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Abstract— For almost three decades the use of features basedfunction by Granlund [7], the generalization to two dimemsi

on Gabor filters has been promoted for their useful properties in
image processing. The most important properties are relaig to
invariance to illumination, rotation, scale and translation. These
properties are based on the fact that they are all parameters
of Gabor filters themselves. This is especially useful in feare
extraction, where Gabor filters have succeeded in many apma-
tions, from texture analysis to iris and face recognition. his study
provides an overview of Gabor filters in image processing, ahort
literature survey of the most significant results, and estalishes
invariance properties and restrictions to the use of Gabor fiers
in feature extraction. Results are demonstrated by applicton
examples.

Index Terms— Gabor filters, feature extraction, invariance,
object detection, object recognition, image processing.

I. INTRODUCTION

and the 2-D function as a model of a simple cell in the
mammalian visual cortex by Daugman [8], and the wavelet
treatment of Gabor filters by Lee [9].

In the overview part of this study the fundamental results
involved in the discovery and development of Gabor filters
in signal processing are described. In addition, the study
formulates invariance properties in more interpretablento
and their use is demonstrated in applications. The Gabor
research community lacks an adequate overview of the field,
and for this reason, the authors have collated an exterisive |
of references. Gabor researchers have combined resutis fro
many different contexts and consequently the terminology
used may be confusing to researchers who are not aware
of the context they should work with; Gabor filter, Gabor
expansion, Gabor transform, Gabor jet, Gabor frame, or Gabo

I NVAR'A,NCE of featllqu;as F:jas b((jaen a; a.ct|ve-area n Obje{f\}avelet? Despite the fact that this study begins from the
recognition research for decades. By invariance not Onfhiers in one dimension, the study is mainly relevant to imag

are features meant which are invariant to a set of geome

transforms but also methods to perform object detection

12

cessing. The image processing community seems to be
ore familiar with Gabor filters compared to other research

gardless of pose and imaging conditions using featureshNh'QreaS’ which is probably due to the physiological fact that,

are not invariant. Invariance requirements are applioatie-

pendent. In the recognition of 2-D rigid objects, for exaepl

illumination, orientation, scale, and translation inemces are

Daugman pointed out, the 2-D Gabor filters are good models
of the simple cells in the mammalian visual system [8]. This
gualitative fact has promoted the use of Gabor filters fontye

the most_typu_:al requwem_ents. General approach_es, SUCTY83rs and is still mentioned in almost every article on the
moment invariants, do exist, but have problems in practi %bject. Nevertheless, the physiological issues are aiegiy

since they require precise segmentation and uniform hgfti

Gabor features have instead been utilized since they

considered in this study which attempts to provide motrai

. L ) C@P Gabor filter use with a more quantitative rationale.
preserve pose information in the feature space. This stu

y

presents an overview and a literature survey of Gabor filters

in feature extraction, their invariance properties, anscdbes
results in applications utilizing Gabor features.

Il. SURVEY AND OVERVIEW

Works utilizing Gabor filters often refer to the original®- Signals in two domains

contribution by Dennis Gabor in 1946 when he proposed |, signal analysis, and especially in image processing,
a represention of signals as a combination of elementgpatyre extraction plays a central role in “Knowing what is
functions [1]. Gabor's work was a continuation and partlyhere?”. If one can be convinced that frequency content
parallel to the works of Nyquist [2] and Shannon [3] foundingoyides the information about “what”, and spatial cooad@s

the theory of communication. Since then Gabor functionghaj, 2-p provide the information about “where”, a connection t
been deployed in many areas of signal processing and to {ig uncertainty principle and Gabor’s work can be estadtish
some of the most influential works which contributed to thigjrst what makes these two domains, time and frequency,

research, credit must be given to the detailed analysis of Ggecial should be considered and is it reasonable to restric
bor's expansion by Bastiaans [4], [5], [6], the introduatiof  the study to these domains alone.

the two dimensional (2-D) counterpart of a Gabor elementaryl) Time: With one-dimensional (1-D) signals it is natural

to analyze their variation in time since most signals are
measured in time domain and time itself is fundamental.
However, it should be noted that for some other signals,
e.g., two dimensional (2-D) images, the characteristicthef
dimensions are not necessarily comparable to time.
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2) Frequency:Waveforms, optical, electrical, or acousticalFourier spectrum
and their Fourier spectra are appreciated equally as pilysic p- ) .
picturable and measurable entities. Gabor was also coedern U(f) = \/ie(g) (f=fo)" g=i2mto(f=fo)+¢
about reasons for the use of frequency domain other than the @
elementary mathematical properties and strong theory ef th It is straightforward to show thahtAf = .. The form of
harmonic wave functions. In his study Gabor pointed out thtite function, the Gabor elementary functignthat minimizes
some other selection of orthogonal basis, like Bessel fonst the uncertainty and turns the inequality (3) into equalgy i
would not provide spectral components whose number niow defined and the use and properties of the function will
proportional to the length of a specific time interval [1]. be considered next.

3) Uncertainty: To analyze signals, an operator is needed
that performs the analysis simultaneously in both time afl Gabor expansion

frequency domains and prOVideS information. of |Ocallzeﬂbtl S|gna| expansion, SyntheSiS, was Gabor’'s main motivation
and frequency events. Let(¢) denote a function in terms of yhen he proposed the use of Gabor elementary functions in (4)
time andW(u) its Fourier transform in terms of frequencyas expansion functions which would optimally represent the
These two functions are connected via the Fourier tranSfOE%e—frequency content. It should be noted that the exjpansi
pairs functions do not have to constitute an orthogonal basis as
U(f) =F{w®)}, vt) =F Hu)} . (1) typically assumed in wavelet or Fourier transforms, but an
) o ) ] ] _unconditional basis, a frame, may succeed as well [14]. In
Clearly function is situated in both domains, but since ithe Gabor expansion, a signgl) is represented as a sum of

is well kpqwn that_ any compactly sup_ported function Ca”n@abor elementary functiong, (t) multiplied by expansion
have a finite Fourier transform and vice versa [10], there efficientsay,; as

always uncertainty in the time and frequency locationgof ) .

Bandwidth has been widely studied in communication sys-5(t) = Y _ axithgi(t), r(t) = e~ 7Fol 2mthoito ()
tems and it seems that even in this field no single definition k.l
suffices [11], [12]. The bandwidth definition that Gabor fdunwherek denotes time shifts anidrequency shifts of the Gabor
useful was the root mean square (r.m.s.) bandwidth. A similaunction. The expansion coefficients; must be computed us-
r.m.s. measure can be applied to uncertainty in time, he., ting a biorthogonal function set [4], [14]. The biorthogahais
r.m.s. duration. In literature these two measures have beeivial for orthogonal bases but more complicated for framie
referred to as Gabor bandwidths [11], [13]. The uncertaimty has been shown that Gabor’s method to construct the biorthog

(®)

time, the time duratiom\¢, can be defined as ([8]) onal set is impracticalq] and more stable methods have been
introduced by Bastiaans [4], [5], [6]. A unique solution can

L7 = )2 ()= (t)dt 7 t(t)w*(t)dt  be found only for a special case of the parameternd ,

At = 1% ()= (t)dt o He = 1% ()= (t)dt namely , when the signal is critically sample o = 27),

@) but even then the convergence may be unstable [4], [5], [15].
For the value$, fo < 2x the Gabor frame is overcomplete and
the biorthogonal set is no longer unique, neverthelesgusr
ethods for constructing the set of biorthogonal functicanse
een proposed [6], [16], [17].

Despite the ambiguities the Gabor expansion has advantages
compared to other time-frequency methods [18] and it has
been successfully applied to analysis and used in apgitsati

19], [20]. Lately, inspired by wavelets the Gabor expansio

where y; is the centroid ofy in time and«* denotes the
complex conjugate. A similar uncertaintyf for frequency
can be defined, and then, these two uncertainties are cauhe
via the uncertainty principle as

AtAf > i . 3)
4

There are several formulas for the Fourier transform var

ing by constant factors, and thus, the uncertainty value @S been analyzed in the context of filter banks [21], [22]
sometimes replaced by/2, but these all have an identicai2"d the Gabor theory (e.g. [23]) has been extended towards

interpretation [10], [8], [1] wavelets (eg framelets in [24])

It is possible to derive a functiot for which the product _
AtAf assumes the smallest possible value, i.e., for which the 1-D Gabor filter
inequality in (3) turns into an equality:The signal which Next, instead of signal synthesis as in the expansion, the
occupies the minimum areAtAf = ;- is the modulation Gabor elementary function is utilized as a signal analyzing
product of a harmonic oscillation of any frequency with pulsfilter. To be consistent with linear filter theory a few justif
of the form of a probability function]1] tions need to be made to (4) in order to define a proper form
of the Gabor filter function [25]. First, an origin centerextrh
(to = 0) is preferred for the convolution. There is no evidence
that any specific phase@) would be more beneficial than any
8ther, so the phase shift can be removed to define the Gabor

filter function in a more compact form

P(t) = e (t=10)* gi2mfotto ()

where « is the sharpness (time duration / bandwidth) of
Gaussiantg the centroid of the Gaussiay, is the frequency
of the harmonic oscillations, angl denotes the phase shift of
the oscillation. The Gabor elementary function in (4) has th Y(t) = e=’t gi2nfot (7
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Now, response of the linear filter in (7) at some locatign The most general form of the functions that achieve the lower
for some signak(t) can be calculated with the convolution bound of the uncertainty inequality in (12) is

respltr) = () +¢() = [ ot~ 00 (®)

o _ e _ where B? < 4AC and D, E, andF are complex [8], but for
which is similar to the continuous short-time Fourier tf@n$1  actical use certain simplifications are typically madeeT
with a Gaussian window function [26]. The only difference igjmpjifications are particularly motivated if the constian of
the time dependent phase factdf™/o" which is caused by the 5.p Gabor filters is done according to biological evidenc

the assumption of the® phase angle in the filter centroid. (¢ g [8]), but they can also be justified based on linearfilte
1) Multi-resolution analysis filter:The filter in (7) has the theory [25].

same effective widths, duration and bandwidth, regardidss Furthermore, according to the MRA form in (10) substi-
the central frequency,. However, a multi-resolution analysis; tions o — \fol/y and 8 = |fol/n can be made and the
(MRA) compatible form can be introduced to make the f”teréorresponding 2-.D Gabor filter can be defined as

on different frequencies behave as scaled versions of each

ef(A:chererCszrDerEerF) (13)

.. . . . 2 , ,
other [14]. Intuitively this makes sense since it is readbato (z,y) = f e—(ﬁ—iw 2+,f7—§y z)ejQTrfw’
inspect the same events but in different scales; the hiditeer t ™ (14)
frequency the finer the details. The time duration of therfilte 2’ = xcosf + ysinf, y' = —xsind + ycosf .

should depend on the central frequerfgy{27] which can be
accomplished by setting the frequency normalized bandiwi
parameter

cﬁ/here f is the central frequency of the filtef, the rotation
ngle of the Gaussian major axis and the plane wavihe

fol sharpness along the major axis, anthe sharpness along the
v=. (9) minor axis (perpendicular to the wave). Note that the center

lizati Of h _ ‘ OIof the filter is defined in polar coordinates with parameters
2) Response normalizatiorFrom the Fourier transforme f,0). In the given form, the aspect ratio of the Gaussian is

Gabor function in (5) it can be seen that the maximum rg- _ n/~. The normalized 2-D Gabor filter function in the

sponse for a complex signal {g/a?, and thus, its inversion frequency domain is
can be used as a normalization term. Finally, a normalizBd 1-

Gabor filter function can be definediy(= f) as U(u,v) = o~ 7T (W =) 4n*0") (15)
W(t) = | f] o~ ()8 jomft (10) uw =ucosf+vsinh, v/ = —usinf +vcosh .
W The effects of the parameters, interpretable via the Fourie

which is referred to as the 1-D Gabor filter hereafter. Therfilt similarity theorem, are demonstrated in Figs. 1 and 2.
has a Fourier transform

U(u) = e CF) =? (11)

whereu denotes frequency.

Re{l (x)}

D. 2-D Gabor filter

It is straightforward to generalize the filter in (10) to two
dimensions where the time variableis replaced by the
spatial coordinateér, y) and the frequency variable by the
frequency variable paifu,v) and this was presented in the
late 70’s. If similar studies in optics are not consideredj.(e
[28], [29]), the major effort to the development and use @ 2-
Gabor filters has been made in image processing and especiall
in feature extraction. In 1978 Granlund proposed the forra of
general picture processing operator which corresponds2to a y .
D Gabor filter and was derived directly from requirements of (b)
image processing [7]. It is noteworthy that Granlund adsizds ] _ _ _
many proper_ties, such as the octave spacing of the frecpmncd':;)g'fl': O?a;q Seoso Ofv 2;D1%??70r:m1t?0r;s(lt?) j”pa:nil.oéng ireg:esoin?.%s,:
that were reinvented later for Gabor filters. n=1.0.

Daugman later showed a surprising equivalence between a
structure based on the 2-D Gabor functions and the organiza-
tion and the characteristics of the mammalian visual system
[8], [30]. He also defined similar uncertainty measures as in lll. DISCRETE FILTERS
(2) for the 2-D case in terms oAz, Ay, Au, and Av for To transform continuous domain entities to the discrete
which it holds that domain one always needs to be sure that they are represented

1 with sufficient accuracy in order to reapply the continuous
Azdulylv 2 15 (12) domain results. The discrete domain has been addressed in

Refw (xy)}




IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. XX, NO. Y, MONTR2004 3

A proper filter construction in the frequency domain can be
guaranteed by satisfying [25]

Re(y (x)}

1 1 yr, 1 1
- - (= =)= >
5 erf(ym) + 5 erf <|f| (2 L) 'yﬂ) > py (20)
whereerf is the error function
2 v 2
erf(x) = —/ e dt . (21)
VT Jo

Eq. (20) provides a sufficient sampling of the filter in
the time domain, but the filter envelope may spread beyond
the discrete size of the filter. The effective filter envelape
specified by the modulating Gaussian, and thus, a restrictio

Re(w (x))

Nmax 0

Y e @ g, S (B (22)

(b) Nomin —00
Fig. 2. Examples of 2-D Gabor filters in spatial and frequedognains: (a) Must be satisfied where the factpr corresponds tg; in
f=10,0=0°~v=20n=05(b)f=1060=45°~ =20, the frequency domain. By lower bound estimations a general
n=05. constraint that holds for odd and evéncan be derived and
the time domain constraint can be written as

several studies (e.g. [5], [6], [16], [15]), but the main cem erf (m(£ — 1)) > pe . (23)
has been the construction of biorthogonals, not the samplin v o2

and quantization of Gabor and biorthogonal functions or tHeg. (23) can also be used to estimate the minimum Eizg
expansion coefficients. the filter.

Real signals are usually strictly amplitude limited andmjua The results can be generalized to two dimensions [25]. To
tization is not an issue. In applications, a proper consisac define a strict lower boundary, can be set equal to the size of
depends more on the sampling theorem, which has bdbe smallest dimension of the 2-D filtef, = min{L,, Ly},
only briefly discussed for Gabor filters [31], [32], [33]. Byand the filter can be considered in the standard pose where
obeying the sampling theorem an accurate and aliasing ftbe major axis is along the x-axi8 & 0). Now, the frequency
construction of Gabor filters can be made in the frequencgnstraint for the 2-D filter is
domain. However, the avoidance of aliasing only guarantees 1 ol o1
a proper sampling of the filter, but it does not say anything [eff (ym) + erf (m(§ - f) - Vﬁ)]

about a proper filter in the time domain. In the time domain -1 1 (24)
it would be beneficial if the filter envelope falls completéty {erf (nm) + erf <77_(_ - =) - m)} > pr
discrete bins of a filter representation, that is, the fili@ues ARCI
are negligible outside a limited length discrete filter [25] and the spatial constraint
As any continuous function, the Gabor filter in (10) can be If| L If| L
sampled as a discrete sequence erf (7(— - 1)) erf (?(— - 1)) > (25)
p(n) =o(Tt) . (16) Using the discrete form of the Gabor filter in (17) or a cor-

Now, a discrete 1-D normalized Gabor filter can be defined egsponding 2-D form, and by satisfying the given constgaint
in (20) and (23) or in (24) and (25) a proper construction

(17) of the Gabor filters can be achieved and reliable results in
applications can be expected.

_ —(£)?n® jorfn
Y(n) 7\/7?6 e
wheref denotes discrete frequencies betwéer and #===,
wheren,,;, andn,,,, correspond to the bins of the first and
last discrete frequencies ardis the filter length. ] ]
To ensure that a filter is properly inside the frequency rang®- Time-frequency features of 1-D signals
that is, at most the proportion— p; is aliased, it must hold  The main use of Gabor filters is with 2-D images, but here
that (positive frequencies) they are first demonstrated in one dimension for simplicity.
Nmas—1 Gabor features from a signdl¢) can be extracted via the

Z U(n) > py i WU(n), 0< f<0.5 (18) convolution
v o foll re(t; f) =9t f) * &) :/_ O(t — tr; f)E(E)dE,  (26)

which guarantees that the following condition for the conti
where the frequency is included as a feature variable. Via

uous case holds: [25]
the convolution, the Gabor filter works as any linear filted an
/0 W (u)du > py [mW(U)dU ' (19) the response,(¢; f) in (26) can be calculated at any time

IV. INVARIANCE PROPERTIES

Nmaz
T oo
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instantt and for various frequencieg. An arbitrary amount there is a logarithmic lattice marked with small circles and
of the signal energy can be restored in the Gabor featumsamples of correspondingly spaced Gabor filters.
providing the reconstruction property. In addition, opienas
to perform deformation independent detection of events can
be established [34].

1) Translation property: The first and most obvious use
of the time-frequency representation is to detect time ingry
changes in a signal content. If the time axis is covered with-
Gabor functions and their overlap is sufficient, an eventrin a
arbitrary position will always fall in the effective area séme
of the functions. On this basis a translation invariant clear i
can be established [34]. 0o o Tme L T R LR = o

For the 1-D Gabor feature in (26) and a translated verS|on L . _
Fig. 3. Logarithmic lattice indicating the time-frequenspacing of Gabor
& (t) = f(t _ tl) (27) filters +(t — na; ¢~ *b). Only some examples of filter bandwidths (uncertain-
ties) are shown.

W (u)

of some signak(¢) it can be shown that [34]

It should be noted that filters on lower frequencies spread
over a substantially larger time duration than filters onhhig
requencies, and thus, the logarithmic relation can beatefte

Iso to the time domain (ellipses in Fig. 3) [14], [36].

re, (6 f) = / Bt — trs P)EL (), = re(t — t1: f) (28)

which is the translation property of Gabor filters allowin
a translation invariant detection of events. The transtati
property is common for most linear time-frequency represen
tations and in general it holds for functions with a continsio B. Space—frequency features of 2-D signals
translation parameter.

2) Scale property: While the translation property was
recognized as an advantage already in the earliest stu
of the short-time Fourier transform, the scale property di

The results from previous section are next generalized to

é}lgg dimensions since the feature extraction can be perfdrme
dmllarly in two dimensions via the convolution as

not gain any significant attention until the introduction of r¢(z,y; f,0) = ¢¥(x,y; f,0) * &(z,y)
wavelets; from time-frequency to time-scale. The original (31)
time-frequency division by Gabor functions was a speciakca / / V(@ — 27,y — yr; [,0)6(2r, yr )drrdy,

of the short-time Fourier transform and not comparable to
time-scale methods [14]. By their mathematical propetimh 1) Physiology of vision:lt seems that in 1-D signal pro-
structures are special cases of “coherent states assbuite cessing the Gabor functions are mostly applied via the Gabor
a Lie group”, but the short-time Fourier further corresppndxpansion, but in 2-D processing Gabor filtering has receive
to the Weyl-Heisenberg group while the wavelets correspoftich more attention. This can partly be explained by an
to the “ax+b” (affine) group [14], [23]. active use of other time-frequency methods in 1-D. In 2-
The time-frequency representation was criticized by one dominating reason has been correspondences found
Daubechies who showed distinct advantages for the affitie the physiology of mammalian vision. The relevance of
group [14]. Fortunately, it is possible to formulate Gabdhese considerations is not emphasized in this study but our
functions in an affine manner, as was established by comgectieasoning is rather based on present results and establishe
the sharpness and frequencyf in (9) [27]. The filters in properties of Gabor filters. A comprehensive introduction t
(10) and (11) extract the same information in different ssal the mammalian vision can be found in [37].
f denoting the scale parameter. Now, for a scaled signal2) Translation, scale, and rotation propertiesthe 1-D
&(t) = £(at) where a denotes the scaling factor, it holdstranslation and scale properties in Egs. (28) and (29) can be

that ([27], [34]) straightforwardly generalized to two dimensions [34], thére
¥ is a new variant, the orientation, which has no analogy vhiéh t
re, (G f) = / Y(t —tr; f)éa(tr)dt, = re(at; E) . (29) 1-D case. The rotation of an object and filter responses have

been studied in line detection [38], but were first introdlize
The interpretation of the above result is straightforwaad: a more general form by Wirtz [32] and as a simple response
response for a signal is the same as the response of a symilathtrix shift operation by the authors in [39], [34] and byeth
scaled filter for a scaled version of the signal. To maintain [40].
a homogenous spacing between the scales, a logarithmi@ rotated versiorgs(x,y) of a 2-D signak(z, y), an image,
frequency scale is typically established ([35], [14], [2B4]) rotated anti-clockwise around a spatial location, yo) by an

FomcF frnn fOr k=0, ...m—1 (30) angle¢ can be written as

where f,.... IS the maximum frequency andis the frequency §(@,y) = &(2,9) _
scaling factor. Some useful values ferinclude ¢ = 2 for (x —20) cos ¢ + (y — yo) sin g + zo (32)
octave spacing and= /2 for half-octave spacing. In Fig. 3 g=—(x—x0)sind+ (y — yo) cos @ + yo

=
I
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It can be easily shown that [34] matrix G can be constructed as [34]
190;.f0,0 1y0;.f0,0 1905£0,0n —
70,903 ,0) = reloo, i f,0 = 9). - (39) oo e ot S

Finally, utilizing the translation, scale, and rotatioroper- : : - :
ties of the 2-D Gabor features it can be concluded that for a (20,405 fm—1,00) T(x0,y0;ifm—1,01) -+ r(avo,yo;fmfl,enflé
2-D signal¢’(x, y) which is translated from a locatida:g, yo) (37)
to a location(z1,y1), scaled by a factor and rotated anti-
clockwise by an anglé around the locatiofjzy,y;) it holds
that

Operations for rotation and scale invariant searches afobd)j
can be defined as a column-wise circular shift of the response
matrix corresponding to the rotation of the object around
f the location(zg,yo) and a row-wise shift corresponding to
re (21,915 f,0) = re(azo, ayo; .0 — 9) (34) the scaling of an object by a facter[34]. An illumination

L o . ) invariance can be achieved by normalizing the feature matri
which is a central result utilized in the rotation, scaled ansy).

translation invariant search of objects in images ([342])]3
3) Simple Gabor feature spaceA simple feature space
has been introduced by authors in [34] and successfully V. INVARIANT RECOGNITION

applied to face detection in [41], [42], [43]. A significant The translation, scale, and rotation properties provide op
simplification made in the proposed feature space is the Usgtions to perform search over their variation, and thus, t

of only one spatial locatior{’, ') to represent an object. gpiact identification may concentrate only on discrimingti
The assumption is justified if the objects are simple or fpiects in one pose. That is, features from objects aredstore
the_y are distinguishablg from each other in the featureespag, 5 standard pose and the search is performed by applying
This is not the case with, for example, the human face, B{ariance shifts of features in order to detect objects in
seems to hold between salien_t sub.-parts, such as nos’[ﬁ%itrary poses.

eyes, mouth corners, etc. The filters in one location tuned t0y5rjous methods based directly on Gabor feature similarity
various frequencies and orientations span a sub-spaceewhoRasures have been used, for example the face detection and
accuracy decreases from the filter origin. This is demomrarecognition methods in [46], [40], [47], [35]. An extensive

in Fig. 4 where an original facial image is reconstructeahgsi ;i on proper similarity measures has been reported by
filter responses from 10 locations with four orientationsl a\ialsburg’s research group [47], [35], [48], [49], [32]. Theo-

five frequencies. The re_co_nstruction from a few filters can %sed similarity measures were originally based on digpari
further improved by optimization [44]. measures for binocular camera systems and are most useful
when objects in images are roughly in the same scale and
orientation. Lately, an ad hoc conditional likelihood respe
distribution based measure has been proposed [46].

The similarity value guides the search in the similaritydzhs
approaches, but in the simple Gabor feature space this is not
necessary and an alternative, a classifier based recagrgtio
be used [41], [42], [43]. The classifier selection must beeHas
on the behavior of the instances in the feature space. Due to
the smooth shape of the Gabor filters the behavior of their
Fig. 4. Reconstruction from responses at 10 different looat (a) original; complex responses is also typically smooth as demonstrated
(b) reconstruction. in Fig. 5 which shows responses for the real objects used in

[41], [42], [43]. In Fig. 5 filter responses from left and righ

Using a single location and the logarithmic frequency scalgY® centers, which should be roughly symmetric, are plotted
the object search can be done independently in the scale SidWO frequencies at zero orientation. Complex resporrses i
location, as the objects appear the same in the feature spald$: 5(@) and 5(b) form smooth clusters, a result which @n b
[45], [34]. Furthermore, to search over orientations thierfil USed in the classifier selection, e.g., by applying a sizist

(b)

orientations can be drawn from classifier with Gaussian mixture-model probability deesit
52 [41], [42], [43]. Complex responses are most natural since,
0 = _ﬂ’ k=1{0,...,n—1} . (35) for example, the phase warping would cause a discontinuity
n

in the case of a magnitude-phase pair (see Figs. 5(c) ang 5(d)
Since for real signals the responses|[at2r| are complex In Fig. 5 it can be seen how the phase variation decreases at
conjugates of responses df,«|[ it is usual to compute lower frequencies. In addition, the robustness and stgluifi

responses only for the half plane the phase information increases for small values of shagne
I parameters (wider bandwidth). It should be noted that tlee us
O, = —W, kE={0,...,n—1} . (36) of phase information is very important in recognition and

n

detection of objects as has been practically demonstrated i
Now, by using the filter responses in (31) at locaffen, yo) [50] and especially in [51] where the information richne$s o
with the parameters drawn from Egs. (30) and (36) a featutee phase is analyzed using simple binarization of the phase
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Another important consideration is the selection of values
for the frequencyf, orientationf, and sharpness and 7.
The selection of these values is the main problem in utijzin
Gabor filters in feature extraction since they define the {ime
frequency division in the extraction. While some adjusttaen
can be made for the frequency and orientation, the sharpness
parameters andn are completely application dependent. As a
rule of thumb, the filter size should be adjusted to encapsula
optimally the event of interest, in time and frequency. For
example, in texture segmentation a circular form of therfilte
(v = n) is typically used, but to distinguish objects of different
dimensions a not equal aspect ratip € ~) may provide
more accurate results [52]. On the other hand, selection of
one parameter can be compensated in the selection of another
[45]. This vague nature in the selection of the parameteyaés
of the reasons that an explicit optimization of the paramsete
has been applied [53], [54], but for some applications this
e 0T T e ° may be impossible or at least cause inconvenience becasise th
©) (d) optimization must be repeated in new situations. For greate
flexibility it is possible to select the filter parameters tuver
['1'% Sreaﬁfnb;élr:?:;”L‘a‘lztgf;ge(sﬁhznhd frr'gga:Xfyc(‘imfrse(fmﬁ)\d?é?ﬁsfve) the whole parameter space within the limits of the computing
frequency ¢ — -, 0 — 0); magn,tude phase plots on () high frequencyfime and resolving the importance of different filters ist lef
(f=2.0=0); (d) low frequency f = =, 6 = 0). to a learning system, a classifier. In practice, as many dilter
as possible within the limits of the computational resosrce
should be used, to extract as fine details as possible.

Im

phase

A. Practical considerations 2) Shiftability: For efficient computation and limited size

There are many practical requirements to enable accuredpresentation of the features in (31), the features must be
and reliable use of Gabor features and they will briefly bealculated only for a sufficiently small number of paramster
discussed next. A more detailed discussion can be foundTihis is evident since the discretization of the spatial deor
[25]. nates(z,y), frequencyf, and orientatiorf corresponds to a

1) General: The sampling and quantization of Gabor filter§our dimensional feature space. There is a trade-off batwee
was already discussed in Section Il and restrictions wettee selection of the filter parameters and the continuityhef t
given for accurate generation of the discrete filters. Inuiea feature space. In other words, one would like to fill the featu
extraction, standard computer arithmetics are usualljala, space as efficiently as possible to decrease the compuytation
the filters are roughly of the same order of magnitude, and thet at the same time the filters should overlap as much as
distinguishing properties in well-posed problems shoutd npossible to provide smooth behavior in situations whereesve
be merely very small differences in filter responses. Thes tfall somewhere between two filters. This trade-off is a known
relevance of factors other than sampling and quantizagongroblem between orthogonal and non-orthogonal presentati
typically significant. since the continuous behavior, shiftability, can be acdkdev

The implementation of Gabor feature extraction is aonly by relaxing the orthogonality property [55]. In shifta
important computational consideration. For example, ia tlsystems the response in any location can be reconstructed
simple Gabor feature space a full search in a two dimeas a linear combination from the filter responses at fixed
sional image needs at least Image widtHimage height< locations. If the shiftability condition holds over moreath
Row (scale) shiftsx Column (orientation) shifts feature vec-one parameter, the system is said to be joint shiftable [65].
tors to be classified. In practice heuristics and a priominf should be noted that Gabor filters do not meet the requiresnent
mation must be incorporated in order to reduce the computiof exact shiftability, although they have the very beneficia
time; objects can be searched only over a few orientatiopsoperty of being well localized, which is desirable in low-
and scales, and not in every location [41], [42], [43]. Thedevel image processing. In order to decrease the orthoiggnal
procedures are also motivated by the multi-resolutiorcsiine.  the overlap of the filters must be increased. The overlapatann

Typically cyclic convolution is assumed in the computationbe accomplished by sharpness parameteand n alone but
and one has to be aware that this affects the filter respon#ies number of filters must be increased. The smooth behavior,
making them unreliable near signal ends or image edges. dfgproximate shiftability, is again a trade-off which is esled
have a reliable response at a locationy) the effective area at the expense of computational complexity. Approximate
of the filter envelope should be inside the image at that poishiftability is currently an unexplored property of Gabdiefis
The minimum filter size,L,,;, = L, can be resolved from and spaces spanned by Gabor functions and only a few studies
Eq. (23) or (25) and the responses within a distaﬁf&;m of the definition of approximate shiftability have been done
from edges should be neglected. [56], [57], [58].
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3) Robustness and noise tolerandeobustness and noiseThe global Gabor feature in (38) is translation invariant
tolerance are essential considerations for practicalegtpins. as the responses are summed over the whole image. For
Robustness here means the stability of the responses whagher frequencies representing edges, the object sdaletsaf
conditions, such as the filter parameters, are changedeThersponse magnitudes, but the ratio between the magnitudes
are many natural variations in the conditions of real applicremains over different scales. Thus, a scale invarianufeat
tions which cannot be explicitly covered in the method devetan be constructed by normalizing the feature vector. In
opment phase, and thus, the methods benefit if they are rokaddition, the normalization makes the feature also illLation
against these changes: a small change in the conditionsa@sdtinvariant, that is, invariant to a constant multiplier. Navging
only a small change in the system performance. Robustn#ss column-wise shift operation a rotation invariant saritly
against variation in the filter parameters is addressed 9 [Smeasure can be defined [34], [39]
and by the authors in [33] where the classification accurscy i . (O+k) 2
experimentally shown to smoothly and continuously change(G1, Gz2) = mkm{z |:G1(f; 0;) — Gy " (f.0:)| } (40)
proportional to the change of the parameter values. It can 0s
be concluded that the accuracy decreases gradually as wiere G, and G, are feature vectors from two inspected
deviation from the optimal parameter values increases;iflages.
phenomenon which can be understood from the Gaussiamhe symbol images in Fig. 6 were used as groundtruth and
shapes of Gabor filters in both domains [60]. their randomly rotated variants were used as the test set. Th

Since some noise and distortions can also be descriggheriment was carried out by measuring distances to adl bas
as variations of the filter parameters, it is assumed that tBigsses with the rotation invariant similarity measure4f)(
behavior of the Gabor features is smooth in the presence
of noise and distortions. Furthermore, the Gabor filters are  @®{=>{t{\

optimally joint localized in time and frequency, and thus, it LI

distortions and noise present in distinct locations, timére- DHXOosE=

guency, do not significantly interfere with the filter respes. LREO ﬂ

Noise and distortion tolerance is natural to Gabor filterd an Bl=dikb@ , e
it has been considered in [60] where the Gabor filter based @ b) © @ ©

features perform outstandingly well in the presence of enois

and distortions, namely Gaussian, salt-and-pepper anel pikig- 6. (&) symbols; (b) displacement noisg. (= 1); (¢) (y» = 0.2); (d)

displacement noise, and illumination gradient distorti@f ~S2!-and-pepper noisexg = 0.4); (€) an = 2.0).

course noise removing methods can be applied and distertion

can be eliminated, but in cases where these are not known &he global Gabor features outperformed the previously used

priori the Gabor filters still provide tolerance of a high degg  Hough transform based features [62] by being comparable
in the presence of displacement noise and significantly more

VI. EXAMPLES tolerant to salt-and-pepper noise (Fig. 7).

A. Symbol recognition

This first example utilizes a globally computed sum of Ga: *
bor responses, corresponding to edge histograms overatifie .
orientations, and thus, provides no elegance or novelty as‘;%w
feature extraction method. However, similar simple feagur :"
are often used in image query applications and it succégsfulz.
demonstrates the rotation property and noise robustness
Gabor features. The demonstrated features, global Gaber fe¢ |
tures, have originally been proposed by the authors in [6d] a
the features would have their use in databases of engimeerin @ ®)
drawings [60], [33]. Fig. 7. Matching accuracies as functions of noise paramefa) displace-

In a global Gabor feature, the responses are summed owent noise; (b) salt-and-pepper noise. [61]
an image to form a global feature [39]

G(f.0) = ZZ Ire(z,y; f,0)] . (38) The results in Fig. 7 were achieved using the filter param-
z b etersy = 1, n = 1, f = 0.056, and N = 20, but due to

fae smooth behavior of Gabor filter responses, the method is
robust to a non-optimal selection of the filter parameters as
I'ge onstrated by the results in Fig. 8 ([60]).

accuracy (%)

Matching

Y

The feature can be considered as a histogram of the
sponses in (31) for different frequencigsand orientations
0. Since edges appear at high frequencies and lines on t hy L
fundamental frequencies, a single properly selected & he proposed method successfully utilizes the rotation in-

f is needed to represent a histogram of lines in diﬁereﬁ?riance property of Gabor features and performs well also
orientations. Now. a feature vector can be defined as or a non-optimal selection of parameters. It should be chote

that the size of discrete Gabor filters must be adequatedg lar
G = (G(f,00) G(f,61) ... G(f,0n-1)) . (39) for accurate and reliable results. The inequalities in @4d
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@ (b)

Fig. 9. Response magnitudes: (a) component and its centtoid)) =
WY W (324, 263)); (b) diagram of the filter responses at the centroid.

frequency

@

accuracy (%]
accuracy (%]

9

hing

It should be noted that in the proposed method in [52],
response matrix is not normalized until the frequencie$ wit
maximum responses have been located. However, in clas-

*g‘ E i sification the responses are normalized to gain robustness
© C) against illumination changes. For this kind of problem the
Fourier descriptors typically provide good results, bugyth
Fig. 8. Matghing accuracies.as functions of the Gabor filta_rame@ers need successful object segmentation which may become a
(values used in Fig. 7 marked): (a) frequengy(b) number of orientations . . . . . . .
N; (c) sharpness;; (d) sharpness. difficult task in the presence of distortions and noise as in
the example images in Fig. 10.

(25) must not be violated and in practical computations the
following values can be used as safe lower bounds- p, =

0.9 @

@) (b) (© (d)
: . ' . Fig. 10. Noi les: (a) i dient (slap@); (b) (slope2.5);
In this example, scale tuning of Gabor filters is used t@'gussian n‘;'fsye?323?2@23?{5;“&%‘;2{;n"igo)(? PeS; (b) (slope2.8); {c)
detect objects of different sizes and rotation and traiosiat
properties are used to search objects over different lomsiti

and orientations. . .
The method is based on a detection of the fundamentaIThe detection method in [52] does not need any prepro-

frequencies of objects, that is, frequencies which desdtie cessing before the classification. To recognize eight rdiffe

overall shape of an object [52], [60]. In a 1-D case a recmngqompgnents at arblt(;ary zose_s mhreafl w;ages, zlalfdetectlon
function may represent an ideal shape where the width of t@éperlment &Na; con l,JCte, using t € .:,m_ amenta req;:ncy
rectangle is the size information to be inspected. It can gatures and the rotation invariant similarity measureer

shown that the response of a Gabor filter at the centroid e 6 Images of each component in random poses and
the rectangle has a maximum on frequencies random noise was applied to all of them repeatedly. The
same experiment was also conducted using Hu’'s third or-

_ 1 n _ der moments [63], but the results were significantly worse
f= +—, n=0,1,2,... (42) ) ; - - ) ‘
w and with noise and distortions the moment invariant method

2w

wherew is the rectangle width [52]. The same result can geompletely failed. It is evident that the task is not trivial
generalized to two dimensions. Now, to represent an obje¥€t the Gabor feature based method succeeded particularly
e.g., an electrical component, frequencies with the maximuVell in the detection of electric components from noisy and
response are stored for all orientations describing the s@istorted images and achieved 100% accuracy for images
variation of an object in different directions. To estimateo Without distortions.
the pose of a detected object, the fundamental frequencyThe proposed method provides a framework for simple
features should be stored for objects in a standard pose. object recognition tasks. Only one image from each class

It should be noted that the spacing of frequencies is nist needed for training and the only input information is the
necessarily logarithmic but linear to achieve a sufficiess-r approximate centroids of the objects. After training, apan
olution for size discrimination. The feature constructed balgorithm can be used to detect and recognize stored objects
the method represents components by storing fundameritam unseen images in a rotation and translation invariant
frequencies, which correspond to the size of an object alonganner and it is also possible to estimate the object pose.
different orientations, as illustrated in Fig. 9. In the figu The achieved noise and distortion tolerances are evidehce o
there is an object of width 80 and height 35 pixels when ttthe reliability the Gabor features may provide in practical
corresponding fundamental frequencies %@ and 7—10. applications.

B. Electric component detection
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C. Face evidence extraction It seems that one reason for their success and popularity is

Recently, Hamouz and Kittler have proposed a comple‘t'?-,\at changes in object location, scale, and orientationbezan
framework for general object detection based on discritiiea d€tected in the Gabor feature space. The background and use

regions [64]. If an affine invariant detection of discrimima  Of the properties were presented in this study and they were
regions can be performed and spatial relationships betwel§inonstrated by application examples from literature.

them are known, detection of an object can be done. Thelhe properties of Gabor filters seem to make invariant
success of the framework depends on successful selecfi@ection possible, but in addition, Gabor filters seem to
and efficient extraction of discriminative regions, e.@ciél e§tabl|sh a significant _degrge _0f robustness to photome.tnc
features. In an application of the proposed method, thecmjedlsturbances, such as illumination change and image noise,

are frontal human faces and the discriminative regions 8d to natural image variations, such as backgrounds.
salient sub-parts, such as nostrils and eyes. There are new methods, wavelets being the most promi-

The detection of the discriminative regions, called facidlent, appearing in fields where time-frequency methods have
evidences, was based on the simple Gabor feature space [ggitionally been used and some may even claim that time
where 10 evidence classes were inner and outer eye cornB@$ passed time-frequency representations by. However, in
eye centers, nostrils, and mouth corners on both sides tdis study the invariance properties based on time-frecyien
faces [42], [41]. The Gabor feature matrix responses wefformation have been shown to be useful and new connections
normalized to unity to achieve illumination invariance.@th have been made to recently established concepts impontant i
behavior of features motivated the use of statistical flass; Pattern recognition, such as shiftability, which is evidethat
a sub-cluster classifier [41] and a Bayesian classifier usiﬂgere is still unrevealed potential in feature extractioithw
Gaussian mixture model [43]. The XM2VTS image databasaabor filters. This development can also be seen in wavelet
was used as a benchmark set [65]. In Fig. 11(a) is shown rggsearch where beneficial properties of redundant wavelets
example image and extracted evidence candidates which e been noted and the wavelets are being further developed
passed to the next processing level. In F|g 11(b) are Shomvards a more general theory of frames. Future researt¢h wil
the results of the face detection system as percents of snageow if harmony between Gabor functions and wavelets can

for which a specific error level was achieved. The error w&¢ established and whether a comprehensive framework for
defined as general efficient feature extraction can be realized urijz

Ao — max(d;, d.) (42) properties of both; “the general picture processing opetat
eye —
| Cr—Cr |l [7].

whereC; and C,. are the correct eye center coordinates and
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