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ABSTRACT

A thorough stability analysis of a simple but representatiuss beam, modeled as a finite degree of
freedom system, is carried out. Depending on the main dimea®f the truss, different buckling
modes are possible. One possible buckling mode is chaizedeby rigid body motion of the
compressed member. It will be shown that this buckling madeoit included in the spectrum of
the linearized buckling eigenvalue problem. Also the poskiting behavior is studied in detail.

1 INTRODUCTION

Truss beams are widely used constructive elements duehiimégs and high load carrying capac-
ity. Although it is used in very basic building types, suchpasking lots, shopping centres and
industrial buildings, there seems to be no clear understgraf the structural behaviour or specific
regulation in most design codes. Indeed, the design codesefel construction focus mainly on
the dimensioning and design of individual nodes and barsefruss beam. Typically the designer
would calculate resultant forces in each member of the tnsgyg linear theory and compare the
obtained effort to the non-linear resistance capacity efrttember. In most design codes this non-
linear resistance capacity accounts for combined bucldimdjyielding. The design procedure then
assumes that the structure is safe when each compressecdemismbecked against buckling and
each tension member is checked against yield failure.

To ensure stability of the truss against lateral bucklihg,designer would restrict lateral movement
of the upper chord typically with roof sheeting or purlina.rhost situations the lower chord is left
free to move laterally. This design choice is based on themagdon that a solid beam does not
buckle laterally if the upper chord lateral movement isniettd. However, is this assumption true
foratruss beam? In this article, it will be shown with a simpkample case that there exists, indeed,
a previously unreckoned buckling mode characterized bydtation and sway of the compressed
member as a rigid body while the upper chord undergoes toedimng its axis.

A thorough stability analysis of a simple but representatiuss beam, modelled as a finite degree
of freedom system, is carried out. Depending on the main dgioas of the truss, different buckling
modes are possible. One possible buckling mode is chaizaddry lateral movement of the lower
chord while the compressed vertical member buckles as d bigdy. It will be shown that this
buckling mode is not included in the spectrum of the lineadibuckling eigenvalue problem. Also
the post buckling behaviour is studied in detail.



2 A TRUSSBEAM MODEL

The structure we are about to investigate consists of five Ineespas per figure 1: the upper chord
member(1) and(2), a compressed vertical memb@) and the diagonal tensile membé+s and
(5). The application poinb of the loadF' is modeled by a undeformable meml¢é}. Due to the
symmetry of the problem with respect to the aRi€ we may investigate only half of the structure
consisting of memberd ), (3) and(4).
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Figure 1: Truss Beam Model

2.1 Modd Assumptions

The potential energy functional of the system may be forynalitten as the sum of internal ener-
gies due to each member of the assembly plus the work donetésnakforces

I:2(0, L) x ... x (0, L) xR — R
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The continuous functiona® : [0, L(®)] — RS such asu(®) = (u{?,ul?, ul?, ¢\ 4L, ¢$)
describe the displacements and rotations for a given membérhe internal energiet’(®) ¢
([0, L(°)]) are square integrable functions on their respective donWslithout a proof, we claim
that for small displacements this continuous represematf potential energy can be equated to a
discrete representation:

Im:RM+**' — R
6
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Consider the vectar € RM, (hereM = 5) where the meaning of the components is explained in
table 1. Assuming linear elastic behaviour, we can thenesgthe internal energy functionals and



Table 1: Discrete state variables.

oY ¢§1)( ))  torsion angle of membei) at pointB
Z9 u( ( D) lateral displacement of membg) at pointB
x3 ( ( D) vertical displacement of membér) at pointB
T4 ) = dyult (L(l)) axial strain of membef1) at pointB
x5 = 8 u (L(?’)) axial strain of membe{3) at pointB
Table 2: Stiffness Coefficients

AV = eIV/LM  torsional stiffness of membét)

kY = 3EID/LO  lateral stiffness of membéi )

kY = 3E1D/LO°  vertical stiffness of membe )

Y = EAM/LO) axial stiffness of membei)

Y = EBEA®/LB®) axial stifiness of membes)

EY = FEA®W/L®  axial stiffness of member)

work done by external forces can be expressed as follows:

1 2 1 2 1 2 1 2

UM (x) 34 c(l) gb(l) + 3 kél) ugl) + 3 kél) ugl) + 3 k%l) (6511) L(l))
UP(x) = U(l)(
UG (z) = k(3) ( (3) L(3))
UD(z) = (4) ( )L(4))
U9 @) = UW@)
U®(x) =

V(z) = L(G) (1 — cos ¢§1>) + uél)

where the constraint equation that expresses the stainnmbeg4) is defined as follows: (assume
cos?f = LW /L™ sin*§ = L) /L)

O] O]
eﬁ) = cos 96( ) 4+ sin 96 )+ sinf cosf (1+ 6(3)) <W cos gl) + % sinqﬁgl))

dividing the total potential energy functioridlby 2 cgl) yields the non dimensional form as follows:

5
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t=1



suchas? :=II/(2 cgl)), Ai=FLW/(2 cgl)), and where the non dimensional variables are defined

as follows:
(€]

q1 ¢1
q2 Ugl)/L(l)
g | =] uf?/L®
q4 Eélli

5 3
¢ €11

the non-dimensional stiffnessas are defined in table 3 and the constraint equationg)ig) :=
cos? 0 qq + sin® 0 g5 + sin @ cos O (1 + gs) (¢3 cosq1 + q2 sing;) andR(q) := 1 — cosq;. The
non-dimensional eccentricity of load-application pgint L) /L),

Table 3: Non-dimensional stiffness coefficients.

Q1 = 1

a2 = (2K (LV))/2¢)")
as = (2K (LW))/@dY)
ari= @RV (LO))/2e)
as == (kY (L®)")/@eY)
as = (2KY (2W)%)/ed)

3 ASYMPTOTIC ANALYSIS

In this section we develop the reduced potential energyntpkispiration from Koiter reduction
theory [1, 2]. Although Koiter's works mainly focused on timuous functionals, here we are in
presence of a discrete formulation. Hence we can observe sunor differences when comparing
to the results obtained by Koiter [3, 4]. Essentially thetlos initial post-buckling theory is a kind
of a Liapunov-Schmit type reduction technique [5, 6]. Assum: R+ — R : (q,\) — P(q, \)

a functional that describes the total potential energy ofsardte system which exhibits pitch-
fork type symmetric bifurcation behaviour. Additionallyewassume thaP(q,-) : R — R is
linear. The internal energy part of a linear elastic system always be expressed as a diago-
nal quadratic formlU(q) = 3,-, 4 a; Q#(g) and the work done by external forces as a linear
form AV (q) = X >°,~, R:(q). We can always find a coordinate system, at least locallyh sisc
Qi(q) =g forl <t < M, andR:(q) = ¢m+1 Whereg,, 1 is the first non-zero coordinate in the
equilibrium set on primary path. We note al®jq) := > ",., R:(q). Consider the general equi-
librium setE := {(q,\) € RM™* : P,(q,\) =0} and the equilibrium set on the primary path
Er:={(g,\)€E : ¢=0forl<i<m< M} C E. With these assumptions we can write a
potential energy expression for discrete linear elastitesy with distinct primary path:

M
PlaN) =Y goud? + Y 3 a6 Q@) ~ Mamo + R(g) )
t=1 t>M

We can make a few remarks on the form of the potential energyjaessed in equation (1) and its
derivatives. The equilibrium set on the primary p#this a 1-manifold in &RM-m+1 gpace, which
implies thatm of the M equationsP,(§, A). = 0 have to hold identically. It comes out that the
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first derivative is of the form:

- 0
Pq_( Py (m+1.M) ) @
Similarly we get from the second derivative a block diaganatrix form:
~ | Pgq(1.m,1..1m) 0
Faa = ( 0 Pyg(m+1.M,m+1..M) 3

These properties propagate of course to higher order dmégaalso. Further, sincéqq is symmet-
ric, it is diagonalizable. Henceé® € RM*M unitary @ & = ®” & = I) such asb” P, ® =
diag0, ...,0,dgr+1, .., drr) @assuming that dim Ke’?qq = R < m. Due to the block matrix shape
of qu in equation (3) we get the following form for the unitary mat®:

_( ®(1..m,1..m) 0
v ( 0 ® (m+ L.M,m+ 1..M) ) (4)

Consideringp,, as thep-th column vector ofe we get that{ ¢, ..., ¢, } is a orthonormal basis of
RM = KerPyq & KerP,;-. Hence{e ..., ¢} would be an orthonormal basis for KB, and

{@ri1sn drr ) fOrKer P L

Now we seek to expand the potential energy in Taylor seriesrat the critical poinfg, \) € E;
defined such aBy4 (4, 5\) is singular. Although itis not generally the case, for siitipf we assume
that the geometric multiplicity equals to one. This assuamptolds particularly for the system we
are investigating. The Taylor's series expansion of theptal energy up to order four is given by

equation (5):

4 3

P(g.)) =Y Pu(Aq. )+ Y ANPL(Ag,)) + O(|(Ag, AN)|°) (5)
k=0 k=0

where theP, (Aq, \) represent thé-th order forms and, (Aq, A) their derivatives with respect to
Al

. 1 .
Pk(Aq, )\) = E (Pq...q)il...ik AQil---AQik (6)
further we definel,_;); (u, v, 5\) as(k — 1)-th order forms inu and!-th order forms inv such as
Pi(u+v,A) = Y go<p Pa—i(u, v, A) holds. SinceAg € RM it can be uniquely decomposed
asAqg = u + v suchaxu € Kequq andv € Kerﬁqql. Consequently we have the expressions of
vectorsu andw in their respective basiar = >, _pap ¢, andv = > p. . b, &, Where

a, are the amplitudes of each direction of the eigenmode andethere second order amplitudes
in directions orthogonal to the eigenmode. Define the caefitsb,, as:

bp := AA Z as&sp + Z Qs Gt Nstp (7)

1<s<R 1<st<R

Assume from now on the kernel is one dimensiora{ 1), which leads to a simple expression for
the coefficients,:
bp = AA al glp + a% 7711p (8)

Comparing the norms af andv we can say the followingv|| = &(||(AX a1, a})|), while [|ul| =
O(la1|) which is the reason why we cadl the second order field. Substitutingandv in the



potential energy Taylor series expansion, equation (8)dgi

P(g,\) = Py(u,\)+

and
AXNP(q,\) = AXPy(u, )
)+ AX P (v, \) +
AN By(u, A) + AN Pri(u, v, A) + 6([|(Ara, ad)||”) +
AN Py(u,A) + 6(||(ANar, a?)||”)
Now we know from the previous discussion th‘atgu, \) = Py (v,)) = Pi(u,)) = 0as well
as P (u,\) = ul Pyqu = 0. Likewise Py;(u,v,)\) = vT Pyqgu = 0. For symmetry reasons

P3(u, ) = 0, which in turn impliesPs (u, A) = 0. Discarding the zero terms we get the following
representation for the potential energy:

P(g,)) = Py(u,\) + AXPy(u, \) + AX Py(u, ) + Py(u, \)
A/\Pl(v,j\)+A/\P11(u,v,5\)+P21(u,v,5\)+P2(v,5\)+ﬁ(||(A)\a1,a%)||5)

We seek now to minimize the functionBl(v) := AX Py (v, A)+ A\ Py (w, v, )+ Poy (w, v, A) +
Py (v, 5\) by solving the systemiF'(v) = 0. Proceeding with the differentiation yields:

AN Py (60, A) + AN Piy (u, 00, A) 4 Py (u, 0v, \) + Py1(v,0v, 1) =0 9)

Let's substitute in equation (9) the vectaisandwv by their component descriptions in the basis

{¢15 R ¢M}

> (A)\Pl(%,j\) +AXay Pri(¢y, ¢, A) + ai Py, ¢, N+

2<p<M

+ Z Pll(qbp?d)q’ x) bq) 6bp =0 (10)

2<q<M

Equation (10) has to hold(sb,) ¢ R 1. Also reminding thatPi1 (¢, ¢,, A) = d;, ,, and
substitutingb, by its expression we get:

AN (P1(¢p) A) +ay Pri (¢, Dps A) +dpay §1p) +
a? (Par(rs 6y )+ dysy) = 0 (11)

which has to hold/A)\ € R. Taking a closer look at the componerﬁﬁ(qbp, ;\), Pii(¢, Dy ;\)
andPz1 (41, ¢, ;\) tells us that

P1(¢p’X)ZO7 2§ §m
Py, ¢,,\) =0, m+1<p<M
Py (b, ¢, A) =0, 2 <



Taking this information into account yields the followingpgession for the minimized components
bp
~“AXa Pn(qbpﬁbpvj\)

e S e 2 p<
o= aP(Cbe/\) ’ =p=m (12)
P P1(¢ A) 9 Pai(@.9,.0)
_ <np<
<A)\P11(¢ b, A)+ 1P11(¢ b, N » mtlsp<M

Consider any functional, which we want to minimize, cornsgtof a quadratic and linear part:
Fy(v) + Fi(v). Letd be the point which minimizes the functional. Taking the firgtiation and
evaluating it abv = © givesF11 (9, 0v) + F1(dv) = 0, which holdsvdv. In particular it holds for
dv = o, hencefF; (0, 0) + F1(0) = 0. The latter in turn can be simplified a¢% (%) + F1 (9) =

Now the original functional at its minimum is expressedr@asv) + F1(0) = —F»(0). Apply th|s
to our case, and express the potential energy functional:

P(g,\) = Po(u, X) + AN Py(u, X) + A Po(u, A) + Pi(u, ) — P2(8) + 6(||(Arar, ad)|")
where

m M
o1 1 -
Pz(v)=§§ bpdp + 5 > b2,

p=2 p=m-+1

. ~ “ 2

Uik M (AXNPi(9,,A) + af Pai(¢y, b, A

:%ZA)\QCL P11(¢17¢p7)\ % Z ( 1(Py, A) + aq 21A( 1 Pp ))
p=2 P11(¢p7 ¢p? A) p=m+ P11(¢p7 ¢p7 )\)

Rearranging the equation yields for the potential energy:

. ~ 2
. , R Pu(d i
P(g,2) = PO(U7>\)+A/\Po(u,)\)—A/\2% S Py
miicp<nr Pri(éy, &, A)

. o 2
P, A
vl oy Blfndnd
22§p§m Pll(qsp?(ppv)\)

Pi(¢,,\) Pai(by, ,,0) .
—A\ 2 P i D _P (¢ ’/\) 4
" (m+1§§M Pii(o,, b, ) 2 )

a2
N 1 P21(¢1a¢ aA) 5
+ai | Py, \) — = —P 2 1 +0(|(ANay,a}
aq ( 4( 1 ) 2m+1;p<M P11(¢>,,,¢,,,)\) ) (H( ai al)” )

Deriving the potential energy with respect to the amplityigdds the reduced equilibrium equation:

- o 2

- P ) 7)\

4 pg.n) = —al{A/\2 Pu(dy 6 )
2<p<m Pll (¢p7 ¢pa A)

da;
" ( Z Pi(¢,, A) Por(¢y, b, N) _p2(¢1,ﬁ)) +

m+1<p<M P11(¢pa¢pa;\)

a2
o1 Po1 (91, ¢,, ) 4
+4a? | Pu(gpy, ) — = =T Vv 4 o(||(ANay, a?
ay ( 4( 1 ) 2m+1;p<M P11(¢p,¢p7)\) )} (H( aj CL1)H )



From the equilibrium conditiora‘z—lP(q, A) = 0 we solve the function\ (a4 ):

. _ p=m+1 Pll(fpp? ¢P’ /\) a% —+ ﬁ(|a1|4) (13)
M Pl((pp?)\) P21(¢17¢p7)\) . P2(¢ 5\)
p=m1 Pii(¢y,, D, A) )

2P4(¢175‘) -
Aai) = A+

3.1 Application to Example Case

Consider the example truss beam defined in section 2. We shailify it further by saying that
both the upper chord (1) and (3) and the vertical compressadiyar (3) are axially infinitely stiff,
which results in the following constraintsyy = ¢s = 0. Assume also, for simplicity, that the
eccentricity of load application point = 0. The potential energy of such a system is given by
expression

1 1 1 1
P(q,/\)=§a1qf+§oczq§+§asq§+504662%@)—/\(13 (14)

where the constraint equation is given®@y(q) := sin 6 cos (g3 cosq1 + g2 singy). Application
of the equation (13) yields the following result:

as (a3 + @)

1 a2
3 X (OLQ =+ dﬁ)

64(:3) (¢1101) + O(Jar|*) (15)

Map) = A+ (3a3 — 200 +

(a3 +5¥6)2

where the critical value of the load parametekis: /7 ar az andy = B Gt e The expression

ag has been introduced for convenience and defiendigs= sin? 6 cos? 6 ag. It is worth noting
the limit behaviour of the system ag; — oo, which is physically relevant, since usually axial
stiffnesses are much larger than flexural or torsionalretgges.

1
Aar) —— varaz + gv/ar/ay (3as = 2a0) (on1 @) + O(la]") (16)
It comes out that we have a finite critical load, and that ifebadition3as — 2a2 > 0 holds, then
we have a stable secondary path in the neighbourhood of iti@tpoint. Assuming thatv, (lat-

eral flexural stiffness) and; (vertical flexural stiffness) are of same magnitude, whkisually
the case, the secondary path is at worst only slightly ufetab

Compare now to another example case, where we restricalateay of the upper chord (point
D). We are considering a different model, but it is physicallgsely related to the previous one.
Assume nowys = 0. The potential energy of this system is given by equation (17

1 1 1
P(q,/\):5061(]%4'5043(]%4‘5@6@%(‘1)—/\(13 (17)

where the constraint equation is given®Qy(q) := sin 6 cos 6 g3 cos ¢;. Application of the equa-
tion (13) yields the following result:

1ay (a3 + ag)

) = A+ gL (0 —200) (6000 + O] (19)

where the critical value of the load parametenis= ,/ya; such asy = % Again, con-
sider the limit behaviour of the system as — oo. It comes out thah ——— oo, and in the

ag—00



neighbourhood of infinity the expression bfjives:

M) =3+ (=33 + 0lagh)) (@ ) + Olar]) (19)

We infer that in case of the laterally restricted system,léwge axial stiffnesses of the diagonal
members the critical load is large, but on the other hand tistiquickling behaviour is very unstable.

4 NUMERICAL ANALYSIS

The goal is now to find a numeric approximation of the crititsld A defined previously. One
possible strategy is to expand the criticality conditionaaBaylor series with respect to the load
parameter, and solve the critical load parameter apprax@m&om the polynomial equation given
by the truncated series. Usually one truncates starting fhe quadratic term. First, we assume that
there exists a neighbourhood@f”), \(")), %) r©)) such agg, A) ¢ % g a0y andPeq(q, \)
is not singular for(q, A\) € %4 ) Then, by the implicit function theorem we infer that there
exists a functiong : %\« — %40 : A~ q()). Then the criticality condition can be expressed as
follows:

Py = ( PO 4+ AX ( PO ¢ + P<0>)) b, + O(AN2) =0 (20)

whereA)X = X — \(9). The expression of the vecthO) is given by the equilibrium equation at the
critical point:

Py = PO 1 AN ( PO 4 +p<o>) +O0(AN) =0, YANER (21)

hence we get the expressigh) = — P{0) ' P{”. since we need that the poifg®, \()) is on
the equilibrium path, the only point we know for sure for arygtem is the origin(g(®, \(9) =
(0,0). Now assume that the potential energy is of the form givergimeéion (1). Then we get the
following expressions:

M
PO = = > (Gimi1+ Ries
1=m-+1
M
Py = Zatetet + Z at Z Qg?i)QEOJ)eeT
t>M+1 i,j=m+1
M
. .(0
¢ = 3 iV
i=m-+1
R DI R o
ij=1 hy=m+1
0
Poawd” = Zat[ > QuQuudy eie] +
t>M+1 1,j=1
m+1<k<M
M
> (ool vatol s o) il el @
1,0=m+1

m+1<k<M



We can easily see that our linearized criticality conditiaﬁ) + AX (Pég)q " + Pég)) is also
block diagonal. Actually only the upper left block is reletaf we seek for an approximation of
the critical value\. Introduce the notationKéO) = Pég), K§0> = Pég)q q“ + Pég). Solving the
equation (23) forA\

(Kf;” + AN Kio)) (1.m,1..m) 0
det © © =0 (23)
0 (K + AANK) (m+ 1.M,m + 1..M)
yields de((KgO) + AN K§0>) (1.m,1.m)) = 0 or de((KéO) + AN K§0>) (m + 1.M,m +
1..M)) = 0. Assume thaKgo)(l..m, 1..m) = 0, then the equation d(e(tK(()O) + A K§0>) (m +

1..M,m + 1..M)) = 0 gives an a result, but this result is not an approximatiori\.of'l'here-
fore we introduce the following definition: the 1-st ordeefficient matrixKgo) is degenerated if

K§°>(1..m, 1..m) = 0. When the 1-st order coefficient matrix is degenerated tiapgroximation
can not give accurate numerical approximation of the @itioad parameter. In this case one has
to solve quadratic approximation of the eigenvalue problem

) 1
Paq ) = (Kg°> +ANK" ¢ §AA2 K§°>> b, + O(AN?) =0 (24)
nerekc ) — (Plthad® + i) 4 + P a0 + By

4.1 Application to Example Case

Apply now the previously described numerical scheme to aan®le case presented in the asymp-
totic analysis part, where the potential energy is given by:

1 1 1 1
P(q,A):5a1qf+5a2q§+5a3q§+§a6Q§(q)—AQ3 (25)
Compute the necessary components:
a;t 0 0 0 0
= 0 oyt 0 0 | Ax= 0 A)N  (26)
0 0 | (as+ag)™! -1 —(ag + ag)
(651 0 0
KV=[ 0 a 0 (27)
0 0 | (043 + dﬁ)
a 0 1]0
KY=——_% 1 0]0 (28)
a3+ \Tp 00

Hence de(t(KéO) + AN K§0>) (m+1.M,m+1..M)) = ajaz—AN?a2(az+ag) 2 = 0 Solving
A\ vyields
ag + ag

AN = V102 (29)
Qe

Now apply this scheme to the restricted scheme defined bydtiergial energy expression:

1 1 1
P(q,/\):5061(]%4'5@3(]%4‘5@6@%(‘1)—/\(13 (30)



Compute the necessary components:

d”)=:( o' | 0 ) ( fz )AAA::<——T——£L—7:T—) AN (3D

0 | (a3 —l—dG)_l —(a3 + ag
0
KO - (<] 32
(0) _ __ 0 0]0
K" = s T ag (O|O (33)

We see thaKgo) is degenerated and it is not possible to comphitefrom the linearized buckling
eigenvalue problem.

5 CONCLUSIONS

In this paper we have compared two closely related systesesdban a truss beam model: a non-
restricted system and a restricted one. Asymptotic aregfsiwed us that although the critical load
for the non-restricted system is less than for the resttiotee, the post-buckling path is quite stable.
On the other hand, even if the critical load of the restricdgstem is high, the post-buckling path

is very unstable. This instability grows with the criticalald. In numerical analysis we pointed

out that due to the block diagonal form of the linearized pigdue problem, degeneration of the
first order coefficient leads to wrong estimate of the critioad. In the particular case of our non-

restricted system the first order coefficient is not degdardrand the linearized eigenvalue problem
yields correct estimate of the critical load. However, ia thstricted case, the first order coefficient
degenerates, and we are unable to get any estimate fronméagilied eigenvalue



6 NOTATIONS, DEFINITIONS

F:RN SR, Fp »cRN": (Fy... :=0...0, F  k-th derivative of

F:RV+HD) LR : F(z,\) = & F(z,\) derivative w/r tox
F:RN - R: F:=F(&) value of F atx = &
A e Rm™xm: A(p..q,1..8)i; = Ajj
p<i<q,r<j<s submatrix
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