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Equilibrium equations

Force balance
80']'2'

(933]'

Moment balance
Optji
8ZIZj

+ pc; + €105k = 0,

o force stress tensor

p moment stress tensor

b body force per unit mass

c body moment per unit mass
€ij1 alternating tensor

p the mass density
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Constitutive equations
Linear material model

_ () _ (k)
Oij = Cijklfykla Hij = “iikiRkl

the Cosserat’s first strain tensor +;; and microcurvature tensor «;; are
Vij = Uji — €kijPr, aANd  Kij = @j,

 Is the microrotation field

The material stiffness tensors for an isotropic solid can be expressed as

Cf],il = 00k + p(0ik01 + 0:105) + te(dindjr — 0iidjk),
O = a0 + B(Siwds + 0udsn) + 7 (6indn — Sadjn).

NSCM-26 Oslo 2013

$ TAMPERE UNIVERSITY OF TECHNOLOGY A'
]



Comprehensible set of material parameters

the characteristic length in torsion by = é,
]
the characteristic length in bending by, = ?,
7!
the coupling number N= ]t
Ht e
and the polar ratio Y = 51
B+ 3a
3
0<N<I1, and nggi,
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Conformally invariant curvature state

Neff et al. 2009, 2010
pij = (@ + 30)Krrdij + 28K + 27K
Y(ij) = %(%’j + Yji), Vij] = %(%‘j — Yji)-

The curvature tensor is symmetric and deviatoric

v =0, 8 = plf, o= —%,uff.
Four material parameters A, p, fic, ¢s.
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Size effect - pure bending of a beam

Circular cross-section with radius a
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(a) From bottom to top p./p = 0.01,0.02,0.03,...,0.09,0.1. Solid lines: conformally

invariant curvature case (3 = 4M€]2D, ~ = 0); dashed lines v = 0.01..
(b) Qp(a — 0) for the conformally invariant curvature state.
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Numerical solution

The virtual work expression

/ (=V 0" —pb) - Su+ (-V-p' —e:0—pc) 5¢] AV =0
|4

/V (o (Vou)" —skew(8p)) + p: (Vo) ] dV

—/(pb-éu—l—pc-&p)dV—/(t-5u+m-530)d520
V S

Standard Cy-interpolation for both w and .
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Example - cantilever beam
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(a)l, = h/200. The upper two curves triquadratic elements and the lower ones with trilinear
elements. Solid lines: rotations are free at the clamped edge, dashed lines: rotations are
supressed.

(b) The effect of internal length scale ¢}, on the FE solution: pu. = .
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Concluding remarks

e Stable and locking free FE-formulation needed for the micropolar model.
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Edvard Munch, Anxiety, 1894

NSCM-26 Oslo 2013

11



Equilibrium equations in terms of displacements
and rotations

(A 4+ p — pe)graddivue + (p + pe) Auw + 2pccurlp + pb = 0
(a+ B —y)graddive + (8 + 7)Ap — 4icp + 2pccurlu + pc = 0

Au = div gradu
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Constitutive parameters

T
e =:[W1177227W33,W12,W217723,W327731,W13,%11,%22,%33,%12,%21,%23,%32,%31,%13] )
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Stiffness ratio (), in pure bending of a beam with
circular cross-section with radius «

BN? L= (B=m)/(B+7) , [(B=7)/(B+7) +v]
1+v (0a)? C(da) +8N2(1—v) |’

0% = dpaepu/ (B + ) (1 + pic)

2*(zlo(z) — I (7))
xvly(x) — 20 (x)

C() =

1o, I; the modified Bessel functions of the first kind

Krishna-Reddy and Venkatasubramanian 1978
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