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ABSTRACT

Determination of critical points along an equilibrium patha structure is a non-linear eigenvalue
problem. If the external load is parametrized by a singleapeater such an eigenvalue problem
consist of solving the critical state variables, the eigedmand the critical load parameter from

the equation system consisting of the equilibrium equatitre criticality condition and some aux-

iliary conditions depending what kind of a critical pointilsquestion. The non-linear eigenvalue

problem can be solved by using the Newton’s method. To olitenJacobian of the augmented

equation system, second order derivatives of the resideeby with respect to the state variables
need to be evaluated. Since correct computation of theakritioints require geometrically exact

kinematics, such derivatives are tedious to obtain. Inghijser, explicit formulas for those second

order derivatives of a 3D geometrically exact beam elemasét on the Reissner’'s model are pre-
sented. Additionally, some alternative iterative schembgh avoid the formation of the second

order derivatives are presented and compared to the fultdlesymethod.

1 INTRODUCTION

An important task in computational structural analysishis tietermination of the critical loads. If
the pre-buckling displacements are small, it is usualljicieht to solve the linearized eigenvalue
problem, where the linearization is performed with resgethe undeformed configuration. How-
ever, in many cases the pre-buckling deflections have ceraditk effect on the buckling behaviour
and cannot be neglected.

One way to compute the critical points is to use a path-fatmwnethod to solve the non-linear
equilibrium equations and as a byproduct detect the changtbility properties along the traced
path. Such an an indirect method is considered e.g. in [1, 2].3Also solving a polynomial
eigenvalue problem at a certain equilibrium state is an alipgapproach, [5, 6].

A direct method to compute the critical point is so conséituthat the equilibrium equations are
augmented with a criticality condition. The criticality mdition has in some sense to state the
vanishing stiffness of the stucture and can be either arisealation [7, 8] or an eigenvalue problem
[10, 9, 11, 13, 20]



The idea of augmenting the equilibrium equations with thigcality condition appears to be due
to Keener and Keller [10], presented as early as in 1973. [dasérs found in literature deal only
with simple critical points, and the extension to multipiubcations, see Keener [14], will not be
considered in this paper.

Direct solution of the critical points along the equilibmiupath requires complete kinematical de-
scription of the underlying mechanical model. In particular dimensionally reduced models, like
beam- and shell models, the description has to be capabknididnlarge rotations. Development
of a geometrically exact model with large rotations is naiadl task [21, 22, 23].

2 DETERMINATION OF CRITICAL POINTS
2.1 Non-linear eigenvalue problem

A critical point along an equilibrium path can be determifigdsolving the non-linear eigenvalue
problem: find the critical value af, A and the corresponding eigenvectosuch that

f(q,A\) = 0
{f’(q,A)qﬁ =0 @

wheref is the vector of unbalanced forces afidienotes the Gateaux derivative (Jacobian matrix)
with respect to the state variablgs Equation (1) is the equilibrium equation, which has to be
satisfied at the critical point, and equationy($)ates the zero stiffness in the direction of the critical
eigenmodep, which is the actual criticality condition. Such a systentamsidered in Refs. [9],
[12], [20]. Abbot [7] considers a different extended systetmere the criticality is identified by
means of the determinant of the tangent stiffness matrie. drawback of this procedure is that the
directional derivative of the determinant is difficult toropute.

The equilibrium equation (1)constitutes the balance of internal foraesind external loadp,
which is usually parametrized by a single variahlehe load parameter, defining the intensity of
the load vector:

f(a,\) =r(a) — Ap.(q). )
If the loads does not dependent on deformations, like in -gegight loading, the reference load
vectorp, is independent of the displacement figld

The system (1) consists @V + 1 unknowns, the displacement vecigr the eigenmode and
the load parameter valueat the critical state. Since the eigenvectas defined uniquely up to a
constant, the normalizing condition can be added to thesy$t):

f(a,A)
g(q,0,)) =< f'(q,\)¢ » =0, (3)
N(¢, )

where the Jacobian matifk = 9f /dq is usually denoted b in structural applications, andl (¢)
defines some normalizing condition to the eigenvector. Hoelian matrix of the extended system

(3) has the form
K 0 -p,
J=|7Z K =z |, (4)

0T nT a

where
Z=1[f'¢p]', z=0(f¢)/oN, n" =0N/d¢p, anda=AINIX. (5)



One problem in using Newton’s method to the system (3) is treputation of the matriZ and
vectorz. Finite difference approximations are usually used [15,814.7, 18, 19, 20].

In order to obtain asymptotically quadratic convergenaettie@ Newton'’s iteration, the Jacobian
should be non-singular at the solution point. For Jacobfaheoform (4) this is true only Therefore
the use of system (3) is efficient for the computation of lipotnts only [12]. However, it has been
used also to compute bifurcation points in Refs. [9].

Wriggers and Simo [20] regularized the system (3) with pgrtairms by appending the constraint
elq=ptoit
fa,\) + v(e?Tq — n)e;
£'(a, \)¢ + (el ¢ — do)e;
) ) )\1 = ¢ = O’ 6
g(q (b :u') e;I‘qs _ ¢0 ( )
efq—p
where~ is the non-negative regularizing penalty parameter@nid a unit vector having the unit
value at position corresponding to the smallest diagonal entry of the fazéatitangent stiffness
matrix.

2.2 Polynomial eigenvalue problem

Assuming an equilibrium statgy, , \.) with a regular tangent matrix, a Taylor expansion of the
non-linear eigenvalue problem (1) with respect to the loahmeter\ has the form

df 1 o d2f
f=f.+ MG+ S(AN? | =0 )
, ar| 1, d2f B
(f FANGT| AN | e Je=0 )

whereA\ = \ — \,.. Expressions for the derivatives dre
df o0foq Of

— =g+ f 10
N dqox Tox rath (10)
d2f /o /e o PN “
ar’ ,
o = a+ i (12)
d2f . .
oz =t faa ot (13)

Evaluating these quantities at the equilibrium stafg \.), gives

(‘1* =4dqy, and q* = g, etc. (14)
and the expressions (10)-(13) result in
df . df’ .
o =i | = a1 (15)
d*f / 11 hY 2 d2f’ 1 " N ol
oz| =Bt fiaa +2fq +1, | = hetiiaq +2f.q +f, (16)

INotice the difference between derivativés/d) andf = 9f /0, i.e. df /dX = £/(dq/ON) + OF /O



wheref, = f(q,, \.) etc. In the expansion of the equilibrium equations (8) athied?f /d\P, p =
1,2,... has to vanish, thus giving the equation to solve the figlds

flq, =—f., flgy=- [f;:ohq1 +2f.q, + f} ... etc. (17)

It is worthwhile to notice that the coefficent matrix to sokyg q... is the same for all cases. In
structural mechanics, the symtslis usually used to denote the stiffness matrix, thus theioestr
in (9) can be written as

df

K. = f., Ky = oy| = fla +1.. (18)
dzf , o
Ko = el T £la, + £ qyqy + 26, q; + .. (19)

and the polynomial eigenvalue problem can be written as

(Kojx + ANK . 4+ 2(AN Ky + ) ¢ =0, (20)

In the classical linear stability analysis the referenegesis the undeformed stress free configura-

tion. Assuming also dead weight loading, fe= 0, the matrices for the linear stability eigenvalue
problem are simply the following:

Koo = £'(0,0) (21)
Kl\o = f”(oa O)Cha (22)

whereKg0q; = p,. Therefore the strains are linear functions of the disple@etsq; and the
geometric stiffness matrik, | is a linear function of the displacemens.

Itis seen from the definition of thK ; , matrix that the “initial stress” state to the linear eigelnea
problem has to be linear with respect to the load paramet@ngdy This is not true if the linear
stability eigenvalue problem is solved from

(Kojx + 5(Kopx — Kojui)) ¢ = 0, (23)

whereK, andK,. are the tangent stiffness matrices from two consecutivéibgum states. It
will be a correct approximation to the linear eigenvaluelppeon only if the load incremem\\ =
e — Awx issmall, i.e Ky, = (AN)7H (Ko — Kojui)-

2.3 Some computational issues

One bottleneck in applying the Newton’s method to the extenslystem (3) or (6) is the need
to compute the matri¥Z or the vectorz which requires evaluation of the second derivatives of
the residual vector with respect to the state variableshdfiteration is started at the undeformed
configuration, i.e. atq = 0, A = 0) theZ matrix is simply the initial stress or geometric stiffness
matrix formed from the linearized stresses evaluated fradisplacement field which is the initial
guess of the eigenvectgr. This can be seen by comparing equations (5) and (22). A neodifi
Newton scheme, where thH& matrix is not updated will completely avoid the evaluatidntioe
second derivative terms. However, the rate of convergeagde slow. The vectar is simply the
load stiffness matrix multiplied with the eigenmode appnation.



If direct solvers for the solution of the linearized systesrused, a block elimination scheme is a
feasible choise. Denoting the extended system (3) as

f(q,\) =0
N(¢,A) =0,

the Newton step can be written as
Kéq — p,or = —f

Ziq+ Ké¢p +zoA = —h (25)
n"5¢ + ad\ = —N.

Partitioning the iterative stepgy andd¢ as

0q=4q; +qy,oA, ¢ =, + ¢.0) (26)
where the vectorg, q,,, ¢, and¢, can be solved from equations
qu = _fa qu = Pr» K¢h =-h- qua K¢z =~z qu (27)

The iterative change in the load parameter can be solved tlhemormalizing condition resulting
in
N +n"g,

A= e,

(28)

3 GEOMETRICALLY EXACT BEAM MODEL
3.1 Description of rotation

A rotation motion can be represented by rotation operaoferming a special noncommutative
Lie-group of the proper orthogonal linear transformatiamkich is defined as

SOB3):={R:E*-E’|R"R=1, detR=+1}, (29)

whereE? denotes the 3-dimensional Euclidean vector space. Thiéawtansor can be represented
minimally by three parameters, which parametrize rotatésrsor only locally. It is well known that

there exist no a single three-parametric global presemtatf rotation tensor because the rotation
group is a compact group. The rotation operd®can be written in terms of the rotation vector
that is defined by := ¢n, n € E3 ¢ € R,. This yields the expression of the rotation operator

Ri= Lo 00 L0 o), v = ], (30)

where the skew-symmetric rotation tensbr is defined formally® := ¥ x. Compound rotation
can be defined by two different, nevertheless, equivaleyswéhe material description, and the
spatial description. The material description of a compmbiatation is defined as

RR = Rexp(@) R R e SO(3), (31)

1mnc

whereR™2! is an incremental material rotation operator, #&ds an incremental material rotation
vector with respect to the base polRt € SO(3). This description is called material, since the



incremental rotation operator acts on a material vectacaspBifferentiating the material expression
of the compound rotatioR exp(n ®) with respect to the parametgiand setting; = 0, yields the
material tangent space at the base p&nt SO(3), defined as

matTRSO(3) == {Ogr = (R, O) | forany O € s0(3)}, (32)

where the skew-symmetric tensdr € mat TRSO(3) is an element of the material tangent space.
The notation R, (:)), the pair of the rotation operat@t and the skew-symmetric tenséx, repre-
sents the material skew-symmetric tensor at the base PoiatSO(3). Considering the material
form of a compound rotation (31), with the aid gfparametrized exponential mappings

exp(¥ + 16¥) = exp(O) exp(n OR) (33)

where we are finding an incremental rotation tensor, theuairtotation tens@n¥, such that it
belongs to the same tangent space as the rotation tdnsiog. such thaﬁ\il, U e mat T150(3)
with the identity as a base point omitted for simplicity. akthe derivative of (33) with respect to
the parameter atn = 0 gives

JOr =T 00 (34)
sin 1—cosy = Y —siny = ~
T = I- v e v 35
" )2 + 3 ® (35)
¢ =¥, R=exp(¥), lim T(¥)=1 (36)
W_o

where the material tangential transformati®n= T(¥) is a linear mapping between the virtual
material tangent spaces.:7150(3) — matTrSO(3). The virtual incremental rotation vector
0®gr and the virtual total rotation vecté® belong to different vector spaces on the manifold, since
the tangential transformatidh is equal to the identity only aP = 0. Note that the transformation
T has an effect on the base points, changing the base poitd R. For convenience, a material
vector space on the rotation manifold at any pdis defined as

wat T = {@R € B3 }éR e matTRSO(3)} 37)

where an element of the material vector spac®igs € ....Tr, Which is an affine space with the
rotation vector® as a base point and the incremental rotation ve€as a tangent vector, then
T : nat1t — wmatIr. Definition (37) gives a practical notation for sorting rida vectors in
different tangent spaces.

3.2 Virtual work expression for the Reissner’s beam model

In the material representation, the internal virtual waxkression for the Reissner’s beam model is
5Wint = / (6F -N + 6KR . MR) dS, (38)
L

where the material curvature tensor is defineddy := RTR/, and the prime denotes derivative
with respect to the coordinatealong the beam’s axis. The material internal force veand the
material internal moment vectdvir are related to the material strain and curvature vectors by a
linear constitutive law

N = CxI', Mg = CyKRg. (39)



The work conjugate of the material veciris the variation of the material strain vectr defined
by the formula and its variation:
I . =R'x. —E;, ¢I'=R"6x. - IOR"X... (40)

In the total Lagrangian formulation, the virtual work exgse@n has to be written in terms of the
total material rotation vecto® and its virtual counterpad®¥. The virtual work of the internal
forces (38) has the form

Wing = / (6x'. - RN) ds+/(§\Il (=TTR™/ N + CT(¥', ) MRg) + 6% - TTMRg) ds,
L L

(41)
where the tenso€; is given in the Appendix. The internal virtual work can betéenn compactly
as

Wi = / 56 B Fypy ds, (42)
L

wheredq := (6x'¢,d¥’,§W). The generalized internal force fieltl,,, and the kinematic tens®@
are
N RT O RT%.T
Fin = y B = ¢ . 43
' (MR) (0 T cl<\1ﬂ,\1'>) 43)

Moreover, the fieldF;,; can be given in the term of the material strain and curvatergors with
the aid of the constitutive relations (39). Linearizing théernal work formdWi,; at the point
af = (aF, ®l) in the vector directiomg™ = (Ax'}, A®'" A®T) will result in the equation

Lin (6VVint (q7 561)) = 6VVint (qO; 561) + Dq6Wext (qu 661) : AfL (44)

where the linear formDgdWiy, - Ag can be written using the material stiffness tenkgy... and
the geometric stiffness tenskr, as

Dq&Wint . Aq = / (Kmat =+ KU) : (6q [ AQ) ds, Kpat:= BECNl\,{[BO, (45)

L
(o) () —RNT
K, = o . (0] Co(Mg,%o) |, where
TTNR  CI (Mg, ¥o) K, 33
K33 = C3(Mg, ¥'o, o) + Co(NR ' x'c, ¥o) + T'NRTx,T. (46)

The material stiffness tensdf,,,; arises from the linearization of the vectbt,; with the aid
of kinematic relation, and the geometric stiffness terlgr arises from the linearization of the
kinematic operatoB. The tensorgC, andCj3 are given in the Appendix. Note that the material
stiffness tensoK . is symmetric due to the symmetry of the elasticity tenSgn,. In addition,
the geometric stiffnesK,, is also a symmetric tensor. This symmetry of the stiffneasaeis due
to the local parametrization of the rotation operator.

The Z-matrix, needed in the Jacobian (4) of the extended systeoa(Bbe divided as
Z= Zmat + Z07 (47)

where the matrices can be defined as

/zmt ds ::/Dqua@ds:/DqBTCB&ds, /Z(,ds ::/DqK(,q%ds. (48)
L L L L L
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Figure 1: Von Mises truss.

. . . A~ L . ~T
Partitioning the eigenvectap similarly as the displacement vectgr ¢ := [¢>1T,¢;r, qs;f] ~

q' =[x}, o7 w7, the matrice& .. andZ, have expressions

Zmar = Ko (CxuBo) +
~Tp,R" o RT¢, T + RTx'.Ci (¢35, ¥) — Th;RTx'.T

T
- B CNM o T(¢37 ‘IJ) Cl(¢27 \I’) + CS(¢37 \I’lv \I’) ’ (49)
and .
o (o) RNT¢,T — RNC (¢, P)
Z, = (o) o) Cr(¢y, M, ) +ZnM,  (50)
TT(¢y, B)NR'  Co(¢p5, M, ¥) Zoss
where

Zoss = T'NRT ¢, T+C1(NRT ¢, , W)+ Cs(M, ¢y, ¥)+Cio (s, M, ¥, ) +T7T (b, ¥)NRTx/ T+
+ Cr(¢5, NR X', ¥) + Co(NRTX/ Ty, ¥) — T'"NTh,RTx' T + T NRTx'.C1 (¢5, ¥)

(51)
and -
RTo, o)
Znv = (0] TT (s, ©) CrxuB, (52)
VASIYES! TT(¢27 ‘IJ) + C?('ﬁ& \I’lv ‘IJ)
where
Znuzs = —TTRTg, — TT (s, ¥)RTx/. — T skew(RTx'Tehs). (53)

4 NUMERICAL EXAMPLE

To demonstrate the behaviour of different scemes, a tworbss tvon Mises truss, is analysed, see
fig. 1. Length and the initial angle of the bars at the inittaks arel anda, respectively, the axial
stiffness equals t& A, and the bars are assumed to be absolutely rigid in bending.

Using the Green-Lagrange definition for the strain and agsgitmear relation between the axial
force and the strainy; = F Ae;, the equilibrium equations take the form

_f A =2R0 + ¢ - 2sq1q2 + g3 -0
Ha) = { fo=—sqi +qtq> +25%qs — 3s¢3 +q3 — 2\ =0~ (54)



iterations iterations

50 T | K | 50 T | | |
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Figure 2: Number of iterations needed for convergence ofttree iteration schemes with different
intial values of the eigenvectos = 30° limit point (1.h.s.) andx = 70° bifurcation.

where\ = P/E A and the non-dimensional state variables@re- v/L, ¢> = v/L ands = sin «
andc = cosa. If the anglex is less thamrctan /2 ~ 54.75°, the equilibrium path has a limit
point at the load valug., = $v/3sin® o

The effect of the initial value for the eigenvector on the wangence is shown in fig. 2. Simple
vector norm conditionN. = ||¢|| — 1 = 0 is used in the extended system (3). The angle between
the initial eigenvector approximation and the convergapeervector is denoted by. It should

be noted that in the chord Newton the stiffness matrix hasteualuated at every iteration step
due to the criticality condition. The strategy with const@mamatrix do not work properly for the
bifurcation point ¢ = 70°, in fig. 2).

APPENDIX

The tensor<C;, i = 1,2, 3 are defined by directional derivatives

Ci(V,¥)-A¥ :=Dg(T V) AP, (55)
Co(V,¥) - A¥ =Dy (TT- V) A¥, (56)
Cs3(V, ¥, W) - AV :=Dg (C](¥,¥)- V) - A¥, VVeE? (57)

and have the following explicit expressions
C1(V7\I’) =caV W -—-c
C(V,¥) =1V @ ¥+
Cs(V, ¥, 0) = (c1 (B V) + (T - V) 4 e3(T - TV - \p)) I+ e(P @ Ve )+

S

IV) @ O+ c3(T- V)& @ 8 —caV 465 (P-V) I+ TRQV),
IV)@ T +c3(T- V)8 @ U+ eV +es(T-V)IFTRV),

+es(T - W) (T V)

DV (@ V) (e VW) + (T - W)V - xy)) (T ® ¥)+
+



Where® denotes the symmetric tensor prod(mt@ b) := (a®b)+ (b®a), Va,bec E3.

The coefﬂmentscZ and their derivatives are given by

= (Ycosth —sinah)h 3, co := (Ysinth + 2costp — 2)yp 4

= (3sin® — 20 — Peos ), e 1= (costp — 12,
¢5 = (¢ — sin )y,

¢ = (3sinep — ¢?siny) — 3¢ cos )2,
ch = (* cosp — 5epsinth — 8 costh + 8)1h 5,
¢y = (Tp cosah + 8 + 1h? sinyp — 15sineh)p~F,

= (=3 costp + 5p? sinep + 129 cosyp — 12sineh)p >,
cy = — (¢ sinh 4 81h? cos 1 — 28¢sin b — 40 cosyp + 40)p~°,
cy = (1 cos b — 113h? sinh — 501) cos th — 40ep + 90sin))eh 7.
The limit processes for the tensdts give
dm C,(V, ) = 3V,

1V,  lim Cy(V,¥)=—
2 ‘I’HO 2( )

Jim Cy(V, ¥, ) = -

(T -V)I+ (¥ ®V)
—0 S

1
3
The time derivative of the transformatidnis

T(P, ) =

1 (\I:wi:)l—cz(\l:.\i:)\iur%(\I:-\i:)\ll@\lurcj\ll +c5(\i/®\11+\11®\i:),

where the coefficients are given in (58). The limit value & tensofT is
‘II}E}OT(‘P,\I/) = -1
The tensor<C;,i = 7,..., 10 are defined by directional derivatives
C;(W,V,¥)- AV := Dy, (C2(V,¥) - W) - AW,
Cs(W,V,¥)- AW := Dy, (C1(V,¥) - W) - AP,
Co(X, W, W) - AV :=Dvy (C5(W,V,¥)-X) AV,
Cio(X,W,V,¥). AV := Dy, (C3(W,V,¥).X) - AP,
w (C3(W,V, ¥) - X) = CT (X, V, D),
Dy (CL(V,¥) - W) = T(W, ),
Dy (Cy(V,®)-W) =TT (W,¥), VV,W, X e E

and have the following explicit expressions

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)
(66)
(67)
(68)
(69)
(70)
(71)

Cr(W,V,¥) =c; VAW — (¥ - W)V + cQ\ilV®W+03(‘II WP @V 4 c3(F - V)T @ W+

-I-(03(\I’~W)(\Il~V)+65(W~V))I+COW®V+w(\Il W)V®\Il+w(\11 W)TV @ U+

+ (%(\p.v)(\p.w)+c:;(w.v)) TOU-VW @ Utes(¥- V)W ¥

(72)



Cs(W,V,¥) :c1V®W+c2(‘If~W)‘7—Cz‘f’V‘X>VV+C3(‘I’'W)‘I’®V+C3(‘I’'V)‘I”X’WJr

+ (cs(¥ - W) (T - V) +c5(W- V) I+ WV + w(‘IJ W)V®‘P—;(‘I’ WPV @ U+

+ (0_1: (T - V)(T - W) + c3(W - V)) U QU+ VW @ Uhc3(P - V)W @ ¥ (73)
Co(X, W, ¥) =X O W + ¥ @ BW + X @ W + (CS(X~W) + %(‘I"X)(‘I"W)> ¥ o ¥t
+c3(\IJ~W)X®\II+ cs(\I:-W)‘P®X+C5W®X+(65(W~X)+C3(‘1"X)(‘I"W))I+

+ E(\I: X)W @ W + w(\p X)T @ BW + (- X)W + c3(¥ - X)W @ ¥ (74)

Cio(X,V, ¥, W) = (C2(\7xp' X)) 4 es(T W) (V-X) +es(T - V(T - V)) I+

%(c’g (V@) (T - )+c§,(\Il’-\P)(V~X)+c’2(\7\IJ’-X))\IJ®\IJ+
1

(c; (' V) + (W - V) + ¢4 (T - T (V- q/)) (T - X)(I— %\1’ ® )+ XV

()
+ <03(V -X) + %(\IJ S X)(V - \Il)> TP 4+ c3(V-I)XQP 4c3(¥ - PN)XQV 4+ c3(X - ¥)VR P+
S S S S

(c'l (O - V) + ch(® - V') + (T - xp')(v.xp)) ToX+
+ <03(\Il' - X) + %(\If S X)(® - \Il’)) \P(?V%cé(x : \11)\11(55\7\1/’ (75)

Ci(X,V,¥) =1 VR X —c2(XV) @ ¥ — (V) ®X+< 3(X - V) + %(\IJ X)(\IJ~V))\I/ ® ¥+

+a(P- VXU + (T V)P QX +(c5(X-V)+a(P-X)(P-V)I+csX®V+

+ %(\I!-X)V ®Ww— %(Q-X)(@V) W+ co(¥-X)V +¢3(0-X)TQV (76)
The limit processes for the tensdis, i = 7, ..., 10 give
‘Illi§1007(W,V,\Il):—%V®W+%(W®V+(W-V)I) (77)
‘Il}ilocg(w,v,q/):—§V®W+%(W®V+(W-V)1), (78)
‘Il}ilocg(x,w,xy) =-1XaV+i(X - V)I+VeX) (79)
‘%}TOCN(X,V, T 0) = - L (VI X)I - Tgx%u\"fqﬂ (80)
‘:Bilocl(x,v,q/) =—IVeX+1i(X-VI+XaV) (81)
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