
On Determinant as Singularity Test Fun
tionReijo KOUHIALaboratory of Stru
tural Me
hani
s, Helsinki University of Te
hnologyP.O. Box 2100, 02015 HUT, FinlandE-mail: reijo.kouhia�hut.�Introdu
tionDeterminant is probably the most used singularity test fun
tion in stati
 non-linear �nite element
omputations. The purpose of this note is to point out the short
omings of determinant basedtest fun
tions. To some extent these diÆ
ulties 
an be avoided by s
aling. A possible form ofs
aling is also introdu
ed. Singularity test fun
tionsDete
tion and estimation of singular i.e. limit and bifur
ation points are usually based on somesingularity indi
ator, whi
h is also 
alled as test fun
tion [1℄, [2℄. Probably the most reliablesingularity test fun
tion is the lowest eigenvalue of the tangent sti�ness matrix. However, deter-minant of the tangent matrix is 
ommonly used, while if not rede�ned, it is highly unreliable. Itspolularity is perhaps due to pra
ti
al aspe
ts; determinant is an easy byprodu
t of fa
torizationof the tangent matrix if dire
t linear solvers are used.A proper singularity test fun
tion should ful�ll at least two basi
 requirements. Firstly, thesign of the test fun
tion should 
hange whenever 
hanges in the inertia of the tangent sti�nessmatrix o

ur. Se
ondly, the behaviour of the test fun
tion should be independent of the meshsize. The determinat does not satisfy these requirements without modi�
ations. This is dueto the fa
t that determinant is a produ
t of all eigenvalues, whi
h 
an result in high variationsduring the path ruining the predi
tive quality of the test fun
tion and making it mesh sizedependent. In addition, determinant 
annot lo
ate singular points with even multipli
ity.A 
hoi
e whi
h su

eeds in removing the above mentioned short
omings for determinantbased singularity test fun
tion (dbstf) is de�ned asdbstf = 
i(K n;K n�1)sdet(K n)sdet(K 1) ; where sdet(K ) = NYi=1 jdiij1=N
 ;where dii are the diagonals of the root free Cholesky de
omposition, 
 is a parameter (
 2 [0; 1℄),whi
h should re
e
t the average rate of 
hange in the eigenvalue spe
trum andN is the dimensionof the problem. The subs
ript refers to the in
rement number. The \
hange in inertia"-fun
tion:
i(K n;K n�1) is de�ned to be�1, and 
hanges its sign when a 
hange in the inertia of the tangentsti�ness matrix o

urs along the path between the in
rements n� 1 and n.Other singularity test fun
tions proposed in the literature are the smallest pivot [3℄ and the
urrent sti�ness parameter [4℄. The latter 
an only be used to lo
ate limit points, however, it iseasily 
omputed also when iterative linear equation solvers are used.1
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Figure 1: Uniform 30� 30 mesh for an o
tant of a pulled 
ylindri
al shell.Numeri
al exampleA 
ommon test problem for non-linear shell analysis is a pulled 
ylidri
al shell, see Fig. 1.Boundaries of the shell are free and the following dimensions are used in the 
omputations:R = 1; E = 106; � = 0:3125; R=t = 52:69. Three di�erent 
ases are 
omputed with di�erentlength to radius ratio: L=R = 2:08964; 3 and 3.5. The �rst of these 
orresponds to the 
ommontest 
ase, see e.g. Refs. [5℄, [6℄. The loading is imposed by two normal and equal point loadsapplied 
entrally at the opposite sides of the 
ylindri
al surfa
e.One o
tant of the shell is dis
retized by uniform 30�30 mesh of three noded triangular 
atfa
et type shell elements, resulting in 5489 unknowns. Drilling degrees of freedom are in
ludedby using the Hughes-Brezzi formulation. The plate bending part of the element is formulatedusing the 
lassi
al dis
rete Kir
hho� 
ondensation te
hnique.In Fig. 2 the displa
ement of point A in y-axis dire
tion is shown w.r.t. the load. At theload level P � 106D=R ! 129D=R a snap-through happens, whi
h is more pronoun
ed forthe longer 
ylinders L=R � 3. This is rather diÆ
ult example for the step lenght adaptationroutines. In the beginning of the 
omputation the the shells exhibit sti�ening behaviour andthe 
onvergen
e is easily obtainable with the full Newton method.To demonstrate the behaviour of some of the singularity test fun
tions, the 
ase L=R =2:08964 has been sele
ted. All 
riti
al point indi
ators show monotonous in
rease in their valuesprior the limit point, see Figs. 2b and 3. Espe
ially the smallest pivot is almost 
onstant,ex
ept those in
rements in whi
h the tangent sti�ness matrix is inde�nite. Similar behaviour isalso noti
ed with the determinant based indi
ator. Therefore, the limit point appears suddenlyin one relatively large step and some restarts with a redu
ed step size are required. All the
omputations have been started with a load in
rement �P1 = 2D=R and the number of desired
orre
tor iterations has been three and 108 steps are used in the 
omputation shown in Fig. 2(
ase L=R = 2:08964).The behaviour of the proposed s
aling for the determinant based singularity test fun
tion isshown in Fig. 3. Without the s
aling, i.e. 
 = 0, the determinant based test fun
tion have huge11th Nordi
 Seminar on Computational Me
hani
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Figure 2: Pulled 
ylinder: (a) load-de
e
tion at point A, (b) relative 
riti
ality indi
ators as afun
tion of the path parameter, 
ase L=R = 2:08964.
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Figure 3: Determinant based singularity test fun
tion as a fun
tion of path parameter: (a)
 = 0:1; 0:2; 0:4 (b) 
 = 0:4; 0:6. Aspe
t ratio of the 
ylinder L=R = 2:08964.
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tion 4variations in its values, therefore it is not shown in the �gure. Clearly, the damping introdu
edwith a nonzero value of 
 improves the predi
tive quality of the dbstf. However, it is still inferiorin 
omparison to the smallest eigenvalue as a singularity indi
ator.An opposite behaviour in the values of determinant is observed when a 
ompressed 
ylindri
alshell is analysed. In that 
ase the majority of the eigenvalues are de
reasing, resulting in a dropof order 1025 between the in
rements on the primary path prior to the bifur
ation point, when a120�20 mesh resulting in 13681 unknowns is used. However, when using the dbstf with 
 = 0:6results in almost linear de
rease in its value on the primary path, thus making it ideal for thatparti
ular problem. Con
lusionsA s
aled determinant based singularity test fun
tion for non-linear 
ontinuation algorithmsis introdu
ed. The proposed form improves the predi
tive quality of the determinant basedsingularity indi
ator and is almost independent of the mesh size used in the dis
retization.However, in view of the example shown, the predi
tive quality of the proposed dbstf is stillinferior in 
omparison to the lowest eigenvalue as test fun
tion.Referen
es[1℄ M.A. Cris�eld. Non-linear Finite Element Analysis of Solids and Stru
tures. John Wiley & Sons,1991.[2℄ R. Seydel. Pra
ti
al Bifur
ation and Stability Analysis. Springer-Verlag, 1994.[3℄ J. Shi and M.A. Cris�eld. A simple indi
ator and bran
h swit
hing te
hnique for hidden unstableequilibrium paths. Finite Elements in Analysis and Design, 12:303{312, 1992.[4℄ P.G. Bergan, G. Horrigmoe, and B. Kr�akeland. Solution te
hniques for nonlinear �nite elementproblems. International Journal for Numeri
al Methods in Engineering, 12:1677{1696, 1978.[5℄ K.M. Okstad. Adaptive methods for non-linear �nite element analysis of shell stru
tures. PhD thesis,Department of Stru
tural Engineering, The Norwegian Institute of Te
hnology, N-7034, Trondheim,1994.[6℄ C. Pa
oste. Co-rotational 
at fa
et triangular elements for shell instability analyses. ComputerMethods in Applied Me
hani
s and Engineering, 156:75{110, 1998.
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