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Happy birthday Mirek!

Veräjämäki May 27, 2000.



Some history

I I became interested in iterative linear solvers around 1995.

I After hitting my head to the wall with X preconditioners I found the paper:
M. Benzi, C.D. Meyer, M. Tůma, A sparse approximate inverse preconditioner for the CG
method, SIAM J. Sci. Comp., 17,1135-1149 (1996) and I felt fascinated about the idea.

I I sent a mail to Michele (autumn 1996?) and then everything started to evolve fast.

I Mirek, Michele and I wrote our first journal paper and it was published 1998 in Commun.
Numer. Methods Eng.

I I met Mirek first time face to face in Prague May 1999 and Michele in Finland July 2004.

I Mirek visited Helsinki in May 2000.

http://www.mathcs.emory.edu/~benzi/Web_papers/bmt.pdf
http://www.mathcs.emory.edu/~benzi/Web_papers/bmt.pdf
http://www.mathcs.emory.edu/~benzi/Web_papers/shells.pdf
http://www.mathcs.emory.edu/~benzi/Web_papers/shells.pdf


It started with shells

Bending dominated loading, 30× 30 uniform mesh, stabilized quadrilateral MITC4 shell
elements 5489 unknowns. Convergence of the PCG depends highly on the “thinness” of the
shell, here t/R = 0.1, 0.01, 0.001 and convergence with the IC(0)-preconditioner shown below.

M. Benzi, RK, M. Tůma, An assessment of some preconditioning techniques in shell problems, Communications

in Numerical Methods in Engineering, 14, 1998, 897-906

http://www.mathcs.emory.edu/~benzi/Web_papers/shells.pdf
http://www.mathcs.emory.edu/~benzi/Web_papers/shells.pdf


In 1999 it continued with solids etc.

Veräjämäki May 27, 2000.

Block versions of the stabilized AINV
Discussion about artificial rhs-vectors
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Why I am interested in shells? - Shells are prone to stability problems

R/L = 4
(a) R/t = 100
(b) R/t = 400

θ

L

P

R

θ

4.2.1. Thicker shell
The computed limit loads are 9.2039 D/R, 9.2008 D/R and

9.1998 D/R for the three meshes used, and D is the bending stiff-
ness of the shell, i.e. D = Et3/12(1 � m2). Convergence of the itera-
tion is shown in Table 3 (block elimination) for the 32 � 32
mesh, when starting vector has been x0 ¼ 0T ;/T

0;1
h iT

. If the itera-
tion is started with zero load parameter value, convergence
occurred after 9 corrector iterations. The load parameter k is de-
fined as P = 10kD/R (D/R = 1833.123 N). In this particular test case
the block elimination strategy took one corrector iteration more
than the solution of the full augmented system with the Bi-CGSTAB
solver for which six corrector iterations resulted in converged solu-
tion for all meshes.

The quadratic asymptotic rate of convergence of the Newton’s
iteration is nicely seen from the decrease of the augmented resid-
ual gi, see Table 3, as well as Tables 1 and 7.

Solution times the number of acceleration iterations are re-
corded in Tables 4–6. The M1-preconditioner density shown in
the table is here defined as the ratio between the non-zero entries
in the preconditioner and the stiffness matrix, i.e. nz(M1)/nz(K).

Kaporin’s RIC2S preconditioner produces rapidly converging
iterations, however, the preconditioner setup times are high.
Therefore, the best strategy with iterative linear solvers seems to
compute a good preconditioner for the stiffness matrix at the ini-
tial state and utilize it in the subsequent Newton’s iterates. As an
example, using the Kaporin’s RIC2S-preconditioner with the drop
tolerance w = 10�4 and updating it at every Newton’s iteration,
the acceleration iteration time is only 35 % of the block elimination
time with the fast block skyline solver. However, the precondition-
er construction time makes the iterative approach inferior to the
direct one for the smaller problems.

One anomaly can be noticed from Table 5. For the 64 � 64-mesh
and using the initial RIC2S preconditioner with the drop tolerance
value w = 10�3, resulted in fewer iterations than the full update
strategy. However, for denser preconditioners such behavior did
not happen.

For the largest mesh the solution times are shown in Table 6. To
be able to compute this large problem, the FE-code has to be com-
piled with the -Mlarge_arrays option. Therefore the computing
times in the Table 6 should not be compared to those reported in
Tables 4 and 5.

4.3. Thinner shell

Convergence of the iteration is shown in Table 7 for the 32 � 32
mesh. The load parameter k is defined as P = 10kD/R
(D/R = 28.623 N) and the iteration is started with zero displace-
ment state and a load parameter value k0 = 2.5. Obtained critical

load parameter values are 2.2568, 2.2560 and 2.2558 for the three
meshes used.

Solution times are recorded in Tables 4–6. When full factoriza-
tion of the initial stiffness matrix is used as a preconditioner the Bi-
CGSTAB iteration count for subsequent Newton’s iterations is
rather high, the accelerator iteration numbers are comparable to
the RIC2S-preconditioner with the drop tolerance w = 10�4. This
clearly shows the importance of the lower bound (34). The block
skyline factorization [62] (SKYB) resulted in the fastest execution
as expected from the thicker shell example, where the solution
times with iterative linear solver are comparable to the SKYB sol-
ver. However, the iterative schemes are much faster than the block
elimination strategy for the largest example, see Table 6.

As it can be seen from the Tables 4–6, the simple precondition-
ing strategy works well. However the Ajiz-Jennings preconditioner
of the stiffness matrix is not good enough to produce a fast solution

Fig. 5. Load–deflection curves of the cylindrical shells: (a) R/t = 100, h = 0.279 rad,
(b) R/t = 400, h = 0.1 rad.

Table 2
Cylindrical shell examples, characteristics of the stiffness matrix K: dimension n,
number on non-zero entries nz, RMS half bandwidth b and the spectral condition
numbers. In general the number of non-zeroes in Z is the same as in K. The small
matrices Cq, C/, Ck, P and N are stored in a full storage mode.

32 � 32 64 � 64 128 � 128

n 37053 147837 590589
nz 2602611 10550355 42481683
b 913 1824 3641
cond2 (R/t = 100) 4.1 � 106 2.2 � 107 1.5 � 108

cond2 (R/t = 400) 3.2 � 106 3.1 � 107 1.1 � 108

Table 3
Cylindrical shell (R/t = 100), 32 � 32-mesh, iteration with constraint (26).

it k kdxk/kxk kgik/kg0k Lowest eigenvalue

0 1.4473 1.000 1.000 1.246 � 10�1

1 1.4013 3.376 � 10+0 8.619 � 100 3.634 � 10�1

2 0.9327 1.266 � 10�1 7.535 � 10�1 1.600 � 10�2

3 0.9579 1.458 � 10�1 8.251 � 10�1 1.349 � 10�2

4 0.9219 1.422 � 10�2 3.351 � 10�1 3.692 � 10�3

5 0.9204 5.581 � 10�4 8.585 � 10�3 5.993 � 10�5

6 0.9204 2.740 � 10�5 3.240 � 10�5 �4.858 � 10�7

7 0.9204 2.510 � 10�7 1.210 � 10�8 �5.829 � 10�9

Table 4
Cylindrical shell 32 � 32-mesh, solution times in seconds. BE denotes the block
elimination strategy. For the preconditioned iterations two values are given: the first
one is the preconditioner setup time and the second one is the acceleration iteration
time. The subscript 0 or i in the preconditioner column indicates whether the
preconditioner is only computed once (0) or updated at every iteration (i).

Method R/t Preconditioner av. it. Sol. time

Type w

BE-SKY 100 – – – 650
BE-SKYB – – – 102
Bi-CGSTAB RIC1i 10�5 51 74 + 550 = 624

RIC10 10�5 64 13 + 538 = 551
RIC2Si 10�3 44 82 + 196 = 278
RIC2S0 10�3 63 12 + 276 = 288
RIC2Si 10�4 12 413 + 82 = 495
RIC2S0 10�4 30 50 + 209 = 259
SKYB0 – 26 13 + 450 = 463

BE-SKY 400 – – – 662
BE-SKYB – – – 113
Bi-CGSTAB RIC1i 10�4 243 26 + 1796 = 1822

RIC1i 10�5 118 116 + 1459 = 1575
RIC2Si 10�3 80 166 + 433 = 599
RIC2Si 10�4 19 502 + 134 = 636
RIC2S0 10�4 49 66 + 389 = 455
SKYB0 – 53 12 + 704 = 716

R. Kouhia et al. / Computers and Structures 108–109 (2012) 110–117 115



Path-following methods

The non-linear mapping f defines the equilibrium path in the displacement q and load
parameter λ space:

f(q, λ) ≡ r(q)− λpr(q) = 0 (1)

and constitutes the balance between internal- and external forces.

To overcome limit points an additional equation is usually augmented to (1), thus we have to
solve {

f(q, λ) = r(q)− λpr(q) = 0

c(q, λ) = 0.
(2)

Newton’s linearisation step results in
Aδx = −g, (3)

where

A =

[
K pr
cT e

]
, δx =

{
δq
δλ

}
, g =

{
f
c

}
, K = f ′ =

∂f

∂q
, c =

∂c

∂q
, e =

∂c

∂λ
.



Requirements for linear solvers in non-linear analysis

I Be able to handle indefinite matrices.

I Symmetry (if existing) of the Jacobian matrix of f should be exploitable.

I Information about definiteness (positive definite/indefinite) of the matrix should be
extractable.



Stability of equilibrium state ?

Singularity test functions (STF)

I determinant

I smallest eigenvalue

I smallest pivot

I current stiffness parameter

Requirements for the STF

I mesh size independent

I “good predictor”

I indicates all kind of singular behaviour

I easy and cheap to evaluate



Check for the positivity

of a matrix A when applying preconditioned Krylov subspace methods to solve Ax = b with
accuracy ‖ri‖ = ‖b−Axi‖ < εr‖b−Ax0‖+ εa.

I λi is an eigenvalue of A
I λ1 = minλi
I |λ1| < δ

Conjecture
If A is indefinite
then there exists with probability 1− η(δ, εr, εa)
at least one iterate k such that dTkAdk < 0.

To be usefull: η � 1 and Adk should be
available

1. form M (or directly M−1),
2. initialize r0 = b−Ax0, apply

preconditioner d0 =M−1r0, compute
τ0 = rT0 d0,

3. iterate i = 0, 1, 2, ... until convergence:
3.1 compute: s = Adi, ai = τi/d

T
i s,

3.2 update: xi+1 = xi + aidi,
ri+1 = ri − ais,

3.3 apply preconditioner: z = M−1ri+1,
3.4 compute: τi+1 = rTi+1z, bi = τi+1/τi,
3.5 update: di+1 = z + bidi.



It works with PCG but not with preconditioned Bi-CGSTAB - Why?

1. form M (or directly M−1),

2. compute r0 = b−Ax0, choose r̃, compute ρ0 = r̃Tr0, set d0 = r0,

3. iterate i = 0, 1, 2, ..., until converged:

3.1 apply preconditioner: z = M−1di,

3.2 compute: vi = Az, ai = ρi/r̃
Tvi, s = ri − aivi,

3.3 apply preconditioner: s̃ = M−1s,

3.4 compute: w = As̃, ωi = wTs/wTw,

3.5 update: xi+1 = xi + aiz + ωis̃, ri+1 = s− ωiw,

3.6 compute: ‖ri+1‖2,

3.7 compute: ρi+1 = r̃Tri+1 and bi+1 = (ρi+1/ρi)(ai/ωi),

3.8 update: di+1 = ri+1 + bi+1(di − ωivi).



To the next topic - direct solution of singular points

My old favourite - stability analysis

M.C. Escher, Metamorphosis II, 1940.
Reijo Kouhia and Martti Mikkola

rez;w x; u
y; v � -p2L

?6L�C�Q- �P PFigure 1: Simply supported plate.wave buckle and the load bearing capacity decreases. At the load level of P = 7:84�2DL�1there exist two closely spaced changes in the number of negative eigenvalues, �rst fromone to two and then back from two to one, after which the load starts to increase andthe deformation mode is fully developed three half-wave buckle. After the load level ofP = 9:27�2DL�1 the three half-wave mode branch becomes stable, see �g. 2. Thus, un-der pure load control the plate would exhibit a mode jump from one half-wave buckleto three half-wave buckle. Deformation plots are appended in �g. 5 and the membranestress resultant distributions in �g. 6.The initially two half-wave branch is stable up to load level P � 37�2DL�1, where oneunstable mode appears.For the Huitfeldt's method di�erent perturbation loads are tested. As already pointedout, the perturbation load should cause de
ections in the direction of the branch tangents.If not so, the BCC curve can be closed but some branches are missing. Another typeof problem exist with the local perturbation approach. Even if the branch connectingconstraint (6) de�nes a closed surface around the critical point, the BCC tracing seems toproduce a closed curve on the surface of the constraint, not passing the point of departure.These failures are demonstrated in detail by Kouhia and Mikkola.40The main computational labor in the LSK-reduction technique is the solution of theeigenvalue problem. Computing the second-order �elds, coe�cients of the reduced setof equations as well as solving the polynomial system are orders of magnitude less timeconsuming than solving the eigenproblem. For Huitfeldt's local perturbation approach themain work is to traverse the branch connecting curve, which is a standard path followingroutine and thus expensive for large systems. Solution times c of the branch switchingprocesses of this particular example are of the order of 50 s for Huitfeldt's approachcThe CPU-times are on a Digital AlphaServer 8400 at the Center for Scienti�c Computing, Espoo,Finland. 9

Reijo Kouhia and Martti Mikkola(a) (b)
Figure 2: Out of plane de
ections vs. load curves: (a) initially one half-wave branch, (b) initially twohalf-wave branch; solid line = wC dashed line = wQ. Load steps where change in signature of the tangentsti�ness matrix on the post-buckling branch occurs are denoted by �.and only 2 s for the LSK-reduction based technique. To trace one complete equilibriumcurve shown in �g. 2 took approximately 100 s and 55 s, respectively (the two half-wavepath). In these computations the primary path is traced with 3 steps and 23 steps on thepost-buckling path.An example of three mode interaction is a simply supported T-beam loaded by atransverse force at midspan and in the direction that induced compression in the 
ange.This particular example has been extensively studied by Menken and his co-workers at theEindhoven University of Technology.41{43 The material of the beam is aluminium (E=70GPa, �=0.3) and the dimensions of the cross-section are (see �g. 3): 
ange: width 30 mm,thickness 0.5 mm; web: height 50 mm, thickness 2 mm. Experiments were carried outwith several lengths of the beam. For the shorter beams local 
ange buckling would occur�rst, while buckling is initiated by an overall lateral-torsional mode for the longer ones.The local buckling load is strongly in
uenced by the free width of the 
ange, therefore theoverlap between 
ange and web is modelled by orthotropic elements having high rigidity intransverse direction. However, this will produce highly ill-conditioned sti�ness matrices,the spectral condition number of the tangent sti�ness matrice varied within the range of1015 � 1017 on the computed paths.In earlier studies34, 42, 43 the beam has been modelled by spline �nite strips; all displace-ments are interpolated with B3-splines in the longitudinal direction and in transversedirection linear interpolation is used for membrane displacements and the cubic Hermi-tian polynomials for the out of plane displacement and the kinematical model is basedon the classical Kirchho�-Love hypothesis. In the above mentioned references the modelconsists of 22 strips divided into 40 sections. In this study similar kind of a �nite element10



Stability eigenvalue problem

Definition for critical state: Find displacements qcr, critical load λcr and the corresponding
eigenmode φ such, that {

f ′(qcr, λcr)φ = 0

f(qcr, λcr) = 0
(4)

where f ′ = ∂f/∂q.

System (4) is a non-linear eigenvalue problem, which is HARD TO SOLVE!



Solution algorithm for non-linear eigenproblem
Extended system:

g(x) = g(q,φ,λ) =


f̂(q,λ) ≡ f(q, λ) + f0(q,λ) = 0

h(q,φ,λ) ≡ f ′(q,λ)φ+ h0(φ,λ) = 0

c(q,φ,λ) = 0.

Newton’s linearisation step results in
Aδx = −g,

where

A =

 Kf 0 P
Z Kh N
Cq Cφ Cλ

 , δx =


δq
δφ
δλ

 , g =

 f̂
h
c

 .

and

Kf = f̂
′
(q,λ) = K + f ′0, Kh = ∂h/∂φ = K + ∂0/∂φ,

Z = (f ′φ)′, P = ∂f̂/∂λ,

N = ∂h/∂λ, Cλ = ∂c/∂λ,

Cq = ∂c/∂q, Cφ = ∂c/∂φ.



Block elimination

The solution vector is partitioned as

δq = qf +Qpδλ,

δφ = φh + Φnδλ.

Vectors qf ,φh and the n× p matrices Qp,Φn solved from

Kfqf = −f̂ , KfQp = −P ,
Khφh = −h−Zqf , KhΦn = −N −ZQp,

and for the control parameters

δλ = −(Cλ +CqQp +CφΦn)
−1(c+Cqqf +Cφφh).

Suitable strategy if direct linear solver is used.



Iterative solution of the Newton step

Use precontioned Bi-CGSTAB method (or some other applicable accelerator) for the full
non-symmetric equation systems



Kf 0 P
Z Kh N
Cq Cφ Cλ







δq
δφ
δλ



 =




f̂
h
c



 .

I prefer monolithic solution schemes!

RK, M. Tůma, J. Mäkinen, A. Fedoroff, H. Marjamäki, Implementation of a direct procedure for critical point

computations using preconditioned iterative solvers, Computers and Structures, 108-109, 2012, 110-117

https://doi.org/10.1016/j.compstruc.2012.02.009
https://doi.org/10.1016/j.compstruc.2012.02.009


The crucial thing is the preconditioner

A =



Kf 0 P
Z Kh N
Cq Cφ Cλ


, M =



Mf 0 0
Z Mh 0
Cq Cφ D


 .

M−1 =




M−1
f 0 0

−M−1
h ZM

−1
f M−1

h 0

−D−1(CqM
−1
f −CφM

−1
h ZM

−1
f ) −D−1CφM

−1
h D−1


 .

Preconditioning operation y =M−1s




y1

y2

y3



 =




M−1

f s1
M−1

h (s2 −Zy1)

D−1 (s3 −Cφy2 −Cqy1)



 .



Error analysis

Accuracy: µ1(A) = ‖A−M‖F
Stability: µ2(A) = ‖I −M−1A‖F
If Kf =Kh =K, thus Mf =Mh =M1, results in

µ1(A) =

√
2µ1(K)2 + ‖P ‖2F + ‖N‖2F + ‖Cλ −D−1‖2F ,

where µ1(K) = ‖K −M1‖.

µ2(A) ≤ η1µ2(K) + η2‖R13‖F + η3‖R23‖F ,
where

R13 =M−1
1 P , R23 =M−1

1 N −M−1
1 ZM−1

1 P .



Some examples - Shell type structure analysed as 3D-solid

RIC2S 10−4
RIC2S 10−3
RIC1 10−5
RIC1 10−4

‖r i‖2/‖r0‖2

iteraatio

2000150010005000

1
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(a) (b)

Kuva 5. Soft-kalanterin kokillitelan lämpöjännitysongelman (a) geometria ja (b) iteraatioiden suppene-
minen, kun n = 230423 (69768 trilineaarisesta kahdeksansolmuisesta elementtiä).

Elderin tehtävä

Elderin tehtävä on kaksiulotteinen vertailutesti, jossa simuloidaan nesteen lämpölaajene-
misesta tai konsentraatioeroista aiheutuvan tiheysvaihtelun seurauksena syntyvää virtaus-
ilmiötä. Tarkastellaan kuvassa 6 esitetyssä suorakaiteenmuotoisessa veden kyllästämän
huokoisen maan täyttämässä alueessa tapahtuvaa suolapitoisen veden virtauksen Elderin
tehtävää [60]. Tehtävän lähteessä [34] esitetty matemaattinen malli koostuu huokosveden
ja suolapitoisuuden jatkuvuusyhtälöistä

η

(
κf
∂p

∂t
+ ζc

∂C

∂t

)
+ η (κf grad p+ ζc gradC) · J f + div J f = 0, (64)

η
∂C

∂t
+ gradC · J f + (κf grad p+ ζc gradC) · J c + div J c = 0, (65)

sekä Darcyn ja Fickin yhtälöistä

J f = −k
µ
[grad p− ((1− C)ρ̄w + Cρ̄c) g ] , (66)

J c = −ηD [a1 gradC − a0C(1− C)(ρ̄c − ρ̄w) g ] , (67)

missä p on huokosveden paine, C huokosveden molaarinen suolapitoisuus, J f huokosve-
den Darcyn nopeus, J c suolaisuuden diffuusionopeus, η huokoisuus, κf(p) huokosveden
kokoonpuristuvuus, ζc(C) huokosveden tiheyden suolaisuuskerroin, k huokoisen aineen
läpäisevyys eli permeabiliteetti, µ(C) huokosveden viskositeetti, ρ̄w(p, C) ja ρ̄c(p, C) puh-
taan veden ja liuenneiden suolojen ominaistiheydet, g putoamiskiihtyvyys, D diffuusio-
dispersiokerroin ja a1(p, C) ja a0 materiaalikertoimia. Tehtävän parametrit on esitetty
taulukossa 8 ja lähteessä [34].

Tehtävän oleelliset reunaehdot on esittey kuvassa 6 ja taulukossa 8; muutoin reunat
ovat läpäisemättömiä. Alkuhetkellä huokosvesi on suolaton ja hydrostaattisessa tilassa:
C = 0 ja p = p0 + ρ̄wg(H − y). Lisäksi tehtävä on isoterminen.

Symmetriaa hyödyntäen ratkaisualueeksi valittiin tarkastelualueen vasen puolikas eli
(x, y) ∈ (0, L/2) × (0, H), ja se diskretoitiin 343044 lineaarisella kolmioelementtillä, jol-
loin vapausasteiden lukumääräksi saatiin n = 343643. Epälineaarinen tehtävä ratkaistiin
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pohjustin ψ ψ2 prec. dens. it p-time i-time p+i

RIC1 10−4 3,3 2005 25,9 2360,4 2386,3
RIC1 10−5 8,1 824 95,7 1851,1 1946,8
RIC1 10−6 15,6 297 305,1 660,2 965,3

RIC2S 10−3 10−6 1,1 1864 59,4 779,6 839,0
RIC2S 2 · 10−4 10−6 2,7 435 167,5 308,2 475,7
RIC2S 10−4 10−6 3,9 229 273,1 217,5 490,6



Stability analysis of a shallow shell

One layer with 27-node triquadratic 3D-solid elements.

(a) R/t = 100, θ = 0.279 rad
(b) R/t = 400, θ = 0.2 rad.

θ

L

P

R

θ

4.2.1. Thicker shell
The computed limit loads are 9.2039 D/R, 9.2008 D/R and

9.1998 D/R for the three meshes used, and D is the bending stiff-
ness of the shell, i.e. D = Et3/12(1 � m2). Convergence of the itera-
tion is shown in Table 3 (block elimination) for the 32 � 32
mesh, when starting vector has been x0 ¼ 0T ;/T

0;1
h iT

. If the itera-
tion is started with zero load parameter value, convergence
occurred after 9 corrector iterations. The load parameter k is de-
fined as P = 10kD/R (D/R = 1833.123 N). In this particular test case
the block elimination strategy took one corrector iteration more
than the solution of the full augmented system with the Bi-CGSTAB
solver for which six corrector iterations resulted in converged solu-
tion for all meshes.

The quadratic asymptotic rate of convergence of the Newton’s
iteration is nicely seen from the decrease of the augmented resid-
ual gi, see Table 3, as well as Tables 1 and 7.

Solution times the number of acceleration iterations are re-
corded in Tables 4–6. The M1-preconditioner density shown in
the table is here defined as the ratio between the non-zero entries
in the preconditioner and the stiffness matrix, i.e. nz(M1)/nz(K).

Kaporin’s RIC2S preconditioner produces rapidly converging
iterations, however, the preconditioner setup times are high.
Therefore, the best strategy with iterative linear solvers seems to
compute a good preconditioner for the stiffness matrix at the ini-
tial state and utilize it in the subsequent Newton’s iterates. As an
example, using the Kaporin’s RIC2S-preconditioner with the drop
tolerance w = 10�4 and updating it at every Newton’s iteration,
the acceleration iteration time is only 35 % of the block elimination
time with the fast block skyline solver. However, the precondition-
er construction time makes the iterative approach inferior to the
direct one for the smaller problems.

One anomaly can be noticed from Table 5. For the 64 � 64-mesh
and using the initial RIC2S preconditioner with the drop tolerance
value w = 10�3, resulted in fewer iterations than the full update
strategy. However, for denser preconditioners such behavior did
not happen.

For the largest mesh the solution times are shown in Table 6. To
be able to compute this large problem, the FE-code has to be com-
piled with the -Mlarge_arrays option. Therefore the computing
times in the Table 6 should not be compared to those reported in
Tables 4 and 5.

4.3. Thinner shell

Convergence of the iteration is shown in Table 7 for the 32 � 32
mesh. The load parameter k is defined as P = 10kD/R
(D/R = 28.623 N) and the iteration is started with zero displace-
ment state and a load parameter value k0 = 2.5. Obtained critical

load parameter values are 2.2568, 2.2560 and 2.2558 for the three
meshes used.

Solution times are recorded in Tables 4–6. When full factoriza-
tion of the initial stiffness matrix is used as a preconditioner the Bi-
CGSTAB iteration count for subsequent Newton’s iterations is
rather high, the accelerator iteration numbers are comparable to
the RIC2S-preconditioner with the drop tolerance w = 10�4. This
clearly shows the importance of the lower bound (34). The block
skyline factorization [62] (SKYB) resulted in the fastest execution
as expected from the thicker shell example, where the solution
times with iterative linear solver are comparable to the SKYB sol-
ver. However, the iterative schemes are much faster than the block
elimination strategy for the largest example, see Table 6.

As it can be seen from the Tables 4–6, the simple precondition-
ing strategy works well. However the Ajiz-Jennings preconditioner
of the stiffness matrix is not good enough to produce a fast solution

Fig. 5. Load–deflection curves of the cylindrical shells: (a) R/t = 100, h = 0.279 rad,
(b) R/t = 400, h = 0.1 rad.

Table 2
Cylindrical shell examples, characteristics of the stiffness matrix K: dimension n,
number on non-zero entries nz, RMS half bandwidth b and the spectral condition
numbers. In general the number of non-zeroes in Z is the same as in K. The small
matrices Cq, C/, Ck, P and N are stored in a full storage mode.

32 � 32 64 � 64 128 � 128

n 37053 147837 590589
nz 2602611 10550355 42481683
b 913 1824 3641
cond2 (R/t = 100) 4.1 � 106 2.2 � 107 1.5 � 108

cond2 (R/t = 400) 3.2 � 106 3.1 � 107 1.1 � 108

Table 3
Cylindrical shell (R/t = 100), 32 � 32-mesh, iteration with constraint (26).

it k kdxk/kxk kgik/kg0k Lowest eigenvalue

0 1.4473 1.000 1.000 1.246 � 10�1

1 1.4013 3.376 � 10+0 8.619 � 100 3.634 � 10�1

2 0.9327 1.266 � 10�1 7.535 � 10�1 1.600 � 10�2

3 0.9579 1.458 � 10�1 8.251 � 10�1 1.349 � 10�2

4 0.9219 1.422 � 10�2 3.351 � 10�1 3.692 � 10�3

5 0.9204 5.581 � 10�4 8.585 � 10�3 5.993 � 10�5

6 0.9204 2.740 � 10�5 3.240 � 10�5 �4.858 � 10�7

7 0.9204 2.510 � 10�7 1.210 � 10�8 �5.829 � 10�9

Table 4
Cylindrical shell 32 � 32-mesh, solution times in seconds. BE denotes the block
elimination strategy. For the preconditioned iterations two values are given: the first
one is the preconditioner setup time and the second one is the acceleration iteration
time. The subscript 0 or i in the preconditioner column indicates whether the
preconditioner is only computed once (0) or updated at every iteration (i).

Method R/t Preconditioner av. it. Sol. time

Type w

BE-SKY 100 – – – 650
BE-SKYB – – – 102
Bi-CGSTAB RIC1i 10�5 51 74 + 550 = 624

RIC10 10�5 64 13 + 538 = 551
RIC2Si 10�3 44 82 + 196 = 278
RIC2S0 10�3 63 12 + 276 = 288
RIC2Si 10�4 12 413 + 82 = 495
RIC2S0 10�4 30 50 + 209 = 259
SKYB0 – 26 13 + 450 = 463

BE-SKY 400 – – – 662
BE-SKYB – – – 113
Bi-CGSTAB RIC1i 10�4 243 26 + 1796 = 1822

RIC1i 10�5 118 116 + 1459 = 1575
RIC2Si 10�3 80 166 + 433 = 599
RIC2Si 10�4 19 502 + 134 = 636
RIC2S0 10�4 49 66 + 389 = 455
SKYB0 – 53 12 + 704 = 716

R. Kouhia et al. / Computers and Structures 108–109 (2012) 110–117 115



Cylindrical shell, 64× 64-mesh, solution times in seconds. BE denotes the block elimination strategy.
The preconditioned iterations two values are given: the first one is the preconditioner setup time and

the second one is the acceleration iteration time.

preconditioner

method R/t type ψ av. it. sol. time

BE-SKY 100 - - - 10910
BE-SKYB - - - 1670

Bi-CGSTAB RIC2Si 10−3 229 360+3861 = 4221
RIC2S0 10−3 166 50+2558 = 2608
RIC2S0 10−4 35 875+1014 = 1889
SKYB0 - 28 179+2754 =2933

BE-SKYB 400 - - - 1840
Bi-CGSTAB RIC2Si 10−3 349 832+7389 = 8221

RIC2S0 10−4 62 991+2219 = 3210
SKYB0 - 42 198+5571 = 5769

HP ProLiant DL785 G5 server with quad-core AMD Opteron 8360 SE (Barcelona) 2.5 GHz processor,
512 GB memory, at the CSC-IT Center for Science at Espoo, Finland.



Coupled problems - salt migration known as Elder’s problem

Unknowns are pressure p and salt concentration C:

η

(
κf
∂p

∂t
+ ζc

∂C

∂t

)
+ η (κf grad p+ ζc gradC) · J f + divJ f = 0,

η
∂C

∂t
+ gradC · J f + (κf grad p+ ζc gradC) · J c + divJ c = 0,

with fluxes

J f = − k
µ

[grad p− ((1− C)ρ̄w + Cρ̄c) g] , J c = −ηD [a1 gradC − a0C(1− C)(ρ̄c − ρ̄w) g] ,

� -

L = 600 m

?

6

H = 150 m

� -
a = 150 m

� -
b = 300 m

� -
c = 150 m

x

y

s s

C(0 ≤ x ≤ L, 0) = 0

C(a ≤ x ≤ a + b,H) = Cinp(0, H) = p0 p(L,H) = p0

Kuva 6. Elderin tehtävän ratkaisualue ja oleelliset reunaehdot; muutoin reunat ovat läpäisemättömiä.

Taulukko 8. Elderin tehtävän parametrejä.

huokoisuus η, [ - ] 0,1
läpäisevyys k, [m2] 4,8 · 10−13

dispersiokerroin D, [m2/s] 3,6 · 10−6

molaarinen suolapitoisuus Cin, [ - ] 0,27⋆

painereunaehto p0, [Pa] 101325
isoterminen lämpötila T , [◦C] 10

⋆ vastaa suolaisen veden tiheyttä 1200 kg/m3

käyttäen Newtonin-Raphsonin menetelmää ja täysin implisiittistä yhden askeleen Eulerin
menetelmää integroimalla 4 vuoden tarkastelujakso 80 aika-askeleella ja askeleen pituudel-
la 0,05 vuotta. Linearisoitu systeemi ratkaistiin ILUT(ψ, 60)-pohjustetulla Bi-CGSTAB
-menetelmällä erilaisilla hylkäysparametrien ψ arvoilla. Pohjustin päivitettiin jokaisella
iteraatiolla.

Kuvassa 7 on esitetty huokosveden suolapitoisuuden kehittyminen vuoden välein. Tar-
kastelun alkuhetkellä olleen puhtaan huokosveden suolapitoisuus kasvaa vähitellen alueen
yläreunan rajatulta pituudelta b olevasta lähteestä käynnistäen huokosveden tiheyseroista
aiheutuvan virtauksen ja sen mukana tapahtuvan suolojen kulkeutumisen.

Laskentojen iteraatioiden tuloksia on esitetty taulukossa 9. Tulosten perusteella ratkai-
suaika näyttäisi saavuttavan optimin, kun pohjustimen keskimääräinen tiheys on hieman
yli 3, ja että tehtävän luonteesta johtuen yksittäisen linearisoidun tehtävän ratkaisun ite-
raatioiden määrä kasvaa selvästi, kun pohjustimen tiheys on pienempi kuin 2. Vertailun
vuoksi yhden tehtävän suoran ratkaisijan [20] vaatima ratkaisuaika on noin 1800 s eli
satakertainen iteratiiviseen ratkaisijaan nähden.
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Elder problem - evolution of salt concentration

After 1,2,3 and 4 years. 88-timesteps, maximum timestep 0.05 year.
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Kuva 7. Elderin tehtävän huokosveden suhteellinen suolapitoisuus pitoisuuden Cin suhteen määrittynä
ajanhetkillä t = 1 vuosi, t = 2 vuotta, t = 3 vuotta ja t = 4 vuotta. Symmetrian vuoksi vain puolet
ratkaisusta on esitetty.

Taulukko 9. Elderin tehtävän ILUT(ψ, 60)-pohjustetun Bi-CGSTAB -menetelmän ratkaisuaikoja erilai-
silla hylkäysparametreilla, kun n = 343643 (343044 lineaarista kolmioelementtiä) ja aika-askelten lu-
kumäärä 80. Taulukossa on esitetty linearisoitujen tehtävien ratkaisujen iteraatioiden keskiarvo (ka. it),
yksittäisen tehtävän iteraatioiden maksimi määrä (maks. it), kaikkien iteraatioiden määrä yhteensä (yht.
it), yksittäisen tehtävän pohjustimen keskimääräinen muodostamisaika (ka. p-aika) ja kiihdytiniteraation
keskimääräinen laskenta-aika (ka. i-aika) sekä koko tehtävän kokonaisratkaisuaika (p+i).

ψ pohj. tih. ka. it maks. it yht. it ka. p-aika ka. i-aika p+i

1 · 10−2 1,2 38 359 49608 0,7 18,6 28727
5 · 10−3 1,5 36 259 37209 0,9 22,0 23895
1 · 10−3 2,6 20 121 20367 2,0 19,2 21420
5 · 10−4 3,3 18 61 15529 2,7 14,9 15706
1 · 10−4 5,4 9 32 8617 6,5 12,9 18424
5 · 10−5 6,3 7 26 7247 9,0 10,1 20034
1 · 10−5 7,3 8 24 6427 12,3 12,9 20642
1 · 10−6 8,1 11 24 6171 16,7 18,8 20081
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Kuva 7. Elderin tehtävän huokosveden suhteellinen suolapitoisuus pitoisuuden Cin suhteen määrittynä
ajanhetkillä t = 1 vuosi, t = 2 vuotta, t = 3 vuotta ja t = 4 vuotta. Symmetrian vuoksi vain puolet
ratkaisusta on esitetty.

Taulukko 9. Elderin tehtävän ILUT(ψ, 60)-pohjustetun Bi-CGSTAB -menetelmän ratkaisuaikoja erilai-
silla hylkäysparametreilla, kun n = 343643 (343044 lineaarista kolmioelementtiä) ja aika-askelten lu-
kumäärä 80. Taulukossa on esitetty linearisoitujen tehtävien ratkaisujen iteraatioiden keskiarvo (ka. it),
yksittäisen tehtävän iteraatioiden maksimi määrä (maks. it), kaikkien iteraatioiden määrä yhteensä (yht.
it), yksittäisen tehtävän pohjustimen keskimääräinen muodostamisaika (ka. p-aika) ja kiihdytiniteraation
keskimääräinen laskenta-aika (ka. i-aika) sekä koko tehtävän kokonaisratkaisuaika (p+i).

ψ pohj. tih. ka. it maks. it yht. it ka. p-aika ka. i-aika p+i

1 · 10−2 1,2 38 359 49608 0,7 18,6 28727
5 · 10−3 1,5 36 259 37209 0,9 22,0 23895
1 · 10−3 2,6 20 121 20367 2,0 19,2 21420
5 · 10−4 3,3 18 61 15529 2,7 14,9 15706
1 · 10−4 5,4 9 32 8617 6,5 12,9 18424
5 · 10−5 6,3 7 26 7247 9,0 10,1 20034
1 · 10−5 7,3 8 24 6427 12,3 12,9 20642
1 · 10−6 8,1 11 24 6171 16,7 18,8 20081
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Elder’s problem -computational statistics

343643 unknowns, 88 time-steps, Newton-Raphson iteration for the non-linear system,
ILUT-preconditioner with tolerance ψ

ψ prec. dens. ave it max. it total. it ave. p-time ave. i-time total p+i

1 · 10−2 1,2 38 359 49608 0.7 18.6 28727
5 · 10−3 1,5 36 259 37209 0.9 22.0 23895
1 · 10−3 2,6 20 121 20367 2.0 19.2 21420
5 · 10−4 3,3 18 61 15529 2.7 14.9 15706
1 · 10−4 5,4 9 32 8617 6.5 12.9 18424
8 · 10−5 5,8 8 29 8060 7.4 11.7 18675
5 · 10−5 6,3 7 26 7247 9.0 10.1 20034
1 · 10−5 7,3 8 24 6427 12.3 12.9 20642
1 · 10−6 8,1 11 24 6171 16.7 18.8 20081



Coupled problems - magnetoelasticity

Many ways to formulate the magnetic problem.

I Using magnetic vector potential ~A, such that ~B = curl ~A. Mixed type weak form

(curl
~̂
A, ~H) + (

~̂
A, grad p) = (

~̂
A, ~J)− [

~̂
A, ~̄H], (5)

(grad p̂, ~A) = 0,

where the inner products are defined as

( ~B, ~H) =

∫
Ω

~B· ~H dV, and [ ~A, ~H] =

∫
∂Ω

~A· ~H ds.

In 3D curl-conforming interpolation for A should be used and standard C0-interpoation for p.

I Using the Lagrangian functional

L =
1

2
(div ~B,div ~B) + (~p, curl ~H − ~J).

Divergence conforming interpolation for ~B and curl-conforming for ~p.



How to solve the curl-curl problem in 3D?

Saddle point problem (5) in the matrix form

[
H C

CT 0

]{
a
p

}
=

{
h
0

}

The leading block H is singular!



Monolithic magnetoelasticity

In strong form

−divσ(~u, ~B) = ρ~b,

curl ~H( ~B, ~u) = ~J,

div ~B = 0,

and using the vector potential approach for the magnetic part gives the following linearized
discrete equation system 


K L 0
F H C

0 CT 0







δu
δa
δp



 = g

What kind of preconditioner for such a system?



Open source JuliaFEM

See www.juliafem.org! Julia programming language try to combine programming flexibility and
high-performance computing.

Eigenvalue analysis for natural frequences (10 lowest pairs), 12.6 millions unknowns. Solution time 3 h

4 min with 24 x Intel(R) Xeon(R) CPU E5-2690 v3 @ 2.60 GHz with 512 GB total memory.

Big numerical example

Typical examples in industrial applications include non-linear solid mechanics [11], contact
mechanics [20], finite strains [14], and fluid structure interaction problems. Here there
is some simulation of machine parts having different amounts of elements and DOF’s for
comparison reasons. These simulations take a lot of computational resources, and here
are specs of the used hardware: 24 x Intel(R) Xeon(R) CPU E5-2690 v3 @ 2.60GHz with
512 GB total memory.

Table 1. This table demonstrates the solution times for some real industrial size FEM models

DOFS Assembly time (s) Solution time (s) Total time (human readable)

3.0 M 458 312 16 min
10.8 M 3257 3255 2 h 4 min
12.6 M 3654 6318 3 h 4 min

Figure 1. Real industrial size FEM model.
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Thank you!
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