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INTRODUCTION

Fig. 2 in E. M. Schulson: Brittle failure of ice, Engineering Fracture Mechanics 68 (2001) 1839–1887.
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THERMODYNAMIC FORMULATION

Clausius-Duhem Inequality γ = −ρψ̇ + σ : ε̇ ≥ 0

Helmholtz free energy ψ(εe, ω) where εe = ε − εi.

Dissipation potential ϕ(σ, Y ) such that γ =
∂ϕ

∂σ
: σ +

∂ϕ

∂Y
Y ≥ 0

=⇒
(

σ − ρ
∂ψ

∂εe

)
: ε̇e +

(
ε̇i − ∂ϕ

∂σ

)
: σ +

(
−ω̇ − ∂ϕ

∂Y

)
Y = 0

=⇒ σ = ρ
∂ψ

∂εe
ε̇i =

∂ϕ

∂σ
ω̇ = −∂ϕ

∂Y

=⇒ γ ≥ 0 satisfies CDI
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Particular model

ρψ = 1
2(1 − D)εe : Ce : εe = 1

2ωεe : Ce : εe

ϕ(σ, Y ) = ϕd(Y )ϕtr(σ) + ϕvp(σ)

ϕtr ≥ 0 ϕtr ≈ 0 when ‖ε̇i‖ < η and ϕtr > 1 when ‖ε̇i‖ > η
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r + 1
Yr

τdω
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1
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[
1

τvpη
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MODEL CHARACTERISTICS

• Elastic stiffness is reduced monotonously due to damage

• The model does not include any specific yield stress

• In the absence of damage, the inelastic model behaves in a constant uniaxial
strain-rate loading as

σ → (τvpε̇0)1/pσr when t → ∞

• The constraint for the integrity ω ∈ [0, 1] is satisfied automatically

• CDI is satisfied a priori for any admissible isothermal process

• The dissipation potential is a non-convex function with respect to the
thermodynamic forces σ and Y
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Stress-strain behaviour
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ALGORITMIC TREATMENT

σ̇ = fσ(σ, ω) = ωCe(ε̇ − ε̇i) +
fω

ω
σ

ω̇ = fω(σ, ω) = −ϕtr

τdω

(
Y

Yr

)r

Backward Euler + Newton linearisation
[

H11 h12

hT
21 H22

] {
δσ
δω

}
= Δt

{
fσ

fω

}
−

{
Δσ
Δω

}

H11 = I − Δt
∂fσ

∂σ
h12 = −Δt

∂fσ

∂ω
hT

21 = −Δt
∂fω

∂σ
H22 = 1 − Δt

∂fω

∂ω

ATS C = ω(H11 − h12H
−1
22 hT

21)
−1Ce
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NUMERICAL EXAMPLE

von-Mises solid σ̄ = σeff, E = 40 GPa, ν = 0.3, σr = 20 MPa, τvp = 1000 s
transition strain rate η = 10−3 s−1, p = r = n = 4

z, w x, u

y, v
� �L

�

�

B�F

� uprescribed
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Load-displacement curves, 12×6 mesh

ε̇0/η = 0.1
ε̇0/η = 1.0
ε̇0/η = 10.

τdη = 10−3

100 u/L

F
/
B

H
σ
r

10.80.60.40.20

1.5

1

0.5

0

τdη = 10−3τdη = 10−2τdη = 10−1τdη = 100

ε̇0/η = 10

100 u/L

F
/
B

H
σ
r

0.60.50.40.30.20.10

2

1.5

1

0.5

0

AB HELSINKI UNIVERSITY OF TECHNOLOGY
Laboratory of Stuctural Mechanics

10/11



CONCLUSIONS AND FURTHER DEVELOPMENTS

• Thermodynamically consistent formulation

• Easily extensible to more realistic damage and plasticity models

• Length scale ??

• More robust local itereration than bE — dG(1) or dG(1)-Lobatto ??

• Dynamics !!

• Alternative formulation using ψ∗(σ, α) and ϕ(ε̇i, Z) !!
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