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Stability eigenvalue problem

Definition for a critical state: Find displacements qcr, critical
load λcr and the corresponding eigenmode φ such, that{

f ′(qcr, λcr)φ = 0

f(qcr, λcr) = 0
(1)

where f ′ = ∂f/∂q. The non-linear mapping f defines the
equilibrium path in the displacement q and load parameter λ
space:

f(q, λ) ≡ r(q)− λpr(q) = 0

and constitutes the balance between internal- and external forces.

System (1) is a non-linear eigenvalue problem, which is
HARD TO SOLVE!
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Solution algorithm for non-linear

eigenproblem

Extended system:

g(x) = g(q,φ,λ) =


f̂(q,λ) ≡ f(q, λ) + f0(q,λ) = 0

h(q,φ,λ) ≡ f ′(q,λ)φ+ h0(φ,λ) = 0

c(q,φ,λ) = 0.

Newton’s linearisation step results in

Aδx = −g,

where

A =

 Kf 0 P
Z Kh N
Cq Cφ Cλ

 , δx =

 δq
δφ
δλ

 , g =

 f̂
h
c

 .
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Block elimination

The solution vector is partitioned as

δq = qf +Qpδλ,

δφ = φh + Φnδλ.

Vectors qf ,φh and the n× p matrices Qp,Φn solved from

Kfqf = −f̂ , KfQp = −P ,
Khφh = −h−Zqf , KhΦn = −N −ZQp,

and for the control parameters

δλ = −(Cλ +CqQp +CφΦn)
−1(c+Cqqf +Cφφh).

Suitable strategy if direct linear solver is used.
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Problems with the direct method

Since Newton’s method is only locally convergent the method
might fail if started from the unloaded, undeformed state.

constraint (25) is used and within 19 iterations with constraint
(26). Convergence of the unknown x is shown in the Fig. 2(a)
(er = kdxik/kxik) and the load parameter k in Fig. 2(b). In general,
the iteration procedure with the constraint (26) seems to result
the most robust procedure.

As it can be seen from the Fig. 2(b), the load parameter value
oscillates rather wildly during the first iterates. A possible
improvement to the critical point computation method would be
a procedure which stabilizes the the iterative change of the load
parameter.

If 40 equal size geometrically exact beam elements [39,41] are
used, the bifurcation- and the limit points occur at load levels of
7.91 EI/R2 and 16.56 EI/R2. The analytical expressions for the Z-ma-
trix have been derived in [41]. Here, the effect of numerical for-
ward differentiation is studied for the beam element and the
results are shown in Fig. 3. It can be concluded that there is prac-
tically no degradation of convergence rate if the difference step is
properly chosen. Computing times for the matrix evaluation are

roughly 2.5 times larger when numerical differentiation is used
as compared to evaluation from exact expressions.

4.2. Cylindrical shells

Shallow cylindrical shells subjected to a central point load on
the convex side has been analyzed, see Fig. 4. The longitudinal
boundaries are clamped, whereas the curved edges are completely
free. The problem data are: radius R = 2540 mm, length of the
straight clamped edge L = 508 mm, Young’s modulus
E = 3.10275 GPa, Poisson’s ratio m = 0.3. Two cases have been con-
sidered, a thicker one for which the thickness is t = 25.4 mm (R/
t = 100) and h = 0.279 rad (16�) and a thinner one with thickness
t = 6.35 mm (R/t = 400) and the angle h = 0.1 rad (5.7296�). The
thinner shell with simply supported straight edges is a common
test case in the scientific literature.

The load deflection (under the loaded point) curves are shown
in Fig. 5. Uniform 32 � 32, 64 � 64 and 128 � 128 meshes for a
quadrant of the panel are used. Some characteristic data of the
stiffness matrix K is shown in Table 2. For the finest mesh the ex-
tended system has over 1.18 million unknowns. The spectral con-
dition number is estimated by computing the outermost
eigenvalues with routines from the ARPACK-software package [63].

Fig. 1. Clamped circular arch: (a) geometry, (b) load–deflection curve.

Table 1
Clamped arch, iteration to the bifurcation point with constraint Eq. (26).

it k kdxik/kxik kgik/kg0k Lowest eigenvalue

0 1.0000 9.992 � 10�1 1.000 8.810 � 10�2

1 0.7429 1.353 � 10�1 1.202 � 105 3.170 � 100

2 0.7903 3.868 � 10�2 7.199 � 102 2.894 � 10�2

3 0.7957 1.448 � 10�2 2.440 � 102 6.272 � 10�3

4 0.7968 2.556 � 10�3 2.487 � 101 7.751 � 10�4

5 0.7968 9.896 � 10�5 7.659 � 10�1 2.519 � 10�5

6 0.7968 3.759 � 10�7 1.609 � 10�3 4.812 � 10�8

Fig. 2. Clamped arc, computation of the limit point: (a) convergence of the solution
vector, (b) convergence of the load parameter. Constraint (25) marked with + and
(26) with �, respectively.

Fig. 3. Convergence of the relative residual norm kgik2/kg0k2 for the arch problem
when the geometrically exact beam element is used. Comparison with the exact
evaluation of the Z-matrix vs. numerical differentiation using different relative step
size h.

Fig. 4. Cylindrical shell.
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Mixed strategy

1 Compute crude
approximation to the lowest
critical load.

2 Use orthogonal trajectory
method (normal flow) to get
a nearby point on the
equilibrium path.

3 Use the extended system
started from the computed
equilibrium point.

10

Figure 2: Normal Flow Algorithm
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Concluding remarks

An algorithm for direct critical point search which is belived to
increase the robustness of the basic direct solution algorithm has
been proposed.

Thank you for your attention!
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