sharpness
parameters (wider bandwidth). It should be noted that the use
of phase information is very important in recognition and
detection of objects as has been practically demonstrated in
[50] and especially in [51] where the information richness of
the phase is analyzed using simple binarization of the phase.
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Fig. 5. Gabor features of the left and right eye centers (XM2VTS database)
[41]: real-imaginary plots on (a) high frequency (f = 1

3
, θ = 0); (b) low

frequency (f = 1

12
, θ = 0); magnitude-phase plots on (c) high frequency

(f = 1

3
, θ = 0); (d) low frequency (f = 1

12
, θ = 0).

A. Practical considerations

There are many practical requirements to enable accurate
and reliable use of Gabor features and they will briefly be
discussed next. A more detailed discussion can be found in
[25].

1) General:The sampling and quantization of Gabor filters
was already discussed in Section III and restrictions were
given for accurate generation of the discrete filters. In feature
extraction, standard computer arithmetics are usually available,
the filters are roughly of the same order of magnitude, and the
distinguishing properties in well-posed problems should not
be merely very small differences in filter responses. Thus the
relevance of factors other than sampling and quantization is
typically significant.

The implementation of Gabor feature extraction is an
important computational consideration. For example, in the
simple Gabor feature space a full search in a two dimen-
sional image needs at least Image width× Image height×
Row (scale) shifts× Column (orientation) shifts feature vec-
tors to be classified. In practice heuristics and a priori infor-
mation must be incorporated in order to reduce the computing
time; objects can be searched only over a few orientations
and scales, and not in every location [41], [42], [43]. These
procedures are also motivated by the multi-resolution structure.

Typically cyclic convolution is assumed in the computations
and one has to be aware that this affects the filter responses
making them unreliable near signal ends or image edges. To
have a reliable response at a location(x, y) the effective area
of the filter envelope should be inside the image at that point.
The minimum filter size,Lmin = L, can be resolved from
Eq. (23) or (25) and the responses within a distanceLmin

2
from edges should be neglected.

Another important consideration is the selection of values
for the frequencyf , orientationθ, and sharpnessγ and η.
The selection of these values is the main problem in utilizing
Gabor filters in feature extraction since they define the time-
frequency division in the extraction. While some adjustments
can be made for the frequency and orientation, the sharpness
parametersγ andη are completely application dependent. As a
rule of thumb, the filter size should be adjusted to encapsulate
optimally the event of interest, in time and frequency. For
example, in texture segmentation a circular form of the filter
(γ = η) is typically used, but to distinguish objects of different
dimensions a not equal aspect ratio (η < γ) may provide
more accurate results [52]. On the other hand, selection of
one parameter can be compensated in the selection of another
[45]. This vague nature in the selection of the parameters isone
of the reasons that an explicit optimization of the parameters
has been applied [53], [54], but for some applications this
may be impossible or at least cause inconvenience because the
optimization must be repeated in new situations. For greater
flexibility it is possible to select the filter parameters to cover
the whole parameter space within the limits of the computing
time and resolving the importance of different filters is left
to a learning system, a classifier. In practice, as many filters
as possible within the limits of the computational resources
should be used, to extract as fine details as possible.

2) Shiftability: For efficient computation and limited size
representation of the features in (31), the features must be
calculated only for a sufficiently small number of parameters.
This is evident since the discretization of the spatial coordi-
nates(x, y), frequencyf , and orientationθ corresponds to a
four dimensional feature space. There is a trade-off between
the selection of the filter parameters and the continuity of the
feature space. In other words, one would like to fill the feature
space as efficiently as possible to decrease the computation,
but at the same time the filters should overlap as much as
possible to provide smooth behavior in situations where events
fall somewhere between two filters. This trade-off is a known
problem between orthogonal and non-orthogonal presentations
since the continuous behavior, shiftability, can be achieved
only by relaxing the orthogonality property [55]. In shiftable
systems the response in any location can be reconstructed
as a linear combination from the filter responses at fixed
locations. If the shiftability condition holds over more than
one parameter, the system is said to be joint shiftable [55].It
should be noted that Gabor filters do not meet the requirements
of exact shiftability, although they have the very beneficial
property of being well localized, which is desirable in low-
level image processing. In order to decrease the orthogonality,
the overlap of the filters must be increased. The overlap cannot
be accomplished by sharpness parametersγ and η alone but
the number of filters must be increased. The smooth behavior,
approximate shiftability, is again a trade-off which is achieved
at the expense of computational complexity. Approximate
shiftability is currently an unexplored property of Gabor filters
and spaces spanned by Gabor functions and only a few studies
of the definition of approximate shiftability have been done
[56], [57], [58].
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3) Robustness and noise tolerance:Robustness and noise
tolerance are essential considerations for practical applications.
Robustness here means the stability of the responses when
conditions, such as the filter parameters, are changed. There
are many natural variations in the conditions of real applica-
tions which cannot be explicitly covered in the method devel-
opment phase, and thus, the methods benefit if they are robust
against these changes: a small change in the conditions induces
only a small change in the system performance. Robustness
against variation in the filter parameters is addressed in [59]
and by the authors in [33] where the classification accuracy is
experimentally shown to smoothly and continuously change
proportional to the change of the parameter values. It can
be concluded that the accuracy decreases gradually as the
deviation from the optimal parameter values increases; a
phenomenon which can be understood from the Gaussian
shapes of Gabor filters in both domains [60].

Since some noise and distortions can also be described
as variations of the filter parameters, it is assumed that the
behavior of the Gabor features is smooth in the presence
of noise and distortions. Furthermore, the Gabor filters are
optimally joint localized in time and frequency, and thus,
distortions and noise present in distinct locations, time or fre-
quency, do not significantly interfere with the filter responses.
Noise and distortion tolerance is natural to Gabor filters and
it has been considered in [60] where the Gabor filter based
features perform outstandingly well in the presence of noise
and distortions, namely Gaussian, salt-and-pepper and pixel
displacement noise, and illumination gradient distortion. Of
course noise removing methods can be applied and distortions
can be eliminated, but in cases where these are not known a
priori the Gabor filters still provide tolerance of a high degree.

VI. EXAMPLES

A. Symbol recognition

This first example utilizes a globally computed sum of Ga-
bor responses, corresponding to edge histograms over different
orientations, and thus, provides no elegance or novelty as a
feature extraction method. However, similar simple features
are often used in image query applications and it successfully
demonstrates the rotation property and noise robustness of
Gabor features. The demonstrated features, global Gabor fea-
tures, have originally been proposed by the authors in [61] and
the features would have their use in databases of engineering
drawings [60], [33].

In a global Gabor feature, the responses are summed over
an image to form a global feature [39]

G(f, θ) =
∑

x

∑

y

|rξ(x, y; f, θ)| . (38)

The feature can be considered as a histogram of the re-
sponses in (31) for different frequenciesf and orientations
θ. Since edges appear at high frequencies and lines on their
fundamental frequencies, a single properly selected frequency
f is needed to represent a histogram of lines in different
orientations. Now, a feature vector can be defined as

G = (G(f, θ0) G(f, θ1) . . . G(f, θn−1)) . (39)

The global Gabor feature in (38) is translation invariant
as the responses are summed over the whole image. For
higher frequencies representing edges, the object scale affects
response magnitudes, but the ratio between the magnitudes
remains over different scales. Thus, a scale invariant feature
can be constructed by normalizing the feature vector. In
addition, the normalization makes the feature also illumination
invariant, that is, invariant to a constant multiplier. Now, using
the column-wise shift operation a rotation invariant similarity
measure can be defined [34], [39]

d(G1,G2) = min
k

{
∑

θi

[

G1(f, θi)−G
(θ+k)
2 (f, θi)

]2

} (40)

where G1 and G2 are feature vectors from two inspected
images.

The symbol images in Fig. 6 were used as groundtruth and
their randomly rotated variants were used as the test set. The
experiment was carried out by measuring distances to all base
classes with the rotation invariant similarity measure in (40).

(a) (b) (c) (d) (e)

Fig. 6. (a) symbols; (b) displacement noise (γn = 1); (c) (γn = 0.2); (d)
salt-and-pepper noise (αn = 0.4); (e) (αn = 2.0).

The global Gabor features outperformed the previously used
Hough transform based features [62] by being comparable
in the presence of displacement noise and significantly more
tolerant to salt-and-pepper noise (Fig. 7).
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Fig. 7. Matching accuracies as functions of noise parameters: (a) displace-
ment noise; (b) salt-and-pepper noise. [61]

The results in Fig. 7 were achieved using the filter param-
etersγ = 1, η = 1, f = 0.056, andN = 20, but due to
the smooth behavior of Gabor filter responses, the method is
robust to a non-optimal selection of the filter parameters as
demonstrated by the results in Fig. 8 ([60]).

The proposed method successfully utilizes the rotation in-
variance property of Gabor features and performs well also
for a non-optimal selection of parameters. It should be noted
that the size of discrete Gabor filters must be adequately large
for accurate and reliable results. The inequalities in (24)and
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Fig. 8. Matching accuracies as functions of the Gabor filter parameters
(values used in Fig. 7 marked): (a) frequencyf ; (b) number of orientations
N ; (c) sharpnessγ; (d) sharpnessη.

(25) must not be violated and in practical computations the
following values can be used as safe lower boundspf = pt =
0.9 .

B. Electric component detection

In this example, scale tuning of Gabor filters is used to
detect objects of different sizes and rotation and translation
properties are used to search objects over different locations
and orientations.

The method is based on a detection of the fundamental
frequencies of objects, that is, frequencies which describe the
overall shape of an object [52], [60]. In a 1-D case a rectangle
function may represent an ideal shape where the width of the
rectangle is the size information to be inspected. It can be
shown that the response of a Gabor filter at the centroid of
the rectangle has a maximum on frequencies

f =
1

2w
+
n

w
, n = 0, 1, 2, . . . (41)

wherew is the rectangle width [52]. The same result can be
generalized to two dimensions. Now, to represent an object,
e.g., an electrical component, frequencies with the maximum
response are stored for all orientations describing the size
variation of an object in different directions. To estimatealso
the pose of a detected object, the fundamental frequency
features should be stored for objects in a standard pose.

It should be noted that the spacing of frequencies is not
necessarily logarithmic but linear to achieve a sufficient res-
olution for size discrimination. The feature constructed by
the method represents components by storing fundamental
frequencies, which correspond to the size of an object along
different orientations, as illustrated in Fig. 9. In the figure
there is an object of width 80 and height 35 pixels when the
corresponding fundamental frequencies are1160 and 1
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Fig. 9. Response magnitudes: (a) component and its centroid((x, y) =
(324, 263)); (b) diagram of the filter responses at the centroid.

It should be noted that in the proposed method in [52],
response matrix is not normalized until the frequencies with
maximum responses have been located. However, in clas-
sification the responses are normalized to gain robustness
against illumination changes. For this kind of problem the
Fourier descriptors typically provide good results, but they
need successful object segmentation which may become a
difficult task in the presence of distortions and noise as in
the example images in Fig. 10.
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Fig. 10. Noisy examples: (a) image gradient (slope1.0); (b) (slope2.5); (c)
Gaussian noise (deviation32); (d) (deviation100).

The detection method in [52] does not need any prepro-
cessing before the classification. To recognize eight different
components at arbitrary poses in real images, a detection
experiment was conducted using the fundamental frequency
features and the rotation invariant similarity measure. There
were 6 images of each component in random poses and
random noise was applied to all of them repeatedly. The
same experiment was also conducted using Hu’s third or-
der moments [63], but the results were significantly worse
and with noise and distortions the moment invariant method
completely failed. It is evident that the task is not trivial,
yet the Gabor feature based method succeeded particularly
well in the detection of electric components from noisy and
distorted images and achieved 100% accuracy for images
without distortions.

The proposed method provides a framework for simple
object recognition tasks. Only one image from each class
is needed for training and the only input information is the
approximate centroids of the objects. After training, a simple
algorithm can be used to detect and recognize stored objects
from unseen images in a rotation and translation invariant
manner and it is also possible to estimate the object pose.
The achieved noise and distortion tolerances are evidence of
the reliability the Gabor features may provide in practical
applications.
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C. Face evidence extraction

Recently, Hamouz and Kittler have proposed a complete
framework for general object detection based on discriminative
regions [64]. If an affine invariant detection of discriminative
regions can be performed and spatial relationships between
them are known, detection of an object can be done. The
success of the framework depends on successful selection
and efficient extraction of discriminative regions, e.g., facial
features. In an application of the proposed method, the objects
are frontal human faces and the discriminative regions are
salient sub-parts, such as nostrils and eyes.

The detection of the discriminative regions, called facial
evidences, was based on the simple Gabor feature space [34]
where 10 evidence classes were inner and outer eye corners,
eye centers, nostrils, and mouth corners on both sides of
faces [42], [41]. The Gabor feature matrix responses were
normalized to unity to achieve illumination invariance. Smooth
behavior of features motivated the use of statistical classifiers:
a sub-cluster classifier [41] and a Bayesian classifier using
Gaussian mixture model [43]. The XM2VTS image database
was used as a benchmark set [65]. In Fig. 11(a) is shown an
example image and extracted evidence candidates which are
passed to the next processing level. In Fig. 11(b) are shown
the results of the face detection system as percents of images
for which a specific error level was achieved. The error was
defined as

deye =
max(dl, dr)

‖ Cl − Cr ‖ (42)

whereCl andCr are the correct eye center coordinates and
dl anddr distances between the detected eye centers and the
correct ones [66]. Translation, rotation, and scale invariant face
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Fig. 11. Face detection results: (a) examples of 5 best evidence candidates of
the 10 classes. (b) face detection results for XM2VTS database using Gabor
features with sub-cluster (SCC) and Bayesian classifiers.

evidence extraction was performed by shift operations in the
simple Gabor feature space.

The results in Fig. 11 were achieved using the method in
[42] and it outperforms the previous implementation of the
same method with different features, Harris detectors [67]
and also a competitive method by others [43], [66]. It is
evident that full use of the invariance properties providesnew
application areas for Gabor features.

VII. D ISCUSSION

The motivation for this work was the success of Gabor fea-
tures in many applications and problems in image processing.

It seems that one reason for their success and popularity is
that changes in object location, scale, and orientation canbe
detected in the Gabor feature space. The background and use
of the properties were presented in this study and they were
demonstrated by application examples from literature.

The properties of Gabor filters seem to make invariant
detection possible, but in addition, Gabor filters seem to
establish a significant degree of robustness to photometric
disturbances, such as illumination change and image noise,
and to natural image variations, such as backgrounds.

There are new methods, wavelets being the most promi-
nent, appearing in fields where time-frequency methods have
traditionally been used and some may even claim that time
has passed time-frequency representations by. However, in
this study the invariance properties based on time-frequency
information have been shown to be useful and new connections
have been made to recently established concepts important in
pattern recognition, such as shiftability, which is evidence that
there is still unrevealed potential in feature extraction with
Gabor filters. This development can also be seen in wavelet
research where beneficial properties of redundant wavelets
have been noted and the wavelets are being further developed
towards a more general theory of frames. Future research will
show if harmony between Gabor functions and wavelets can
be established and whether a comprehensive framework for
general efficient feature extraction can be realized utilizing
properties of both; “the general picture processing operator”
[7].
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