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Abstract. Branch switching procedures which are capable to handle critical points with
coincident or nearly coincident buckling loads in a geometrically non-linear continuation
process are presented. The proposed branch switching algorithm is based on a Liapunov-
Schmidt-Koiter-type asymptotic reduction. Numerical examples of some plate and shell
structures are shown.
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1 INTRODUCTION

Procedures to handle simple critical points on an equilibrium path of elastic structures
are now well established.! 7 Detection and location of a critical point can be done either
during the incrementing process, or by a direct computation of an suitable augmented
equilibrium equations.®? These direct techniques have only heen used to locate simple
critical points. Tt is questionable if the overall efficiency of these algorithms is better
than the standard incremental technique. In addition, the incremental technique can also
provide more information to the analyst.

To branch out from the critical point onto the post-buckling range, an approximation
to the path tangent is needed. For simple bifurcations there exists only one crossing path
and the treatment is quite straightforward.

In the case of coincident critical points the situation is much more complex and only a
few papers exist.'® ' In this paper an approach which uses the Liapunov-Schmidt-Koiter
type reduction technique is presented.

In recent years considerable progress has been made in the the application of group
theoretic methods to the non-linear bifurcation analysis of symmetric structures.'"'» The
group representation theory helps in finding an optimal set of basis vectors which reflect
the symmetry of a given problem. In formulating the numerical procedure with respect
to the symmetry adapted basis offers several advantages: a dimensional reduction of the
problem size due to the global decoupling of equilibrium equations and above all improves
numerical conditioning of the equation system to be solved.

2 BASIC CONTINUATION ALGORITHM

Discretization of the quasi-static equilibrium equations expressing the balance between
external and internal forces results in an equation of the form:

flg,\)=p—r=0, (1)

where p is the external load vector. If the finite element method is used in the discretiza-
tion process, the internal force vector r follows from the assembly operation of the element
contributions

r) — / B sdV.
Jvi(e)

The vector s contains the stress components. The strain-displacement matrix B is defined
by de = Bdq, where the column vector e contains the strain components.
Usually the applied loading is assumed to depend linearly on a single parameter, i.e.
the load parameter A, such that p = Ap,, where p, is the reference load vector.
Solution of the equation system (1) forms a one-dimensional equilibrium curve in an
N + 1 dimensional displacement-load parameter space, where N is the dimension of the
state space, i.e. the number of dof’s in the particular finite element model. Procedures
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to trace the one dimensional equilibrium path defined by equation (1) are called contin-
uation or path following methods. They are incremental, step-wise algorithms. A typical
continuation step includes the predictor and the corrector phases.

To traverse a solution path a proper parametrization is needed. Simple load control is
the oldest type of parametrization. It is usually the most efficient one in regular parts of
a path, and the adaptation of an iterative linear equation solver in it is straightforward.
However, near the so called limit points, where the structure loses its load carrying capac-
ity (at least locally), it can break down. At the limit point the tangent stiffness matrix is
singular and the load parameter is decreasing after such a point. A remedy is to change
the control from the load parameter to some of the displacement components. Select-
ing the controlling displacement (or component from the scaled vector containing both
displacements and the load parameter) to be the largest one from the last converged in-
crement, results in a simple and reliable continuation procedure.'® Non-dimensionalizing
of the variables is an essential point of this method. Nevertheless, it is recommendable
for all other procedures, too.

A usual setting of a continuation process is to augment the discrete equilibrium equa-
tions with a single constraint equation ¢ in the following form:

flg.)) = 0
{red 20 ®

This kind of procedures are also commonly called arc-length methods. A large class of
constraint equations can be written in the form

(g \)=t"Cn —cy=0

where t and n are N + 1 dimensional vectors and ¢q is a scalar.”'” The weighting matrix
C can be partitioned as diag( W, a?), where W is a positive definite or semidefinite
diagonal matrix corresponding to displacements and « is a scaling factor. The weighting
matrices C and W define seminorms || - ||¢ and || - ||y in RN*' and RV, respectively.
Using the Newton-Raphson linearization of the extended equation system (2) results

n
) )
Diat G f@N) = Kiqipdif = 0
: (3)
g—;(sq—l—%(s)\—l—c(q,)\) = c'Sg+edd+e¢ =0

Usually in structural analyses the tangent stiffness matrix K is symmetric. Therefore, in
order to utilize the specific sparsity pattern and symmetry of the tangent stiffness matrix,
the solution of the augmented equations (3) is usually performed by using the following

three phase block elimination method, also known as bordering algorithm:'6: %19

1. solve Kéq; = f and Kq, = p, ,
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2. compute dA = — (¢ + cT(qu)/(e + chp) ,
3. update 6q = dq; + dAq, .

In this format the solution of the linear equation system at phase 1 is performed by means
of direct solvers.

It is now assumed that the critical point (g.,, A+ ) is reached and located for prescribed
accuracy between steps k— 1 and k. Notification of new critical modes during the contin-
uation can be obtained by monitoring the inertia of the tangent stiffness matrix. If the
number of unstable modes associated with the appearance of the noticed critical point(s)

is M, then

Ip(Kk) —p(Ki)| = M,

where p( K) stands for the number of positive eigenvalues. This does not necessarily mean
that the lowest critical point itself is a M-fold critical point, i.e.

dim(ker K. )= K < M.

The number of positive eigenvalues can be determined using the Sylvester law of inertia
by counting the number of positive diagonal elements in the LDL" factorized stiffness
matrix. If the linear system is solved by iterative methods, the inertia of the stiffness
matrix is not easily obtainable.

Multiplicity of the critical point is here defined to be the dimension of the nullspace of
the tangent stiffness matrix at the critical point. Other definitions exist.?

An essential feature for the construction of a reliable bifurcation procedure is the deter-
mination of the number of possible solutions branches emanating from the critical point.
This problem has been explored in the late 60’s by Sewell,?":?? Johns and Chilver.?*2*
Depending on the symmetry properties of the system, the maximum number of different

post-buckling branches is

oM 1 or 1(3M 1) (4)

1
2

for a system without symmetry or perfectly symmetric, respectively. The minimum num-
ber of post-buckling paths is 1 for the former case and M for the latter. The complexity
of a multi-mode buckling problem grows enormously with the multiplicity of the critical
point. However, no rules for the evaluation of the number of real post-bifurcation branches
exist.

3 BRANCH SWITCHING ALGORITHMS
3.1 Local perturbation approach

Allgower and Chien'? used the local perturbation method introduced by Georg? to multi-
ple bifurcation problems. The theoretical foundation of this method is based on a version

4
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of the generalized Sard’s theorem. For successful branching the choice of the perturbation
vectors plays a key role. However, no specific theory or rules for the selection of the
perturbation vectors was given by Allgower and Chien.'? In their numerical examples the
components in the perturbation vectors were chosen in such a way that they oscillated
corresponding to those of the bifurcating solutions. This means that one should have a
priori knowlegde of the solution of the problem which has to be solved.

A major improvement to the local perturbation algorithm is given by Huitfeldt.'? He
introduced an auxiliary equation which defines with the perturbed equilibrium equations
a closed one dimensional curve in a N + 2-dimensional space. This curve passes exactly
one point on each branch (or half branch) of the unperturbed equation (1). When passing
such a point the perturbation parameter 7 changes sign. The problem is then to locate
the zero points of the perturbation parameter 7 while traversing the branch connecting
curve (BCC). Thus the branch switching problem is reduced to a path following task of
the augmented system

_J fla)+7b =0
marn = Fesh =0 5

which can be solved with standard continuation algorithms. A constraint that defines a
closed surface around the critical point is of spherical (elliptical) form:

Cb(qv)\77—) = 15 (Hq o qrr”?;v + 0/2()\ o )\CT)Z + 627—2 o pz) ? (6)

where o, # are scaling factors and p is the radius of the sphere. In principle this method
does not require evaluation of the basis of the nullspace of the tangent stiffness matrix.
Huitfeldt'® used a random vector as perturbation b.

There are some shortcomings with this conceptually simple and elegant method. Tt is
not known if the branch connecting equation always defines a closed curve. Tt is believed,
as also argued by Huitfeldt, that using a constraint which defines a closed surface, guar-
antees a closed path defined by the branch connecting equation (5). No mathematical
proof of this is known to the authors. Secondly, there is no guarantee that all bifurcating
branches have been found. This obviously depends on the choice of the perturbation. In
addition, the computational expense can be very high for large problems, fortunately it
grows only linearly with respect to the number of emanating branches from the bifurcation
point. However, the number of branches in multimode buckling with higher multiplicity
can be very large.

3.2 Asymptotic approach

In the Liapunov-Schmidt-Koiter reduction procedure the large non-linear system of equa-
tions (dimension N) is reduced into a locally equivalent system of non-linear equations
dimension of which is much smaller than the original one. Basically, Koiter’s initial post-
buckling theory is a reduction from the infinite dimensional continuous problem into a



Reijo Kouhia and Martti Mikkola

small system of polynomial equations. Usually, as also in Koiter’s thesis,?® the number
of “post-buckling equilibrium equations” derived from the reduced potential energy ex-
pression equals the multiplicity of the buckling load. However, Koiter suggested also a
method to handle nearly coincident critical loads, while Byskov and Hutchinson presented
a formulation for well separated critical loads.?” Tt has also been shown experimentally
that the interaction between well separated critical loads can occur.?®

In the following the generalized Liapunov-Schmidt-Koiter (LSK) technique is briefly
presented.? *' A key point in the LSK-reduction technique is the decomposition of the

ambient space into summands related to the tangent operator at the critical point:*? »
RN=NoON, oo RN=MapM". (7)

In the classical formulation N' = ker K, N~ = rangeK', M = ker K", M~ = range K.
However, since the mode interaction problems are of interest, the generalized LSK-
formulation®? is adopted. Thus, it is assumed that:

kerK C N, dim(kerK)= L < dimN = M.

The original equilibrium equations (1) can thus be expanded to an equivalent pair of

equations

Pf(q,)\) = O, (8)
(I - P)f(q.r) = 0, (9)

where P is a projector from RN — M~ with kerP = M. Analogously I — P is a
projector from RY — M with ker(I — P) = M. Expression for the projector can he
written as P = I — WW"  where W is a matrix containing the basevectors of M, i.e.

‘I’:[¢1 "pl\/f]

In view of the decomposition (7a), the displacement vector onto the post-bifurcation

regime can be written in the formP

q=4q, +aip; + v(a;,A)
=4q,. + a4;¢;, +a;v; + Advy + 15 ((1/1:(1/,7"01;7 + 2A X a;v;\ + (A)\)z’v,\,\) + - (10)
where ¢,’s denote the base vectors spanning the space N, the unknown amplitudes are a;
and AX = X — A... In order to have a unique solution for v it is required to be orthogonal

to the vectors ¢,, i.e. v € N'~. The reduced set of equilibrinm equations are obtained by
substituting the field v into (9):

g((]’iv A) = ‘IIT(I - P)f(qrr + (]’i(f)i + v((]’iv )‘)7 A)
= ‘I’T.f(qcr + (]’iqbi + v((]’iv )‘)7 A) (11>

AThe residual f is a non-linear mapping from RN x R to RV.
PEinstein’s summation convention is adopted for repeated lower case indexes.
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Solutions for the components of v are obtained by substituting (10) into Taylor’s series
expansion of (8) about the critical point, i.e. a;, = 0,A = A,.. As a result v; andwvy, vi,...
will vanish. The remaining second order displacement fields can be solved from equations:

—Pf'v;; = Pf'¢,0,, (12)
—Pf'v;y = Pf'\¢,, (13)

where the notation f' = 9f/0q has been used. Finally, the expansion of the reduced
equilibrium equations at the critical state (a; = 0, A = A..) can be written as

GiAN + Gija; + 5(Gijrajay + 2GinAdaj)
‘I‘ %(Gi,jkf(]’jakaf —I— 3G,jjk)\A)\(],]‘(],k) —I— e = 07 7 = 17 .. 7J\4 (14)

where

T
Gi - ’()bi .fcr,)n
T
Gij = ¢1: firq’)jv
T
Gije = i (fovie+fL0,01),
T
Gipn = ¥ fond;
Gige = B! [Frovie + Fr(@ om0 + drvje + dvin) + Fl1d,000]
Giga = ] [fl v+ v + FL(d0m + @pvp) + Fiad,d.] -

Some remarks are in order. If the reference load vector does not depend on the dis-
placement field, like in the case of dead weight loading, the higher order fields v;y, v,
as well as coefficients Gy, Gy ete. will vanish. If the space N equals the nullspace
of the tangent matrix, then all the components G; and G;; vanish too. However, if
dimker K., = L < dimAN = M, then the product G,;a; is necessarily zero in the vicin-
ity of the critical point, since the branch directions are to be found from components
(],,j77:: 17 7L.

To summarize, after the detection of the critical point the four main steps in the LSK-
reduction technique are:

1. solution of the relevant eigenmodes,

2. solution of the second-order (or higher) displacement fields,
3. computation of the coefficients of the asymptotic expansion
4. solution of the reduced set of polynomial equations.

Since the dimension of the reduced problem is very small, any robust solution scheme
can be applied. Since these equations are polynomial it is possible to find all the solutions
with algorithms described in detail by Morgan.??
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A relevant problem in the initial post-buckling method is to decide how many eigen-
modes are relevant in the expansion. If one interacting mode is left out from the expansion,
it will appear in the second order field.** However, the range of validity can be extremely
small in those cases.

4 NUMERICAL EXAMPLES

A well known example of multiple bifurcation is the double bifurcation of a compressed
flat simply supported plate, see fig. 1. A plate with aspect ratio of v/2 is chosen as a
test example. Similar problem has also been analysed by Huitfeldt'® and Lidstrom,*”
however, no post-bifurcation paths have been presented. They have used Hemp type in-
plane boundary conditions for which the longitudinal egdes are free to move in the plane
of the plate.

The Marguerre-Trefftz in-plane boundary conditions, for which the longitudinal egdes
are constrained to remain straigth, are used in the present study, since the post-buckling
behaviour is more interesting than it is for a plate with Hemp type BC. A uniform 20x 10
quadrilateral mesh discretized by bilinear stabilized MITC type elements with drilling
rotations is used (1242 dof). The stabilization parameter (shear reduction) for the MITC
element has been 0.4.%6 3 Full 2 x 2 Gaussian integration is used in evaluation of the
element stiffness matrices and internal force vector. The eigenvalue problem is solved
with the block Lanczos solver BLZPACK by Marques.*®

The loaded edges are also constrained to remain straight. The analytical buckling load
has the value P.. = 4.57*DL~", where L is the length of the loaded side. The buckling
modes corresponding to this double bifurcation load have one or two half waves in the
z-axis direction. The length to thickness ratio is L/t = 100 and the Poisson’s ratio
has the value v = 0.3. In the numerical computation the value obtained is 4.397*DL ™"
interpolated from the zero point of the lowest eigenvalue of the tangent stiffness matrix,
which is easily computed at the beginning of each increment by applying few inverse
iterations. If an eigenvalue buckling analysis is performed, the double eigenvalue will split
into two separate eigenvalues with values 4.32 and 4.407?DL~". Load deflection curves
are shown in fig. 2.

The local perturbation approach and the branch-switching scheme based on Koiter’s
initial post-buckling theory are used in the computations.

For symmetric double bifurcation the maximum number of different post-buckling
paths is four (4). In this particular case only two real post-bifurcation paths exist.
Branching onto the post-bifurcation paths is not particularly difficult, since the defor-
mation patterns on the branches are just like the buckling modes. The load deflection
paths are shown in fig. 2. C and @Q refer to the center and quarter points of the plate.
However, there exists an interesting phenomena for the one half-wave mode branch. The
one half wave branch is a stable path up to the load level of P = 11.3572DL™", where a
change of the signature of the tangent stiffness matrix is noticed; one negative eigenvalue
emerges. Deformation mode changes gradually from one half-wave buckle to three half-
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Figure 1: Simply supported plate.

wave buckle and the load bearing capacity decreases. At the load level of P = 7.847*DL ™"
there exist two closely spaced changes in the number of negative eigenvalues, first from
one to two and then back from two to one, after which the load starts to increase and
the deformation mode is fully developed three half-wave buckle. After the load level of
P =9.277?DL™" the three half wave mode branch becomes stable, see fig. 2. Thus, un-
der pure load control the plate would exhibit a mode jump from one half-wave buckle
to three half-wave buckle. Deformation plots are appended in fig. 5 and the membrane
stress resultant distributions in fig. 6.

The initially two half-wave branch is stable up to load level P ~ 3772DL~", where one
unstable mode appears.

For the Huitfeldt’s method different perturbation loads are tested. As already pointed
out, the perturbation load should cause deflections in the direction of the branch tangents.
If not so, the BCC curve can be closed but some branches are missing. Another type
of problem exist with the local perturbation approach. Even if the branch connecting
constraint (6) defines a closed surface around the critical point, the BCC tracing seems to
produce a closed curve on the surface of the constraint, not passing the point of departure.
These failures are demonstrated in detail by Kouhia and Mikkola.*°

The main computational labor in the LSK-reduction technique is the solution of the
eigenvalue problem. Computing the second-order fields, coefficients of the reduced set
of equations as well as solving the polynomial system are orders of magnitude less time
consuming than solving the eigenproblem. For Huitfeldt’s local perturbation approach the
main work is to traverse the branch connecting curve, which is a standard path following

C

routine and thus expensive for large systems. Solution times © of the branch switching

processes of this particular example are of the order of 50 s for Huitfeldt’s approach

“The CPU-times are on a Digital AlphaServer 8400 at the Center for Scientific Computing, FEspoo,
Finland.
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Figure 2: Out of plane deflections vs. load curves: (a) initially one half-wave branch, (b) initially two
half-wave branch; solid line = w¢ dashed line = wg. Load steps where change in signature of the tangent
stiffness matrix on the post-buckling branch occurs are denoted by x.

and only 2 s for the LSK-reduction based technique. To trace one complete equilibrium
curve shown in fig. 2 took approximately 100 s and 55 s, respectively (the two half-wave
path). In these computations the primary path is traced with 3 steps and 23 steps on the
post-buckling path.

An example of three mode interaction is a simply supported T-beam loaded by a
transverse force at midspan and in the direction that induced compression in the flange.
This particular example has been extensively studied by Menken and his co-workers at the
Eindhoven University of Technology.*' ** The material of the beam is aluminium (E=70
GPa, v=0.3) and the dimensions of the cross-section are (see fig. 3): flange: width 30 mm,
thickness (0.5 mm; web: height 50 mm, thickness 2 mm. Experiments were carried out
with several lengths of the beam. For the shorter beams local flange buckling would occur
first, while buckling is initiated by an overall lateral-torsional mode for the longer ones.
The local buckling load is strongly influenced by the free width of the flange, therefore the
overlap between flange and web is modelled by orthotropic elements having high rigidity in
transverse direction. However, this will produce highly ill-conditioned stiffness matrices,
the spectral condition number of the tangent stiffness matrice varied within the range of
10" — 10'" on the computed paths.

In earlier studies®®*%*3 the beam has been modelled by spline finite strips; all displace-
ments are interpolated with Bs-splines in the longitudinal direction and in transverse
direction linear interpolation is used for membrane displacements and the cubic Hermi-
tian polynomials for the out of plane displacement and the kinematical model is based
on the classical Kirchhoff-Love hypothesis. In the above mentioned references the model
consists of 22 strips divided into 40 sections. In this study similar kind of a finite element,

10
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Figure 3: Simply supported T-beam.

mesh is used with 880 quadrilateral facet-type shell elements, in which the Lyons-Crisfield
DKQ-element** is used for the bending part and the Hughes Brezzi-Allman type mem-
brane interpolation with drilling rotations.

Only beams having the lengths of 520 and 620 mm are considered. In the linear buck-
ling analysis the overall buckling mode and the local flange buckles appear independently.
However, in the non-linear analysis the second mode is a combination of the local and
overall lateral-torsional buckling modes, while the first mode is a pure local mode, an-
tisymmetric with respect to the web. Also the critical load for the 520 mm long beam
appeared to be smaller than the linear buckling analysis prediction. The bifurcation oc-
curs within the step from the load level of 1110 N to 1240 N (two negative eigenvalues),
and the estimated value 1s 1146 N. Moreover, the flange deflections for both two lowest
modes are antisymmetric with respect to the web. Therefore, the combination of the fisrt
and second modes will not leave the other flange unbuckled and thus a higher mode is
required in order to have a proper predictor onto the post-buckling branch (sixth mode*?).

There are convergence problems near the bifurcation point as well on the primary
path as on the bifurcated path. True Newton-Raphson with the orthogonal trajectory
process is used and mostly 2-4 corrector iteration are needed, except near the bifurcation
point where the iteration number jumps to 10-15 during the step where the bifurcation
point is jumped over. This is most probably due to the clustering of the eigenvalues near
the bifurcation point. Also the prediction step onto the branch requires more iterations;
this can be due to the relatively large jump to the lower load level, and due to the ill-
conditioning of the global system.

For the 620 mm long beam the behaviour is different. The overall lateral-torsional
mode is the lowest one, but there exists a strong interaction with the local modes. In

11
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the asymptotic analysis assuming linear pre-buckling behaviour, there is a secondary
bifurcation near the primary one, and a drop in load occurs. However, in the non-
linear analysis the secondary mode could not be detected, perhaps due to the eigenmode
mixing and the predictor onto the branch is a prediction beyond the secondary bifurcation
onto the secondary post-buckling branch. However, it could be almost impossible to
detect in the full non-linear analysis due to the nearness from the primary bifurcation
point. Therefore it could be usefull to use methods which directly computes the secondary
bifurcations.*”

In the non-linear analysis the estimated buckling load is 931 N which is quite close
to the linear buckling analysis prediction 924 N*® and the immediate load drop on the

bifurcating branch is 143 N. The load deflection curves are shown in fig. 4.

(a) L = 520 mm (b) L = 620 mm
2000 r
1500
1500
< < 1000
=~ 1000 ~
3 (a8
O L | L | L | L | L | L O L | L | L | L | L
0 5 10 15 20 25 30 0 10 20 30 40 50
w / mm w / mm

Figure 4: Vertical deflection under the point load vs. load.

5 CONCLUDING REMARKS

So far all existing branch switching techniques which can be used in multiple bifurcation
problems have some annoying features. In principle Huitfeldt’s approach for traversing
the branch connecting curve requires only a path following procedure, no other specific al-
gorithms are needed. This is in contrast to other branch switching methods which requires
the basis of the nullspace of the tangent stiffness matrix, i.e. the eigenmodes. However, in
practise also with Huitfeldt’s approach, some knowledge on the critical eigenmodes seems
to be necessary in order to construct a proper perturbation load.

To solve the eigenvalue problem at the critical point is the most time consuming part
of the proposed branch switching algorithm which uses the Koiter-type reduction method.
However, it is shown to be much faster than Huitfeldt’s local perturbation approach.

12
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As mentioned before, the range of applicability of the Lyapunov-Schmidt-Koiter type

reduction can be very narrow due in the case that some relevant interacting modes are left

out from the series expansion. However, this usually manifests itself by the appearance

of secondary bifurcations close to the primary one. It is extremely difficult to automate

the selection of the relevant buckling modes. Thus, at this moment human expertise in

performing stability computations involving interactive buckling phenomena is crucial for

successtul analysis.
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Figure H: Out of plane displacement plots of compressed simply supported plate at three load levels on
the initially one half-wave buckle post-buckling path; Marguerre-Trefftz type boundary conditions.
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Figure 6: Membrane stress resultants at load level P = 8.572DL " on the one half-wave branch.
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