
NUMERICAL TREATMENT OF MULTIPLE BIFURCATIONPOINTSReijo Kouhia� and Martti Mikkolay�Laboratory of Structural Mechanics, Helsinki University of TechnologyP.O. Box 2100, FIN-02015 HUT, Finlande-mail: reijo.kouhia@hut.�, web page: http://www.hut.�/ekouhia/yLaboratory of Theoretical and Applied Mechanics, Helsinki University of TechnologyP.O. Box 1100, FIN-02015 HUT, Finlande-mail: martti.mikkola@hut.�, web page: http://www.hut.�/Units/Dynamics/Key Words: continuation algorithm, multiple bifurcation, branch switching, FEMAbstract. Branch switching procedures which are capable to handle critical points withcoincident or nearly coincident buckling loads in a geometrically non-linear continuationprocess are presented. The proposed branch switching algorithm is based on a Liapunov-Schmidt-Koiter-type asymptotic reduction. Numerical examples of some plate and shellstructures are shown.
1



Reijo Kouhia and Martti Mikkola1 INTRODUCTIONProcedures to handle simple critical points on an equilibrium path of elastic structuresare now well established.1{7 Detection and location of a critical point can be done eitherduring the incrementing process, or by a direct computation of an suitable augmentedequilibrium equations.8, 9 These direct techniques have only been used to locate simplecritical points. It is questionable if the overall e�ciency of these algorithms is betterthan the standard incremental technique. In addition, the incremental technique can alsoprovide more information to the analyst.To branch out from the critical point onto the post-buckling range, an approximationto the path tangent is needed. For simple bifurcations there exists only one crossing pathand the treatment is quite straightforward.In the case of coincident critical points the situation is much more complex and only afew papers exist.10{13 In this paper an approach which uses the Liapunov-Schmidt-Koitertype reduction technique is presented.In recent years considerable progress has been made in the the application of grouptheoretic methods to the non-linear bifurcation analysis of symmetric structures.14, 15 Thegroup representation theory helps in �nding an optimal set of basis vectors which re
ectthe symmetry of a given problem. In formulating the numerical procedure with respectto the symmetry adapted basis o�ers several advantages: a dimensional reduction of theproblem size due to the global decoupling of equilibrium equations and above all improvesnumerical conditioning of the equation system to be solved.2 BASIC CONTINUATION ALGORITHMDiscretization of the quasi-static equilibrium equations expressing the balance betweenexternal and internal forces results in an equation of the form:f (q ; �) � p � r = 0; (1)where p is the external load vector. If the �nite element method is used in the discretiza-tion process, the internal force vector r follows from the assembly operation of the elementcontributions r (e) = ZV (e) BTsdV:The vector s contains the stress components. The strain-displacement matrixB is de�nedby �e = B�q; where the column vector e contains the strain components.Usually the applied loading is assumed to depend linearly on a single parameter, i.e.the load parameter �, such that p = �pr, where p r is the reference load vector.Solution of the equation system (1) forms a one-dimensional equilibrium curve in anN + 1 dimensional displacement-load parameter space, where N is the dimension of thestate space, i.e. the number of dof's in the particular �nite element model. Procedures2



Reijo Kouhia and Martti Mikkolato trace the one dimensional equilibrium path de�ned by equation (1) are called contin-uation or path following methods. They are incremental, step-wise algorithms. A typicalcontinuation step includes the predictor and the corrector phases.To traverse a solution path a proper parametrization is needed. Simple load control isthe oldest type of parametrization. It is usually the most e�cient one in regular parts ofa path, and the adaptation of an iterative linear equation solver in it is straightforward.However, near the so called limit points, where the structure loses its load carrying capac-ity (at least locally), it can break down. At the limit point the tangent sti�ness matrix issingular and the load parameter is decreasing after such a point. A remedy is to changethe control from the load parameter to some of the displacement components. Select-ing the controlling displacement (or component from the scaled vector containing bothdisplacements and the load parameter) to be the largest one from the last converged in-crement, results in a simple and reliable continuation procedure.16 Non-dimensionalizingof the variables is an essential point of this method. Nevertheless, it is recommendablefor all other procedures, too.A usual setting of a continuation process is to augment the discrete equilibrium equa-tions with a single constraint equation c in the following form:� f (q ; �) = 0c(q ; �) = 0 : (2)This kind of procedures are also commonly called arc-length methods. A large class ofconstraint equations can be written in the formc(q ; �) = tTCn � c0 = 0where t and n are N +1 dimensional vectors and c0 is a scalar.5, 17 The weighting matrixC can be partitioned as diag(W ; �2), where W is a positive de�nite or semide�nitediagonal matrix corresponding to displacements and � is a scaling factor. The weightingmatrices C and W de�ne seminorms k � kC and k � kW in RN+1 and RN , respectively.Using the Newton-Raphson linearization of the extended equation system (2) resultsin 8><>: @f@q �q + @f@���+ f (q ; �) = �K�q + pr��+ f = 0@c@q �q + @c@���+ c(q ; �) = cT�q + e��+ c = 0 : (3)Usually in structural analyses the tangent sti�ness matrix K is symmetric. Therefore, inorder to utilize the speci�c sparsity pattern and symmetry of the tangent sti�ness matrix,the solution of the augmented equations (3) is usually performed by using the followingthree phase block elimination method, also known as bordering algorithm:16, 18, 191. solve K �qf = f and Kqp = p r , 3



Reijo Kouhia and Martti Mikkola2. compute �� = �(c+ cT �qf )=(e+ cTqp) ,3. update �q = �qf + ��qp .In this format the solution of the linear equation system at phase 1 is performed by meansof direct solvers.It is now assumed that the critical point (q cr; �cr) is reached and located for prescribedaccuracy between steps k�1 and k. Noti�cation of new critical modes during the contin-uation can be obtained by monitoring the inertia of the tangent sti�ness matrix. If thenumber of unstable modes associated with the appearance of the noticed critical point(s)is M, then jp(K k)� p(K k�1)j = M;where p(K ) stands for the number of positive eigenvalues. This does not necessarily meanthat the lowest critical point itself is a M -fold critical point, i.e.dim(ker K cr) = K �M:The number of positive eigenvalues can be determined using the Sylvester law of inertiaby counting the number of positive diagonal elements in the LDLT -factorized sti�nessmatrix. If the linear system is solved by iterative methods, the inertia of the sti�nessmatrix is not easily obtainable.Multiplicity of the critical point is here de�ned to be the dimension of the nullspace ofthe tangent sti�ness matrix at the critical point. Other de�nitions exist.20An essential feature for the construction of a reliable bifurcation procedure is the deter-mination of the number of possible solutions branches emanating from the critical point.This problem has been explored in the late 60's by Sewell,21,22 Johns and Chilver.23,24Depending on the symmetry properties of the system, the maximum number of di�erentpost-buckling branches is 2M � 1 or 12(3M � 1) (4)for a system without symmetry or perfectly symmetric, respectively. The minimum num-ber of post-buckling paths is 1 for the former case and M for the latter. The complexityof a multi-mode buckling problem grows enormously with the multiplicity of the criticalpoint. However, no rules for the evaluation of the number of real post-bifurcation branchesexist.3 BRANCH SWITCHING ALGORITHMS3.1 Local perturbation approachAllgower and Chien12 used the local perturbation method introduced by Georg25 to multi-ple bifurcation problems. The theoretical foundation of this method is based on a version4



Reijo Kouhia and Martti Mikkolaof the generalized Sard's theorem. For successful branching the choice of the perturbationvectors plays a key role. However, no speci�c theory or rules for the selection of theperturbation vectors was given by Allgower and Chien.12 In their numerical examples thecomponents in the perturbation vectors were chosen in such a way that they oscillatedcorresponding to those of the bifurcating solutions. This means that one should have apriori knowlegde of the solution of the problem which has to be solved.A major improvement to the local perturbation algorithm is given by Huitfeldt.13 Heintroduced an auxiliary equation which de�nes with the perturbed equilibrium equationsa closed one dimensional curve in a N + 2-dimensional space. This curve passes exactlyone point on each branch (or half branch) of the unperturbed equation (1). When passingsuch a point the perturbation parameter � changes sign. The problem is then to locatethe zero points of the perturbation parameter � while traversing the branch connectingcurve (BCC). Thus the branch switching problem is reduced to a path following task ofthe augmented system h(q ; �; � ) = � f (q ; �) + �b = 0cb(q ; �; � ) = 0 ; (5)which can be solved with standard continuation algorithms. A constraint that de�nes aclosed surface around the critical point is of spherical (elliptical) form:cb(q; �; � ) = 12 �kq � q crk2W + �2(� � �cr)2 + �2� 2 � �2� ; (6)where �; � are scaling factors and � is the radius of the sphere. In principle this methoddoes not require evaluation of the basis of the nullspace of the tangent sti�ness matrix.Huitfeldt13 used a random vector as perturbation b.There are some shortcomings with this conceptually simple and elegant method. It isnot known if the branch connecting equation always de�nes a closed curve. It is believed,as also argued by Huitfeldt, that using a constraint which de�nes a closed surface, guar-antees a closed path de�ned by the branch connecting equation (5). No mathematicalproof of this is known to the authors. Secondly, there is no guarantee that all bifurcatingbranches have been found. This obviously depends on the choice of the perturbation. Inaddition, the computational expense can be very high for large problems, fortunately itgrows only linearly with respect to the number of emanating branches from the bifurcationpoint. However, the number of branches in multimode buckling with higher multiplicitycan be very large.3.2 Asymptotic approachIn the Liapunov-Schmidt-Koiter reduction procedure the large non-linear system of equa-tions (dimension N) is reduced into a locally equivalent system of non-linear equationsdimension of which is much smaller than the original one. Basically, Koiter's initial post-buckling theory is a reduction from the in�nite dimensional continuous problem into a5



Reijo Kouhia and Martti Mikkolasmall system of polynomial equations. Usually, as also in Koiter's thesis,26 the numberof \post-buckling equilibrium equations" derived from the reduced potential energy ex-pression equals the multiplicity of the buckling load. However, Koiter suggested also amethod to handle nearly coincident critical loads, while Byskov and Hutchinson presenteda formulation for well separated critical loads.27 It has also been shown experimentallythat the interaction between well separated critical loads can occur.28In the following the generalized Liapunov-Schmidt-Koiter (LSK) technique is brie
ypresented.29{31 A key point in the LSK-reduction technique is the decomposition of theambient space into summands related to the tangent operator at the critical point:29 aRN = N �N?; or RN =M�M?: (7)In the classical formulation N = kerK ;N? = rangeK T ;M = kerKT ;M? = rangeK :However, since the mode interaction problems are of interest, the generalized LSK-formulation32 is adopted. Thus, it is assumed that:kerK � N ; dim(kerK ) = L � dimN = M:The original equilibrium equations (1) can thus be expanded to an equivalent pair ofequations Pf (q ; �) = 0; (8)(I �P)f (q ; �) = 0; (9)where P is a projector from RN ! M?, with kerP = M. Analogously I � P is aprojector from RN ! M with ker(I � P) = M?. Expression for the projector can bewritten as P = I � 		T , where 	 is a matrix containing the basevectors of M, i.e.	 = �  1 � � �  M �.In view of the decomposition (7a), the displacement vector onto the post-bifurcationregime can be written in the formbq = qcr + ai�i + v(ai; �)= qcr + ai�i + aiv i +��v� + 12 �aiajv ij + 2��aiv i� + (��)2v���+ � � � ; (10)where �i's denote the base vectors spanning the space N , the unknown amplitudes are aiand �� = ���cr. In order to have a unique solution for v it is required to be orthogonalto the vectors �i, i.e. v 2 N?. The reduced set of equilibrium equations are obtained bysubstituting the �eld v into (9):g(ai; �) = 	T (I �P)f (q cr + ai�i + v(ai; �); �)= 	T f (q cr + ai�i + v(ai; �); �): (11)aThe residual f is a non-linear mapping from RN � R to RN .bEinstein's summation convention is adopted for repeated lower case indexes.6



Reijo Kouhia and Martti MikkolaSolutions for the components of v are obtained by substituting (10) into Taylor's seriesexpansion of (8) about the critical point, i.e. ai = 0; � = �cr. As a result v i andv�;v��:::will vanish. The remaining second order displacement �elds can be solved from equations:�Pf 0v ij = Pf 00�i�j; (12)�Pf 0v i� = Pf 0;��i; (13)where the notation f 0 = @f =@q has been used. Finally, the expansion of the reducedequilibrium equations at the critical state (ai = 0; � = �cr) can be written asGi��+Gijaj + 12(Gijkajak + 2Gij���aj)+ 16(Gijk`ajaka` + 3Gijk���ajak) + � � � = 0; i = 1; : : : ;M (14)where Gi =  Ti f cr;�;Gij =  Ti f 0cr�j;Gijk =  Ti (f 0crv jk + f 00cr�j�k);Gij� =  Ti f 0cr;��j;Gijk` =  Ti �f 0crv jk` + f 00cr(�jvk` + �kv j` + �`v jk) + f 000cr�j�k�`� ;Gijk� =  Ti �f 0crv jk� + f 0;�v jk + f 00cr(�jvk� + �kv j�) + f 000cr;��j�k� :Some remarks are in order. If the reference load vector does not depend on the dis-placement �eld, like in the case of dead weight loading, the higher order �elds v i�;v ij�as well as coe�cients Gij�; Gijk� etc. will vanish. If the space N equals the nullspaceof the tangent matrix, then all the components Gi and Gij vanish too. However, ifdimkerK cr = L < dimN = M , then the product Gijaj is necessarily zero in the vicin-ity of the critical point, since the branch directions are to be found from componentsai; i = 1; : : : ; L.To summarize, after the detection of the critical point the four main steps in the LSK-reduction technique are:1. solution of the relevant eigenmodes,2. solution of the second-order (or higher) displacement �elds,3. computation of the coe�cients of the asymptotic expansion4. solution of the reduced set of polynomial equations.Since the dimension of the reduced problem is very small, any robust solution schemecan be applied. Since these equations are polynomial it is possible to �nd all the solutionswith algorithms described in detail by Morgan.337



Reijo Kouhia and Martti MikkolaA relevant problem in the initial post-buckling method is to decide how many eigen-modes are relevant in the expansion. If one interacting mode is left out from the expansion,it will appear in the second order �eld.34 However, the range of validity can be extremelysmall in those cases.4 NUMERICAL EXAMPLESA well known example of multiple bifurcation is the double bifurcation of a compressed
at simply supported plate, see �g. 1. A plate with aspect ratio of p2 is chosen as atest example. Similar problem has also been analysed by Huitfeldt13 and Lidstr�om,35however, no post-bifurcation paths have been presented. They have used Hemp type in-plane boundary conditions for which the longitudinal egdes are free to move in the planeof the plate.The Marguerre-Tre�tz in-plane boundary conditions, for which the longitudinal egdesare constrained to remain straigth, are used in the present study, since the post-bucklingbehaviour is more interesting than it is for a plate with Hemp type BC. A uniform 20�10quadrilateral mesh discretized by bilinear stabilized MITC type elements with drillingrotations is used (1242 dof). The stabilization parameter (shear reduction) for the MITCelement has been 0.4.36{38 Full 2 � 2 Gaussian integration is used in evaluation of theelement sti�ness matrices and internal force vector. The eigenvalue problem is solvedwith the block Lanczos solver BLZPACK by Marques.39The loaded edges are also constrained to remain straight. The analytical buckling loadhas the value Pcr = 4:5�2DL�1, where L is the length of the loaded side. The bucklingmodes corresponding to this double bifurcation load have one or two half waves in thex-axis direction. The length to thickness ratio is L=t = 100 and the Poisson's ratiohas the value � = 0:3. In the numerical computation the value obtained is 4:39�2DL�1interpolated from the zero point of the lowest eigenvalue of the tangent sti�ness matrix,which is easily computed at the beginning of each increment by applying few inverseiterations. If an eigenvalue buckling analysis is performed, the double eigenvalue will splitinto two separate eigenvalues with values 4.32 and 4.40�2DL�1. Load de
ection curvesare shown in �g. 2.The local perturbation approach and the branch-switching scheme based on Koiter'sinitial post-buckling theory are used in the computations.For symmetric double bifurcation the maximum number of di�erent post-bucklingpaths is four (4). In this particular case only two real post-bifurcation paths exist.Branching onto the post-bifurcation paths is not particularly di�cult, since the defor-mation patterns on the branches are just like the buckling modes. The load de
ectionpaths are shown in �g. 2. C and Q refer to the center and quarter points of the plate.However, there exists an interesting phenomena for the one half-wave mode branch. Theone half-wave branch is a stable path up to the load level of P = 11:35�2DL�1, where achange of the signature of the tangent sti�ness matrix is noticed; one negative eigenvalueemerges. Deformation mode changes gradually from one half-wave buckle to three half-8



Reijo Kouhia and Martti Mikkola
rez;w x; u

y; v � -p2L
?6L�C�Q- �P PFigure 1: Simply supported plate.wave buckle and the load bearing capacity decreases. At the load level of P = 7:84�2DL�1there exist two closely spaced changes in the number of negative eigenvalues, �rst fromone to two and then back from two to one, after which the load starts to increase andthe deformation mode is fully developed three half-wave buckle. After the load level ofP = 9:27�2DL�1 the three half-wave mode branch becomes stable, see �g. 2. Thus, un-der pure load control the plate would exhibit a mode jump from one half-wave buckleto three half-wave buckle. Deformation plots are appended in �g. 5 and the membranestress resultant distributions in �g. 6.The initially two half-wave branch is stable up to load level P � 37�2DL�1, where oneunstable mode appears.For the Huitfeldt's method di�erent perturbation loads are tested. As already pointedout, the perturbation load should cause de
ections in the direction of the branch tangents.If not so, the BCC curve can be closed but some branches are missing. Another typeof problem exist with the local perturbation approach. Even if the branch connectingconstraint (6) de�nes a closed surface around the critical point, the BCC tracing seems toproduce a closed curve on the surface of the constraint, not passing the point of departure.These failures are demonstrated in detail by Kouhia and Mikkola.40The main computational labor in the LSK-reduction technique is the solution of theeigenvalue problem. Computing the second-order �elds, coe�cients of the reduced setof equations as well as solving the polynomial system are orders of magnitude less timeconsuming than solving the eigenproblem. For Huitfeldt's local perturbation approach themain work is to traverse the branch connecting curve, which is a standard path followingroutine and thus expensive for large systems. Solution times c of the branch switchingprocesses of this particular example are of the order of 50 s for Huitfeldt's approachcThe CPU-times are on a Digital AlphaServer 8400 at the Center for Scienti�c Computing, Espoo,Finland. 9



Reijo Kouhia and Martti Mikkola(a) (b)
Figure 2: Out of plane de
ections vs. load curves: (a) initially one half-wave branch, (b) initially twohalf-wave branch; solid line = wC dashed line = wQ. Load steps where change in signature of the tangentsti�ness matrix on the post-buckling branch occurs are denoted by �.and only 2 s for the LSK-reduction based technique. To trace one complete equilibriumcurve shown in �g. 2 took approximately 100 s and 55 s, respectively (the two half-wavepath). In these computations the primary path is traced with 3 steps and 23 steps on thepost-buckling path.An example of three mode interaction is a simply supported T-beam loaded by atransverse force at midspan and in the direction that induced compression in the 
ange.This particular example has been extensively studied by Menken and his co-workers at theEindhoven University of Technology.41{43 The material of the beam is aluminium (E=70GPa, �=0.3) and the dimensions of the cross-section are (see �g. 3): 
ange: width 30 mm,thickness 0.5 mm; web: height 50 mm, thickness 2 mm. Experiments were carried outwith several lengths of the beam. For the shorter beams local 
ange buckling would occur�rst, while buckling is initiated by an overall lateral-torsional mode for the longer ones.The local buckling load is strongly in
uenced by the free width of the 
ange, therefore theoverlap between 
ange and web is modelled by orthotropic elements having high rigidity intransverse direction. However, this will produce highly ill-conditioned sti�ness matrices,the spectral condition number of the tangent sti�ness matrice varied within the range of1015 � 1017 on the computed paths.In earlier studies34, 42, 43 the beam has been modelled by spline �nite strips; all displace-ments are interpolated with B3-splines in the longitudinal direction and in transversedirection linear interpolation is used for membrane displacements and the cubic Hermi-tian polynomials for the out of plane displacement and the kinematical model is basedon the classical Kirchho�-Love hypothesis. In the above mentioned references the modelconsists of 22 strips divided into 40 sections. In this study similar kind of a �nite element10
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Figure 3: Simply supported T-beam.mesh is used with 880 quadrilateral facet-type shell elements, in which the Lyons-Cris�eldDKQ-element44 is used for the bending part and the Hughes-Brezzi-Allman type mem-brane interpolation with drilling rotations.Only beams having the lengths of 520 and 620 mm are considered. In the linear buck-ling analysis the overall buckling mode and the local 
ange buckles appear independently.However, in the non-linear analysis the second mode is a combination of the local andoverall lateral-torsional buckling modes, while the �rst mode is a pure local mode, an-tisymmetric with respect to the web. Also the critical load for the 520 mm long beamappeared to be smaller than the linear buckling analysis prediction. The bifurcation oc-curs within the step from the load level of 1110 N to 1240 N (two negative eigenvalues),and the estimated value is 1146 N. Moreover, the 
ange de
ections for both two lowestmodes are antisymmetric with respect to the web. Therefore, the combination of the �srtand second modes will not leave the other 
ange unbuckled and thus a higher mode isrequired in order to have a proper predictor onto the post-buckling branch (sixth mode40).There are convergence problems near the bifurcation point as well on the primarypath as on the bifurcated path. True Newton-Raphson with the orthogonal trajectoryprocess is used and mostly 2-4 corrector iteration are needed, except near the bifurcationpoint where the iteration number jumps to 10-15 during the step where the bifurcationpoint is jumped over. This is most probably due to the clustering of the eigenvalues nearthe bifurcation point. Also the prediction step onto the branch requires more iterations;this can be due to the relatively large jump to the lower load level, and due to the ill-conditioning of the global system.For the 620 mm long beam the behaviour is di�erent. The overall lateral-torsionalmode is the lowest one, but there exists a strong interaction with the local modes. In11



Reijo Kouhia and Martti Mikkolathe asymptotic analysis assuming linear pre-buckling behaviour, there is a secondarybifurcation near the primary one, and a drop in load occurs. However, in the non-linear analysis the secondary mode could not be detected, perhaps due to the eigenmodemixing and the predictor onto the branch is a prediction beyond the secondary bifurcationonto the secondary post-buckling branch. However, it could be almost impossible todetect in the full non-linear analysis due to the nearness from the primary bifurcationpoint. Therefore it could be usefull to use methods which directly computes the secondarybifurcations.45In the non-linear analysis the estimated buckling load is 931 N which is quite closeto the linear buckling analysis prediction 924 N40 and the immediate load drop on thebifurcating branch is 143 N. The load de
ection curves are shown in �g. 4.(a) L = 520 mm (b) L = 620 mm
Figure 4: Vertical de
ection under the point load vs. load..5 CONCLUDING REMARKSSo far all existing branch switching techniques which can be used in multiple bifurcationproblems have some annoying features. In principle Huitfeldt's approach for traversingthe branch connecting curve requires only a path following procedure, no other speci�c al-gorithms are needed. This is in contrast to other branch switching methods which requiresthe basis of the nullspace of the tangent sti�ness matrix, i.e. the eigenmodes. However, inpractise also with Huitfeldt's approach, some knowledge on the critical eigenmodes seemsto be necessary in order to construct a proper perturbation load.To solve the eigenvalue problem at the critical point is the most time consuming partof the proposed branch switching algorithm which uses the Koiter-type reduction method.However, it is shown to be much faster than Huitfeldt's local perturbation approach.12



Reijo Kouhia and Martti MikkolaAs mentioned before, the range of applicability of the Lyapunov-Schmidt-Koiter typereduction can be very narrow due in the case that some relevant interacting modes are leftout from the series expansion. However, this usually manifests itself by the appearanceof secondary bifurcations close to the primary one. It is extremely di�cult to automatethe selection of the relevant buckling modes. Thus, at this moment human expertise inperforming stability computations involving interactive buckling phenomena is crucial forsuccessful analysis.REFERENCES[1] W.C. Rheinboldt. Numerical methods for a class of �nite dimensional bifurcationproblems. SIAM Journal on Numerical Analysis, 15, 1{11 (1978).[2] E. Riks. An incremental approach to the solution of snapping and buckling problems.International Journal of Solids and Structures, 15, 529{551 (1979).[3] W. Wagner and P. Wriggers. A simple method for the calculation of postcriticalbranches. Engineering Computation, 5, 103{109 (1988).[4] D.J. Allman. Calculation of the stable equilibrium paths of discrete conservativesystems with singular points. Computers and Structures, 32, 1045{1054 (1989).[5] R. Kouhia and M. Mikkola. Tracing the equilibrium path beyond simple criticalpoints. International Journal for Numerical Methods in Engineering, 28, 2933{2941(1989).[6] B.-Z. Huang and S.N. Atluri. A simple method to follow post-buckling paths in �niteelement analysis. Computers and Structures, 57(3), 477{489 (1995).[7] E.L. Allgower and H. Schwetlick. A general view of minimally extended systems forsimple bifurcation points. ZAMM, 77(2), 83{97 (1997).[8] R. Seydel. Numerical computation of branch points in nonlinear equations. Numer.Math., 33, 339{352 (1979).[9] P. Wriggers and J.C. Simo. A general procedure for the direct computation of turningand bifurcation problems. Computer Methods in Applied Mechanics and Engineering,30, 155{176 (1990).[10] H.B. Keller. Numerical solution of bifurcation and nonlinear eigenvalue problems.In P.H. Rabinowitz, editor, Applications of Bifurcation Theory, pages 359{384. Aca-demic Press, (1977).[11] R.B. Kearfott. Some general bifurcation techniques. SIAM Journal on Scienti�c andStatistical Computing, 4, 52{68 (1983).[12] E.L. Allgower and C.-S. Chien. Continuation and local perturbation for multiplebifurcations. SIAM Journal on Scienti�c and Statistical Computing, 7, 1265{1281(1986).[13] J. Huitfeldt. Nonlinear eigenvalue problems - prediction of bifurcation points andbranch switching. Technical Report 17, Department of Computer Sciences, ChalmersUniversity of technology, (1991).[14] J.C. Wohlever and T.J. Healey. A group theoretic approach to the global bifurcation13
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Figure 5: Out of plane displacement plots of compressed simply supported plate at three load levels onthe initially one half-wave buckle post-buckling path; Marguerre-Tre�tz type boundary conditions.16
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Figure 6: Membrane stress resultants at load level P = 8:5�2DL�1 on the one half-wave branch.17
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