
Finite Rotations in View of Structural Stability AnalysisR. KouhiaLaboratory of Structural MechanicsHelsinki University of TechnologyP.O. Box 2100, 02015 HUT, FinlandSummaryIn this paper some formulations of the incremental equilibrium equations of thin bodies are de-scribed and the signi�cance of speci�c terms in the discretized equations are discussed, particularly inview of structural stability analyses. IntroductionThe necessity to deal with �nite rotations is a common feature for non-linear deformation problemsof solid and structural mechanics. Such tasks are encountered e.g. when integrating constitutiveequations in large strain problems, in kinematical descriptions of thin bodies and in some non-classicalcontinuum models. In this paper special emphasis is given to the kinematical relations of thin bodieslike beams and shells in which the geometrical non-linearity is mostly due to large rigid-body rotations,and the restriction to small strains is a relevant assumption.The principal di�culty in formulating the equilibrium equations for non-linear analysis of thinbodies is the complex character of �nite three-dimensional rotations, which are not elements of a linearspace and thus their parametrization and the pertinent computational aspects are far from trivial. Manyalternative derivations and possible parametrizations of the �nite rotation formula are available. Forcomputational point of view, many of the parametrizations require a special updating procedure forrotational degrees of freedom, which is an additional inconvenience.To determine the �nal displacements of a point of a rigid body undergoing a �nite rotationaround a �xed axis in a three dimensional space is a classical problem. Many alternative derivationsand possible parametrizations of the �nite rotation formula are available. Spring [1] tabulates basicformulas of seven di�erent representations: (a) rotation matrix, (b) Euler parameters (quaternions),(c) linear parameters, (d) Rodrigues parameters (Gibbs vector), (e) Euler rotation, (f) Euler angles(3-1-3 angles) and (g) Bryant or Gardan angles (1-2-3 Euler angles). At least this list should be addedby the Cayley-Klein parameters. It should be noted that the basis of all these representations lies onEuler's theorem of rigid-body rotations: the attitude of a body after having undergone any sequence ofrotations is equivalent to a single rotation of that body through an angle # and an axis n̂ . This directrepresentation is called Euler rotation.Probably the most well-known of these parameter sets listed above are the 3-1-3 Euler angles,described in most of graduate text-books of non-relativistic mechanics, cf. [2]. This is somewhatunfortunate, since Euler angles are neither invariant, nor well behaved for arbitrary rotations. Apossible explanation for this frequent existence of Euler angles in the texts of classical mechanics lies inthe dominance of celestial mechanics in the past; the 3-1-3 Euler angles may be interpreted as precession,nutation and spin angles, respectively. 1



Some of these parametrizations su�er from singularities for certain angles of rotation. However,parametrizations exist which exhibit non-singular mapping, e.g. Euler parameters which form a unitquaternion and can be manipulated using a quaternion algebra and Cayley-Klein parameters forminga unit spinor and can be handled with its respective algebra.Stuelpnagel [3] has shown, that it is impossible to have a global 3-dimensional parametrizationwithout singularity points for the rotation group. He also pointed out that �ve is the minumumnumber of parameters which su�ces to represent the rotation group in a one-to-one manner. Forpractical purposes the 4-parameter representations, like quaternions, which describes a non-singulartwo-to-one mapping, are adequate. However, the four parametric representations need special updatingprocedure for rotational quantities and are thus more cumbersome than some of the three parameterrepresentations.Rotational vector is rather common choice to parametrize rotations, see ref. [4]. Formulationswhich can handle all displacement quantities in a similar way without using a special updating procedurefor rotational degrees of freedom have recently gained a lot of interest [5, 6, 7].Equilibrium formulation for thin bodies which completely avoid the use of rotational parametershave also been presented, see e.g. [8].Finite rotations and their parametrizationsRigid-body rotation of a particle in a continuum can be expressed in the form�r = Qr ;where Q is an orthogonal rotation matrix and r ;�r are position vectors of a particle in initial and �nalcon�gurations, respectively. This formula is the basis for kinematical relations needed in formulatingdiscrete equilibrium equations, however, the representation of rotation by means of the nine parametersin Q is cumbersome since they are coupled by the orthogonality conditionQTQ = QQT = I ; or in a component form QkiQkj = QikQjk = �ij;which de�nes six constraints; the sum of squares of direction cosines equals to unity (three constraints)and the axes are mutually perpendicular, i.e. distances of particles and angles between line elementsremain constant during rigid rotation (three constraints). Mathematically spoken the rotation matrixis an element in the 3-dimensional special orthogonal non-commutative group SO(3):SO(3) = �Q 2 R9jQTQ = I ;detQ = 1	 :Even the representation of rotation by means of the elements of a rotation matrix is not a rea-sonable one, the rotation matrix itself is an important quantity; and the relationship between theparameters of two common descriptions to the rotation matrix is described next.A unit quaternion (also called versor) describing rotation # about an axis n̂ is [9]:q̂ = � cos(#=2)sin(#=2)n̂ � = � q0q � 2



where q0 = cos(#=2) is the scalar part and qT = (q1; q2; q3) = sin(#=2)n̂T the vector part of a quaternion.The four quaternion parameters, also called Euler [1, 10, 11] or Euler-Rodrigues parameters [12], haveto satisfy the normalizing conditionq20 + q21 + q22 + q23 = 1: (1)The rotation matrix can now be written in terms of the Euler parameters [10, 11]Q = (2q20 � 1)I + 2qqT + 2q0skew(q);whereq� = skew(q) = 24 0 �q3 q2q3 0 �q1�q2 q1 0 35 ;showing the correspondence of a skew-symmetric matrix and the cross product operation. In �niteelement analysis the components of the vector part of the quaternion q can be used as primary variablesand the scalar part is determined from the constraint equation (1) [13].A vector-like parametrization of �nite rotations is considered by Cardona and Geradin [4], Ibrahim-begovi�c et al. [5] and Pacoste and Eriksson [6]:� = #n̂ ; # =q�21 + �22 + �23;for which the relationship to the rotation matrix is given through the exponential mapping formula:Q = cos#I + sin## skew(�) + 1� cos ##2 ��T = exp(skew(�)):An enlarged exploration for the matrix formulation of 3D-�nite rotations can be found in ref. [14].Consistent linearizationThe most common formulations for the discretized non-linear equilibrium equations are the Eule-rian, total Lagrangian and updated Lagrangian approaches, see ref. [4]. For the analysis of thin bodiessome Eulerian type formulations are called as co-rotational [15]. However, a necessary step for all theseformulations is the linearization of the virtual work equation [16]. At this step an additional complexityis encountered by Q as being a two-point tensor. Therefore clear distinction between the spatial andmaterial representations of the admissible variations of the rotation tensor [4, 5, 6]:�Q = ��Q = Q� should be made. In order to obtain a consistent parametrization, �� and � have to be projected ontothe paramater space adopted for Q . The spatial and material angular variations are�� = T s(�)��; � = Tm(�)��;where T s = TTm andTm = sin## I +�1� sin## � n̂ n̂T � 12 �sin(#=2)(#=2) � skew(�):3



Therefore it is easily understood, that the consistent linearization of the non-linear expression ofthe internal virtual work�Wint = �Z � � ��dVwill result in an extremely complex dependency of the displacement quantities for the discrete internalforce vector. Detailed expressions for the internal force vector and tangent operator matrix for di�erentformulations can be found from refs. [4, 5, 6, 7].Stability analysisFor thin bodies, structural stability analyses are of utmost importance. A critical point along theequilibrium path can be determined by solving the non-linear eigenvalue problem: �nd u ; �;v such thatDf (u ; �)v = 0 and f (u ; �) = 0 (2)where f is the vector of unbalanced forces and Df denotes the Gateaux derivative with respect tothe state variables u . The non-linear mapping f is usually expressed as a balance between externalloads and internal forces f = r � �p r, where the internal force vector r is assembled from the elementcontributions:r (e) = ZV (e) BT�dV ;where � denotes the stresses and B is the strain-displacement operator matrix, de�ned via the variationof strain tensor �� = B�u. In the stability analysis of thin bodies the strains are usually small, thusfor linear elastic solids the tangent constitutive matrix is independent of the displacements. For largestrains the de�nition of appropriate tangent matrix is more involved, see ref. [17].Assuming an equilibrium state (u�; ��) with a regular tangent matrix, a Taylor expansion of thenon-linear eigenvalue problem (2) has the form [18]�K � +��K 0� + 12(��)2K 00� + � � ��v = 0; (3)where �� = � � �� and the prime denotes the di�erentiation with respect to the load parameter �.Expanding the displacement vector u = u� + �u = u� +��u 0 + 12(��)2u 00 + � � � the matrices in (3)are K � = Df �;K 0� = D2f �u 0 +Df 0�;K 00� = D2f �u 00 +D3f �u 0u 0 + 2D2f 0�u 0 +Df 00�;where f � = f (u�; ��) etc. The Euler-predictor step u 0 can be solved from the linear systemK �u 0 = �f 0�;and the higher order terms are found from di�erentiation of the above expression, e.g.K �u 00 = � �D2f �u 0u 0 + 2Df 0�u 0 + f 00�� : 4



It is worthwhile to notice that the coe�cent matrix to solve u 0;u 00::: is the same for all cases.In the classical linear stability analysis the reference state is the undeformed stress free con�gu-ration. Assuming dead weight loading, the term Df 0� and its higher order derivatives with respect tothe load parameter will vanish. For the linear stability eigenvalue problem the matrices are simply thefollowing:K 0 = Df (0; 0)K 00 = D2f (0; 0)u 0;where K 0u 0 = pr. Therefore the strains are linear functions of the displacements u 0 and the geometricsti�ness matrix K 0 is a linear function of the displacements u 0.It is seen from the de�nition of theK 0 matrix that the \initial stress" state to the linear eigenvalueproblem has to be linear with respect to the load parameter change. This is not true if the linear stabilityeigenvalue problem is solved from(K � + s(K �� �K �)) v = 0;where K � and K �� are the tangent sti�ness matrices from two consecutive equilibrium states. It willbe a correct approximation to the linear eigenvalue problem only if the load increment ��� = ��� � ��is small, i.e. K 0� � (���)�1(K �� �K �). An exampleOnly few particularly suitable test cases for the analysis of three dimensional spatial framedstructures can be found in the literature. One proper example is a point loaded right angle cantileverbeam, already used by Argyris et al. in 1978 [19], and further examined e.g. in refs. [15, 20, 21].The correct value for the lateral buckling load, computed as a linear stability eigenvalue problem,seems to be 1:3215pEIyGIt=L2 or 0:8276pEIyGIt=L2 depending on the direction of the point load(L denotes the length of the members, EIy the bending rigidity in the lateral direction and GIt thetorsional rigidity). These numbers are the converged values when a two noded shear deformable beamelement is used. However, if the rotation matrix is linearized prior the linearization of the virtual workexpression, incorrect buckling predictions are obtained, which are about 40-50 % lower than the correctvalues [21]. On the other hand, if the initial stress �eld is incorrectly computed (contains non-linearcontributions of the reference displacement �eld), the following values are obtained 1:788pEIyGIt=L2and 0:7083pEIyGIt=L2. References[1] K.W. Spring. Euler parameters and the use of quaternion algebra in the manipulation of �niterotations: a review. Mechanism and Machine Theory, 21:365{373, 1986.[2] H. Goldstein. Classical Mechanics. Addison-Wesley, 1971.[3] J. Stuelpnagel. On the parametrization of the three-dimensional rotation group. SIAM Review,6:422{430, 1964. 5
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