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MOTIVATION

SiMO & HUGHES, Computational Inelasticity, Remark 3.3.2.2 on page 125:

“The overall superiority of the radial return method relative to other return
schemes is conclusively established in Krieg and Krieg [1977]; Schreyer, Kulak
and Kramer [1979] and Yoder and Whirley [1984].”

All the ref’s above consider only rate-independent small strain plasticity models

What can be said for finite strain models / rate-dependent plasticity and
coupling with damage?
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INTRODUCTION — Scalar model problems

Maxwell creep model € =7 (o/0;) &= E(é—¢)

where 6 = o/o, and ¢, = 0,/ F.

Kachanov/Rabotnov type damage model
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INTRODUCTION — Scalar model problems

Solutions

For constant strain-rate loading ¢ = é..

The creep model

7 t—1t
0(t) = Typée [1 + ( 0 1) exp (— O)] :
Tyvp€ec Td€r

G(t) — Tqéc @St — o0.

The damage model
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INTRODUCTION — Scalar model problems

Amplification factors = one-step solution
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INTRODUCTION — Scalar model problems

Amplification factors = one-step solution

Creep model Damage model
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INTRODUCTION

An ideal integrator

for rate-dependent inelastic constitutive models should be:

1. L-stable

2. For y 4+ Ay = 0 (A constant) the amplification factor should be

(a) strictly positive
(b) monotonous with respect to time step

Pade (0, q)-approximations of exp(—At) are positive and monotonous.
DG(1)-Lobatto = IRKL3C-2 = Padé-(0,2) for gy + Ay = 0

What can be said when the model is coupled to damage?
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INTRODUCTION

An ideal (good) integrator

for rate-dependent inelastic models coupled to damage

e based on discontinuous Galerkin methods,
e an explicit-implicit split type methods
e DIRK, LIRK or 7?7?77

e ATS-tensor should be derivable
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RATE-DEPENDENT MODEL

Helmholtz free energy

p@b:%(l—D)ee:Ce:eezéwee:ce:ee

Dissipation potential
90(0-7 Y) — Sod(Y)SOtr(O-) + Sovp(o-)
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Rate-dependent model

Evolution equations

Non-dimensional form ¢ = f(y) where y = [(o/0y), w
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Rate-dependent model

Jacobian matrix

In a uniaxial (T:ase the %acobian of fis aT2 X 2 matrix
y=lo/on,w| =lzw] and f =[f., fo]

- Jf. Of.
of _ | 9z Ow | _ [J11 J12] _ [ju — Jag Jl?] f on=1
dy Of, Of. Jo1 Jag J21 J22 '

L 0z  Ow

Properties
Ji1 <0, Jo>0 when é.>0, Jy <0, Jyg >0
Initially, when z = o/0, < 1 and w ~ 1 then

|J12| > [J11] > |Jas| ~ |J21]
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Rate-dependent model

Eigenvalues of the Jacobian

Al = %ju + \/(%«711 — J22)? + J12J21
Three possible cases:

1. both eigenvalues are real and negative (BE-good)

2. eigenvalues are complex conjugates with negative real part (<711 < 0)
(LIRK-good)

3. eigenvalues are real, but of opposite sign (explicit-implicit split?)

dG(q)-schemes for ¢ > 1 are accurate also for large timesteps but expensive
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Rate-dependent model

Eigenvalues of the Jacobian
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Rate-dependent model

Eigenvalues of the Jacobian

Sptr = 1
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Rate-dependent model

Eigenvalues of the Jacobian

é. = 1074 é. =6.5-104
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A

Uniaxial constant strain-rate loading é. = 5-107% 1/s, and ¢, = 1
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Rate-dependent model

Numerical example

Uniaxial constant strain-rate loading é¢. = 5-107% 1/s, and ¢, = 1

éc=5-10"*1/s, and ¢, = 1
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Rate-dependent models coupled with damage

Conclusions

e dG(g)-methods (¢ > 1) have excellent accuracy properties also for large time
steps

e change from BE to explicit-implicit split algorithm when the Jacobian has a
positive eigenvalue will be too late for accurate solution, if large time step is
used

e 2-stage LIRK has better accuracy than BE, especially when damage
evolution is dominant
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FINITE STRAIN MODEL

Constitutive relations based on the finite strain kinematic hardening hardening
model of Wallin et al. (2003), Wallin and Ristinmaa (2005). Damage potential
by Lemaitre (1985) or Lemaitre and Chaboche (1990).

1 e
S = Kyl J°1 + GyIn CY, B:§h(lnck)dev’ Y:_le

Evolution laws:
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Finite strain model

Numerical example
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Finite strain model

|so-error plots

Corr = / (Yl — Yoy ) D(YS) — Yuy)dA
A
Displacements and internal variables stored in y,,. Weight matrix D.
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Finite strain model

Conclusions

e two stage DIRK-scheme superior to BE for smooth damage evolution
e DIRK-scheme fits nicely in the standard FE formulation

e DIRK provides error control for the boundary value problem

e Incompressibility is approximately preserved (can be controlled)

e algoritmic tangent tensor can be computed exactly the same way as in
standard implicit FE formulations

23/23

Aalto University
School of Science

B and Technology LUND UNIVERSITY



