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SUMMARY

In this paper explicit formulas for second order derivatives of the residual vector with respect to
the state variables for a geometrically exact 3-D beam element based on the Reissner’s model are
presented. These derivatives are required when a direct non-linear stability eigenvalue problem is
solved by the Newton’s method. If the external load is parametrized by a single parameter such an
eigenvalue problem consist of solving the critical state variables, the eigenmode and the critical load
parameter from the equation system consisting of the equilibrium equations, the criticality condition
and some auxiliary conditions depending on the type of a critical point.
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1. INTRODUCTION

An essential task in computational structural analysis is the determination of the critical
loads. If the pre-buckling displacements are small, it is usually sufficient to solve the linearized
eigenvalue problem, where the linearization is performed with respect to the undeformed
configuration. However, in many cases the pre-buckling deflections have considerable effect on
the buckling behaviour and cannot be neglected. Using higher order polynomial eigenvalue
formulations, which take the finite pre-buckling deflections into account, is an appealing
approach [1, 2, 3, 4, 5]. However, such approaches have not been widely used.

One way to compute the critical points is to use a path-following method to solve the non-
linear equilibrium equations and as a byproduct detect the change in stability properties along
the traced path. Such an an indirect method is considered e.g. in [6, 7, 8, 9].
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A direct method to compute the critical point is so constituted that the equilibrium equations
are augmented with a criticality condition. The criticality condition has in some sense to state
the vanishing stiffness of the stucture and can be either a scalar equation [10, 11, 12] or an
eigenvalue problem [13, 14, 15, 16, 17, 18, 19]. Extension of the direct approach to compute
secondary bifurcations is due to Wu [20].

The idea of augmenting the equilibrium equations with the criticality condition appears to
be due to Keener and Keller [13], presented as early as in 1973. Most papers found in literature
deal only with simple critical points, and the extension to multiple bifurcations, see Keener
[21], will not be considered in this paper.

Direct solution of the non-linear stability eigenvalue problem should not be considered as a
distinctive alternative to the indirect method. Success of the direct procedure depends heavily
on the nearness of the critical point to the initial state.

During the last decades considerable interest towards the development of the geometrically
exact formulation for spatial beams, which is not a trivial task, has been payed by several
researchers [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. Geometrically exact model is
mandatory for the direct solution of the critical points along the equilibrium path, since it
requires complete kinematic description of the underlying mechanical model. In particular, for
dimensionally reduced models, like beam- and shell models, the description has to be capable
to handle large rotations.

The beam model is called geometrically exact if no other kinematic simplifications during
derivation are applied than the basic kinematic hypothesis, like the Timoshenko-Reissner beam
hypothesis. In the Timoshenko-Reissner beam hypothesis, transversal shears are allowed, such
that a cross-section remains in-plane and one’s shape in a deformed state, but the normal of a
cross-section is not necessarily parallel with the tangent of the central line. The rotation of the
cross-section plane is described by the total rotation vector. Well-known singularity problems
are passed by the complement rotation vector that is another parametrization of rotation
manifold. The tangential transformation operator of rotation and its derivatives are needed
for non-linear analysis of beam models that are well known. However, the direct solution of the
critical points for a geometrically exact Reissner’s beam model requires some new derivatives
of the tangential transformation operator which are given explicitly in this paper.

In this paper procedures for direct computation of critical equilibrium states for spatial beam
structures are described. Linearization of the extended system requires second order derivatives
of the residual vector with respect to the state variables. For models with rotational degrees
of freedom, to the authors knowledge, these derivatives has not been presented before. In
this paper the second order derivatives are applied for the geometrically exact Reissner’s beam
model in deriving the Jacobian matrix of the extended system. However, it should be mentioned
that these derivatives are applicable also to other models involving rotational state variables,
like shells and polar continuum models. Another novelty is the introduction of a constraint
equation which quarantees convergence to a critical point with positive load parameter value.

The outline of the paper is the following. In the next section a brief summary of the
procedures for the non-linear eigenvalue problem is given. Both the direct solution and and
polynomial approximations are presented. In the third section the geometrically exact beam
model is described and the extra matrices required in the non-linear eigenvalue solution
procedure are presented. In the section 4 some numerical examples are shown.
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2. DETERMINATION OF CRITICAL POINTS

2.1. Non-linear eigenvalue problem

A critical point along an equilibrium path can be determined by solving the non-linear
eigenvalue problem: find the critical value of the N -dimensional displacement vector q, the
load parameter λ and the corresponding eigenvector φ such that

{

f(q, λ) = 0

f ′(q, λ)φ = 0
(1)

where f is the vector of unbalanced forces and f ′ denotes the Gateaux derivative (Jacobian
matrix) with respect to the state variables q. Equation (1)1 is the equilibrium equation, which
has to be satisfied at the critical point, and equation (1)2 states the zero stiffness in the
direction of the critical eigenmode φ, which is the actual criticality condition. Such a system
is considered in Refs. [14, 33, 17]. Abbot [10] considers a different extended system where
the criticality is identified by means of the determinant of the tangent stiffness matrix. The
drawback of this procedure is that the directional derivative of the determinant is difficult to
compute. A more recent application of this strategy is due to Planinc and Saje [11]. Battini et
al. [12] used the lowest eigenvalue as a criticality indicator and the eigenvalue and eigenmode
is updated in a staggered fashion together with the equilibrium equations.

The equilibrium equation (1)1 constitutes the balance of internal forces r and external loads
p, which is usually parametrized by a single variable λ, the load parameter, defining the
intensity of the load vector:

f(q, λ) := r(q) − λpr(q). (2)

If the loads does not dependent on deformations, like in dead-weight loading, the reference
load vector pr is independent of the displacement field q.

The system (1) consists of 2N + 1 unknowns, the displacement vector q, the eigenmode φ

and the load parameter value λ at the critical state. Since the eigenvector φ is defined uniquely
up to a constant, the normalizing condition can be added to the system (1):

g(q,φ, λ) =







f(q, λ)
f ′(q, λ)φ
c(φ, λ)







= 0, (3)

where the Jacobian matrix f ′ = ∂f/∂q is usually denoted by K in structural applications,
and c(φ) defines some normalizing condition to the eigenvector. The Jacobian matrix of the
extended system (3) has the form

J =





K 0 −pr

Z K n

0T cT
φ cλ



 , (4)

where
Z =

[

f ′φ
]′
, n = ∂(f ′φ)/∂λ, cT

φ = ∂c/∂φ, and cλ = ∂c/∂λ. (5)

One problem in using Newton’s method to the system (3) is the computation of the
matrix Z and the vector n. Finite difference approximations are usually used in the literature
[34, 35, 12, 36, 37, 38, 17].
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To quarantee asymptotically quadratic convergence for the Newton’s iteration, the Jacobian
should be non-singular at the solution point. For Jacobian of the form (4) this is true only
for limit points, and the use of system (3) is not necessarily efficient for the computation of
bifurcation points [33]. However, it has been used also to compute bifurcation points in Refs.
[14, 16]. Also the results in this paper show that the iterations can stay in the quadratic
convergence cone in the case of a bifurcation point.

To guarantee the regularity of the Jacobian of the extended system (3), Wriggers and Simo
[17] regularized it with penalty terms by appending the constraint eT

i q = µ to it

g(q, φ, λ, µ) =















f(q, λ) + γ(eT
i q − µ)ei

f ′(q, λ)φ + γ(eT
i φ − φ0)ei

eT
i φ − φ0

eT
i q − µ















= 0, (6)

where γ is a non-negative regularizing penalty parameter and ei is a unit vector having the
unit value at position i corresponding to the smallest diagonal entry of the factorized tangent
stiffness matrix. If the Jacobian of the system (6) is consistently computed, and the initial
guess belongs to the domain of attaction, then the Newton’s method is quaranteed to converge
with asymptotically quadratic rate [39, 40, 41]. However, numerical computations in many
cases seem to show asymptotically quadratic convergence when using the system (3) also for
bifurcation points, see e.g. Table I.

The direct procedure can be used as a suplement of a linear stability eigenvalue computation.
It can be started from the undeformed initial state or from a path-following algorithm from
an arbitrary state. In this case some indication of a forthcoming critical point can be obtained
by monitoring the lowest eigenvalue or the determinant of the stiffness matrix.

An alternative approach is given by Cardona and Huespe [18, Eq. (29)], augmenting the
bifurcation condition

pT
r φ = 0 (7)

into the extended system (3). Distinction between a limit and a bifurcation point has to be
done during the iteration.

2.2. Polynomial eigenvalue problem

In this section consistent polynomial eigenvalue problem is formulated. Primary motivation
is to show the connection to the full non-linear eigenvalue problem and to the asymptotic
analysis [42].

Assuming an arbitrary equilibrium state (q∗, λ∗) with a regular tangent matrix, a Taylor
expansion of the non-linear eigenvalue problem (1) with respect to the load parameter λ has
the form

q = q∗ + ∆λq1 + 1

2
(∆λ)2q2 + · · · , (8)

f = f∗ + ∆λ
df

dλ

∣

∣

∣

∣

∗

+
1

2
(∆λ)2

d2f

dλ2

∣

∣

∣

∣

∗

+ · · · = 0 (9)

(

f ′∗ + ∆λ
df ′

dλ

∣

∣

∣

∣

∗

+
1

2
(∆λ)2

d2f ′

dλ2

∣

∣

∣

∣

∗

+ · · ·
)

φ = 0 (10)
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where ∆λ = λ− λ∗. Expressions for the derivatives are ‡

df

dλ
=
∂f

∂q

∂q

∂λ
+
∂f

∂λ
= f ′q̇ + ḟ , (11)

d2f

dλ2
= f ′q̈ + f ′′q̇q̇ + 2ḟ

′
q̇ + f̈ , (12)

df ′

dλ
= f ′′q̇ + ḟ

′
, (13)

d2f
′

dλ2
= f ′′q̈ + f ′′′q̇q̇ + 2ḟ

′′
q̇ + f̈

′
. (14)

Evaluating these quantities at the equilibrium state (q∗, λ∗), gives

q̇∗ = q1, and q̈∗ = q2, etc.. (15)

and the expressions (11)-(14) result in

df

dλ

∣

∣

∣

∣

∗

= f ′∗q1 + ḟ∗, (16)

df ′

dλ

∣

∣

∣

∣

∗

= f ′′∗q1 + ḟ
′

∗, (17)

d2f

dλ2

∣

∣

∣

∣

∗

= f ′∗q2 + f ′′∗q1q1 + 2ḟ
′

∗q1 + f̈∗, (18)

d2f ′

dλ2

∣

∣

∣

∣

∗

= f ′′∗q2 + f ′′′∗ q1q1 + 2ḟ
′′

∗q1 + f̈
′

∗, (19)

where f∗ = f(q∗, λ∗) etc. In the expansion of the equilibrium equations (9) all terms
dpf/dλp, p = 1, 2, . . . has to vanish, thus giving the equation to solve the fields qi

f ′∗q1 = −ḟ∗, (20)

f ′∗q2 = −
[

f ′′∗q1q1 + 2ḟ
′

∗q1 + f̈∗

]

, . . . etc. (21)

It is worthwhile to notice that the coefficent matrix to solve q1,q2... is the same for all the cases
(20), (21) etc. In structural mechanics, the symbol K is usually used to denote the stiffness
matrix, thus the matrices in (10) can be written as

K0|∗ = f ′∗, (22)

K1|∗ =
df

dλ

∣

∣

∣

∣

∗

= f ′′∗q1 + ḟ
′

∗, (23)

K2|∗ =
d2f

dλ2

∣

∣

∣

∣

∗

= f ′′∗q2 + f ′′′∗ q1q1 + 2ḟ
′′

∗q1 + f̈
′

∗, (24)

and the polynomial eigenvalue problem can be written as
(

K0|∗ + ∆λK1|∗ + 1

2
(∆λ)2K2|∗ + · · ·

)

φ = 0, (25)

‡Notice the difference between derivatives df/dλ and ḟ = ∂f/∂λ, i.e. df/dλ = f ′(∂q/∂λ) + ∂f/∂λ.
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In the classical linear stability analysis the reference state is the undeformed stress free

configuration. Assuming also dead weight loading, i.e. ḟ
′ ≡ 0, the matrices for the linear

stability eigenvalue problem are simply the following:

K0|0 = f ′(0, 0) (26)

K1|0 = f ′′(0, 0)q1, (27)

where K0|0q1 = pr. Therefore the strains are linear functions of the displacements q1 and the
geometric stiffness matrix K1|0 is a linear function of the displacements q1.

It is seen from the definition of the K1|0 matrix that the “initial stress” state to the linear
eigenvalue problem has to be linear with respect to the load parameter change. This is not
true if the linear stability eigenvalue problem is solved from

(

K0|∗ + s(K0|∗ − K0|∗∗)
)

φ = 0, (28)

where K0|∗ and K0|∗∗ are the tangent stiffness matrices from two consecutive equilibrium
states. It will be a correct approximation to the consistently linearized eigenvalue problem
only if the load increment ∆λ = λ∗ − λ∗∗ is small, i.e. K1|∗ ≈ (∆λ)−1(K0|∗ − K0|∗∗).

2.3. Some computational issues

One bottleneck in applying the Newton’s method to the extended system (3) or (6) is the need
to compute the matrix Z or the vector n which requires evaluation of the second derivatives
of the residual vector with respect to the state variables. If the iteration is started at the
undeformed configuration, i.e. at (q = 0, λ = 0) the Z matrix is simply the initial stress or
geometric stiffness matrix formed from the linearized stresses evaluated from a displacement
field which is the initial guess of the eigenvector φ. This can be seen by comparing equations
(5) and (27). A modified Newton scheme, where the Z matrix is not updated will completely
avoid the evaluation of the second derivative terms. However, numerical experiments show
that the rate of convergence can be extremely slow. The vector n is simply the load stiffness
matrix multiplied with the eigenmode approximation.

If direct solvers for the solution of the linearized system is used, a block elimination scheme
is a feasible choise. Denoting a general extended system (3) or (6) as











f̂ (q, λ) := f(q,λ) + f0(q,λ) = 0

h(q,φ, λ) := f ′(q,λ)φ + h0(q,λ) = 0

c(q,φ, λ) = 0,

(29)

where λ is a vector of control and auxiliary parameters and c is a vector of constraint equations,
dimension of these vectors is p ≥ 1. The additional stabilizing functions f0 and h0 are chosen
such that f0 = h0 = 0 at the solution point. The Newton linearization step can be written as





Kf 0 P

Z Kh N

Cq Cφ Cλ











δq
δφ
δλ







= −







f̂

h

c







, (30)

where

Kf = K + f ′0, Kh = K +
∂h0

∂φ
, P =

∂ f̂

∂λ
and N =

∂h

∂λ
(31)
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Partitioning the iterative steps δq and δφ as

δq = qf + Qpδλ, δφ = φh + Φnδλ, (32)

where the vectors qf ,φh and the n× p matrices Qp,Φg can be solved from equations

Kfqf = −f̂ , (33)

KfQp = −P, (34)

Khφh = −h− Zqf , (35)

KhΦn = −N− ZQp. (36)

The iterative change of the control parameters can be solved from the constraint conditions
resulting in

δλ = −(Cλ + CqQp + CφΦn)−1(c + Cqqf + Cφφh). (37)

The specific choice in (6) yields Kh = Kf , which is computationally very attractive if a
direct linear solver is used. However, if the matrices Kh and Kf do not differ too much,
preconditioned iterative linear solvers can be used effectively. Solution of the augmented
system (30) by the block elimination method requires factorization of one matrix of order
n, reductions and backsubstitutions of 2(1 + p) r.h.s.-vectors. An alternative scheme suitable
for the use of iterative linear solvers is decribed in [43], which operates directly with (29), but
the preconditioner is set up in a block form and the incomplete factorization (or some other
preconditioner) need to be computed only for the standard stiffness matrix.

The direct algorithm for the critical point search is based on the Newton’s method which
is locally convergent. According to the Kantorovich theorem [39, 40] the Newton sequence,
starting at the initial point x0 converges to a unique solution if the following conditions
are met: (i) g is continuously differentiable in a ball B(x0, r), r > 0, (ii) the Jacobian
matrix g′ is nonsingular at x0 and ‖g′(x0)

−1‖ ≤ β, (iii) the Jacobian matrix is Lipschitz
continuous in B(x0, r) with a Lipschitz constant γ, (iv) the first Newton step is sufficiently
small, ‖g′(x0)

−1g(x0)‖ ≤ η. Then, if h0 = βγη < 1

2
, the solution is in B(x0, r1), where

r1 = min(r, r0), and r0 ≡ (1−
√

1 − 2h0)/βγ. The initial step can be made small, however, the
crucial point is the Lipshitz constant γ, which can be large and the method does not converge.

On the other hand the indirect method is globally convergent, and combining the direct
critical point search algorithm with a continuation algorithm could improve its usefulness.

Comparison of computational costs between the direct and indirect methods depend largely
on the problem at hand. In general, it could be of same order, if the incrementation in the
indirect method is done in a reasonable way. The indirect procedure is not designed for very
accurate determination of the critical load, in contrast to the direct method.

The direct critical point search algorithm converges usually to the closest critical point along
the equilibrium path. However, if the prediction step is large, convergence to a second critical
point could occur. To avoid wrong decisions, it is advisable to monitore the sign of the lowest
eigenvalue estimate of the stiffness matrix during the iterates. Computation of the inertia of
the stiffness matrix at the critical point will make sure if convergence to a correct critical point
has been obtained. This can be done easily if a direct linear solver is used.
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2.4. On the constraint equations

In this study the following constraint forms have been compared

c(φ, λ) := ‖φ‖2 − 1 = 0, (38)

c(φ, λ) := λ‖φ‖2 − 1 = 0, (39)

c(φ, λ) := eT
i φ − 1 = 0, (40)

c(φ, λ) := λ(eT
i φ)2 − 1 = 0. (41)

The constraint type (40) is used by Wriggers and Simo [17], see eq. (6), where it has now
been chosen φ0 = 1. Constraints (39) and (41) guarantees that the iteration will converge to
a solution with a positive critical value of the load parameter λ.

A proper scaling of the constraint equation is also important. Especially for the constraint
equation (39) the best numerical performance is obtained when the initial scaling of the
eigenvector approximation is of order ‖φ‖ ∼ λ−1

cr .

3. GEOMETRICALLY EXACT BEAM MODEL

In this section a brief summary to the derivation of a geometrically exact Reissner’s beam
model based on total Lagrangian approach is given mainly to facilitate understanding the
derivation of the Z matrix. For detailed exposition the reader is referred to [30].

3.1. Description of rotation

A rotation motion can be represented by rotation operators R forming a special
noncommutative Lie-group of the proper orthogonal linear transformations, which is defined
as

SO(3) :=
{

R : E
3 → E

3
∣

∣RTR = I, detR = +1
}

, (42)

where E
3 denotes the 3-dimensional Euclidean vector space. The rotation tensor can be

represented minimally by three parameters, which parametrize rotation tensor only locally.
It is well known that there exist no a single three-parametric global presentation of rotation
tensor because the rotation group is a compact group. The rotation operator R can be written
in terms of the rotation vector that is defined by Ψ := ψn, n ∈ E

3, ψ ∈ R+. This yields the
expression of the rotation operator

R := I +
sinψ

ψ
Ψ̃ +

1 − cosψ

ψ2
Ψ̃

2
= exp(Ψ̃), ψ = ‖Ψ‖ , (43)

where the skew-symmetric rotation tensor Ψ̃, is defined formally Ψ̃ := Ψ×. Compound
rotation can be defined by two different, nevertheless, equivalent ways: the material description,
and the spatial description. The material description of a compound rotation is defined as

RRmat
inc = R exp(Θ̃) Rmat

inc ,R ∈ SO(3), (44)

where Rmat
inc is an incremental material rotation operator, and Θ is an incremental material

rotation vector with respect to the base point R ∈ SO(3). This description is called material,
since the incremental rotation operator acts on a material vector space. Differentiating the
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DIRECT COMPUTATION OF CRITICAL EQUILIBRIUM STATES 9

material expression of the compound rotation R exp(η Θ̃) with respect to the parameter η and
setting η = 0, yields the material tangent space at the base point R ∈ SO(3), defined as

matTRSO(3) := {Θ̃R := (R, Θ̃) | for any Θ̃ ∈ so(3)}, (45)

where the skew-symmetric tensor Θ̃R ∈ matTRSO(3) is an element of the material tangent
space and so(3) denotes the Lie algebra. The notation (R, Θ̃), the pair of the rotation operator
R and the skew-symmetric tensor Θ̃, represents the material skew-symmetric tensor at the
base point R ∈ SO(3). Considering the material form of a compound rotation (44), with the
aid of η-parametrized exponential mappings

exp(Ψ̃ + η δΨ̃) = exp(Θ̃) exp(η δΘ̃R) (46)

where we are finding an incremental rotation tensor, the virtual rotation tensor δΨ̃, such that it
belongs to the same tangent space as the rotation tensor Ψ̃, i.e. such that δΨ̃, Ψ̃ ∈ matTISO(3)
with the identity as a base point omitted for simplicity. Taking the derivative of (46) with
respect to the parameter η at η = 0 gives

δ Θ̃R = T · δ Θ̃ (47)

T :=
sinψ

ψ
I− 1 − cosψ

ψ2
Ψ̃ +

ψ − sinψ

ψ3
Ψ ⊗ Ψ (48)

ψ := ‖Ψ‖, R = exp(Ψ̃), lim
Ψ→0

T(Ψ) = I (49)

where the material tangential transformation T = T(Ψ) is a linear mapping between the
virtual material tangent spaces: matTISO(3) → matTRSO(3). The virtual incremental
rotation vector δΘR and the virtual total rotation vector δΨ belong to different vector spaces
on the manifold, since the tangential transformation T is equal to the identity only at Ψ = 0.
Note that the transformation T has an effect on the base points, changing the base point I

into R. For convenience, a material vector space on the rotation manifold at any point R is
defined as

matTR :=
{

ΘR ∈ E
3

∣

∣

∣
Θ̃R ∈ matTRSO(3)

}

(50)

where an element of the material vector space is ΘR ∈ matTR, which is an affine space with the
rotation vector Ψ as a base point and the incremental rotation vector Θ as a tangent vector,
then T : matTI → matTR. Definition (50) gives a practical notation for sorting rotation vectors
in different tangent spaces.

3.2. Virtual work expression for the Reissner’s beam model

In the material representation, the internal virtual work expression for the Reissner’s beam
model is

δWint =

∫

L

(δΓ · N + δKR · MR) ds, (51)

where the material curvature tensor is defined by K̃R := RTR′, and the prime denotes
derivative with respect to the coordinate s along the beam’s axis. The material internal force
vector N and the material internal moment vector MR are related to the material strain and
curvature vectors by a linear constitutive law

N = CNΓ, MR = CMKR. (52)
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The work conjugate of the material vector N is the variation of the material strain vector Γ,
defined by the formula and its variation:

Γ := RTx′
c − E1, δΓ = RTδx′

c − δΘ̃RTx′
c, (53)

where the vector xc defines the center line of tbe beam’s cross-section and E1 is a Cartesian
material base vector, see Section 3.1 in Ref. [30]. In the total Lagrangian formulation, the
virtual work expression has to be written in terms of the total material rotation vector Ψ and
its virtual counterpart δΨ. The virtual work of the internal forces (51) has the form

δWint =

∫

L

(δx′
c · RN) ds+

∫

L

(δΨ · (−TTR̃Tx′
cN + CT

1 (Ψ′,Ψ)MR) + δΨ′ · TTMR) ds,

(54)
where the tensor C1 is given in the Appendix. The internal virtual work can be written
compactly as

δWint =

∫

L

δq̂ ·BTFint ds, (55)

where δq̂ := (δx′
c, δΨ

′, δΨ). The generalized internal force field Fint and the kinematic tensor
B are

Fint :=

(

N

MR

)

, B :=

(

RT O R̃Tx′
cT

O T C1(Ψ
′,Ψ)

)

. (56)

Moreover, the field Fint can be given in the term of the material strain and curvature vectors
with the aid of the constitutive relations (52). Linearizing the internal work form δWint at the

point qT
0 = (dT

0 ,Ψ
T
0 ) in the vector direction ∆q̂T = (∆x′T

c ,∆Ψ′T,∆ΨT) will result in the
equation

Lin (δWint(q; δq̂)) = δWint(q0; δq̂) + DqδWext(q0, δq̂) · ∆q̂, (57)

where the linear form Dq̂δWint · ∆q̂ can be written using the material stiffness tensor Kmat

and the geometric stiffness tensor Kσ as

Dq̂δWint · ∆q̂ =

∫

L

(Kmat + Kσ) : (δq̂ ⊗ ∆q̂) ds, Kmat := BT
0 CNMB0, (58)

Kσ :=







O O −RÑT

O O C2(MR,Ψ0)

TTÑR
T

CT
2 (MR,Ψ0) Kσ33






, where

Kσ33 = C3(MR,Ψ
′
0,Ψ0) + C2(ÑR

T
x′

c,Ψ0) + TTÑR̃Tx′
cT. (59)

The material stiffness tensor Kmat arises from the linearization of the vector Fint with the
aid of kinematic relation, and the geometric stiffness tensor Kσ arises from the linearization
of the kinematic operator B. The tensors C2 and C3 are given in the Appendix. Note that
the material stiffness tensor Kmat is symmetric due to the symmetry of the elasticity tensor
CNM. In addition, the geometric stiffness Kσ is also a symmetric tensor. This symmetry of
the stiffness tensor is due to the local parametrization of the rotation operator.
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3.3. Expressions for the second derivatives of the residual

The Z-matrix in the Jacobian (4) of the extended system (3) is a sum of the following two
matrices defined as

∫

L

Zmat ds :=

∫

L

Dq̂Kmatφ̂ds =

∫

L

Dq̂B
TCBφ̂ds, (60)

∫

L

Zσ ds :=

∫

L

Dq̂Kσφ̂ds. (61)

Partitioning the eigenvector φ̂ similarly as the displacement vector q̂: φ̂
T

:= [φT
1 ,φ

T
2 ,φ

T
3 ]

∼ q̂T := [x′T
c ,Ψ

′T,ΨT], the matrices Zmat and Zσ have expressions

Zmat = Kσ(CNMBφ̂) +

+ B
T
CNM

"
− gTφ3R

T
O R̃Tφ1T + R̃Tx′

cC1(φ3,Ψ) − gTφ3R̃
Tx

′
cT

O Ṫ(φ3,Ψ) C1(φ2,Ψ) + C8(φ3,Ψ
′,Ψ)

#
, (62)

and

Zσ =

2
64

O O R
˜̃
NTφ

3
T −RÑC1(φ3

,Ψ)
O O C7(φ3

,M,Ψ)

Ṫ
T(φ

3
,Ψ)ÑR

T

C9(φ3
,M,Ψ) Zσ33

3
75 + ZNM, (63)

where

Zσ33 = T
T
ÑR̃Tφ

1
T+C1(ÑR̃Tφ

1
,Ψ)+C3(M,φ

2
,Ψ)+C10(φ3

,M,Ψ′,Ψ)+Ṫ
T(φ

3
,Ψ)ÑR̃Tx′

cT+

+ C7(φ3
, ÑR

T

x
′
c,Ψ) + C2(ÑR̃Tx′

cTφ
3
,Ψ) − T

T
Ñ gTφ

3
R̃Tx′

cT + T
T
ÑR̃Tx′

cC1(φ3
,Ψ) (64)

and

ZNM =

2
4

R gTφ
3

O

O Ṫ
T(φ

3
,Ψ)

ZNM31 Ṫ
T(φ

2
,Ψ) + C

T
8 (φ

3
,Ψ′,Ψ)

3
5 CNMB, (65)

where

ZNM31 = −T
T
R̃Tφ

1
− Ṫ

T(φ
3
,Ψ)R̃Tx′

c − T
Tskew(R̃Tx′

cTφ
3
). (66)

It should be noted that the matrix Z is symmetric although the matrices Zmat and Zσ are
not.

4. NUMERICAL EXAMPLES

All the analyses have been performed in the Matlab environment on a PC. If not
otherwise stated, the initial state for the critical point computation has been the equilibrium
configuration corresponding to the reference load pr.

It is noted that the initial value for the eigenvector φ is chosen to be a vector for which
one inverse power iteration is performed to a random vector. This considerably improves the
likelihood for the iterates to find the domain of attraction of the Newton’s scheme.
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Figure 1. Deep circular arch: (a) geometry, (b) load-deflection curves.

4.1. Deep circular arch

A deep circular arch under vertical point load as shown in Figure 1a has been analysed. One
support of the arch is clamped and the other is hinged allowing rotations about the z−axis.
The same problem has also been analysed by Cardona and Huespe [18] and Battini et al. [12].
The problem data are: radius R = 100, Young’s modulus E = 6 · 106, Poisson’s ratio ν = 0,
cross-sectional area A =

√
2, the double symmetric cross-section has flexural inertia I = 1/6

and torsional inertia It = 0.4741.

The strucure is discretized by using 40 equal elements. Bifurcation point with out-of-plane
deformations occur at the load level of 256.58 ( 2.5658 EI/R2). This value is in accordance
to the results 256.5 and 256.7 obtained in Refs. [18, 12], respectively. If the out-of-plane
displacements are prevented, the first critical point on the equilibrium path is a limit point at
the load level of 8.076 EI/R2. The load-deflection curves are shown in Figure 1b.

Consistently linearised buckling eigenvalue analysis, where the linearisation is performed
with respect to the undeformed configuration, gives results 229.7 and 707.2 for the out-of-
plane and in-plane buckling modes, respectively.

Convergence of the iteration towards the bifurcation point is shown in Table I using the
constraint equation (38). The lowest eigenvalue of the stiffness matrix K is also tabulated.
Similar convergence behaviour is obtained with the other constraints too. The load parameter
λ is defined as P = λPref , where the reference load Pref has the value 100. Although
the Jacobian matrix of the extended system is singular, the iteration shows asymptotically
quadratic convergence. The convergence is not affected of the element mesh.

If the starting point for the extended system is chosen to be an equilibrium point along the
primary path closer to the critical point, the convergence will be faster. For example, starting
from equilibrium points corresponding the load level of 100 or 200, six corrector iterations is
required for similar accuracy as in Table I.
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Table I. Deep circular arch, iteration to the bifurcation point.

it λ ‖δxi‖/‖xi‖ ‖gi‖/‖g0‖ lowest eigenvalue

0 1.0000 3.2460·101 1.000 1.4885·10−1

1 2.7246 1.0803·10−1 1.0967·103 -3.5238·105

2 4.3356 4.2092·10−1 4.2512·102 -3.094·10−1

3 2.5148 2.7353·10−2 1.9850·102 1.7580·100

4 2.4494 1.1989·100 3.3364·100 6.5944·10−3

5 2.5622 2.7360·10−2 4.8727·102 5.2051·100

6 1.9246 6.4786·10−2 6.4027·101 5.2660·10−2

7 2.5712 1.4306·10−3 5.6222·100 1.5828·10−1

8 2.5663 4.7905·10−4 1.0582·10−2 2.9508·10−4

9 2.5658 5.6754·10−6 7.9740·10−4 9.7721·10−6

10 2.5658 3.4659·10−8 7.0583·10−9 3.7421·10−9

4.2. Shallow hexagonal frame

Snap-through instability characterizes the large deformation behaviour of a shallow hexagonal
dome under a point load, see Fig. 2. Horizontal movement of the supports can freely take
place, except for two supports preventing the rigid-body motion. Ten elements in each member
has been used. Tests using a plexiglas model of the frame has been conducted by Chu and
Rampetsreiter [44]. The problem data are: Young’s modulus E = 3019.96 MPa, Poisson’s ratio
ν = 0.383, length L = 609.6 mm, height H = 44.45 mm, and the solid cross-section is a square
having width b = 17.78 mm. The experimental limit load is 251 N [44] and the computed
critical load is 251.16 N (= 3.71 EI/L2). In the unstable path there is a bifurcation point,
marked by a star ⋆ in the Fig. 2b (solid line), where the number of unstable modes changes
from one to three. The equilibrium path beyond this point has been computed with an extra
horizontal support at the apex of the frame. Linear buckling eigenvalue analysis considerably
overestimates the critical load giving the value 496.4 N.

If the horizontal movement of the supports is supressed, there is a double bifurcation point
at the load level of 329.52 N (4.87 EI/L2), which is quite close to the symmetric snap trough
point at the load level of 347.72 N (5.14 EI/L2). The load-deflection (of the apex) curves are
shown in Fig.2b, where the path corresponding to the symmetric mode is drawn by using a
solid line. The bifurcated solution in the case of fixed horizontal supports is indicated by a
dashed line. To branch-out to the secondary path, the horizontal displacements of the apex
are supressed, which changes the double bifurcation to a simple one.

For the horizontally free support case, convergence of the residual norm is shown in Fig. 3a
when the constraints (38) or (39) is used and the reference load has the value 200 N. In Fig.
3b the effect of the reference load on the convergence behaviour is shown when the constraint
(39) is used.

When the translational degrees of freedom of the supports are fixed, 9 or 10 iterations are
needed to compute the bifurcation load. To obtain the symmetric limit load, the horizontal
displacements and the rotation about the z-axis (load direction) need also to be prevented.
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Figure 2. Shallow hexagonal dome: (a) geometry, (b) load-deflection curves.
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Figure 3. Shallow hexagonal dome: (a) convergence of the residual with the reference load 100 N, (b)
effect of the reference load when using the constraint λ‖φ‖ = 1.

Convergence to the limit point is very slow, see Tables II and III. Especially with the constraint
(38) the iteration of the load parameter varies wildly, which also means difficulty in finding
the critical equilibrium state. Using constraint (39) resulted in much more stable search of the
critical point and quicker landing to the domain of attraction of the Newton’s iteration.
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Table II. Shallow hexagonal dome, iteration to the limit point, constraint eq. (38), Pref = 250 N.

it λ ‖δxi‖/‖xi‖ ‖gi‖/‖g0‖ lowest eigenvalue

0 1.0000 8.9628·100 1.000 4.5798·10−1

1 0.7204 3.4202·10−1 9.4984·10−1 7.4501·10−1

2 0.5068 1.3037·101 1.0179·10−3 8.9013·10−1

3 6.2182 1.3205·101 1.0719·10−2 -1.9191·100

4 -3.7927 3.9608·10−1 4.1498·10−2 -1.3475·100

5 -9.0675 3.7702·10−1 8.6140·10−2 6.6085·100

6 35.675 9.6723·10−2 8.1607·10−2 5.2991·100

7 51.810 1.6575·10−1 1.2028·10−2 4.7198·100

8 13.709 2.1833·10−1 1.2986·10−2 3.9776·100

9 -4.4952 2.7880·10−1 7.8662·10−3 2.8676·100

10 -6.5095 3.7858·10−1 5.7090·10−3 2.6612·10−1

11 -1.5059 4.7876·10−1 3.9036·10−3 -7.2658·10−1

12 2.0222 2.0170·10−1 5.6134·10−3 -1.6201·10−1

13 1.7378 8.9200·10−2 9.1679·10−4 -1.3976·10−1

14 1.3641 2.5113·10−1 4.5199·10−5 -1.1563·10−1

15 1.4374 1.0341·10−1 4.0270·10−4 9.4655·10−2

16 1.4057 5.9792·10−3 3.1477·10−5 -3.2353·10−3

17 1.3909 4.3012·10−4 6.5732·10−8 -2.7652·10−4

18 1.3909 8.8113·10−8 9.2565·10−10 6.3176·10−8

19 1.3909 5.0322·10−13 8.3283·10−15 1.2346·10−10

4.3. Right-angle frame

Buckling behaviour of a clamped right-angle frame subjected to an end load is analyzed. The
same problem has been computed also by Cardona and Huespe [18]. The material constants are:
Young’s modulus E = 71.24 GPa, Poisson’s ratio ν = 0.31, the solid rectangular cross-section
has dimension 3.5 mm × 1.2 mm and the length L = 240 mm. Linear buckling eigenvalue
analysis gives the results Pcr = −0.8896

√

EIyGIt/L
2 (-0.607 N) and Pcr = 1.394

√

EIyGIt/L
2

(0.951 N).

The critical loads obtained from the non-linear eigenvalue analysis when using 32 elements
are 1.817

√

EIyGIt/L
2 (1.2398 N) and −0.977

√

EIyGIt/L
2 (-0.666 N). The value reported by

Cardona and Huespe is 1.241 N with 16 elements for the positive critical load. Some results
from computations with different constraints (38) - (41) are shown in Table IV, where the
iteration is terminated when ‖gi‖ < 10−4. The non-linear eigenvalue iteration is started at
the equilibrium point corresponding to the load level P∗ = 1 N. If the starting point is as
close as 1.2 N, four iterations for all constraints resulted in converged solution. In general the
constraint (39) seems to be more robust than the others.

Results from computations with reversed load direction are shown in Table IV.

In addition also results with the stabilized extended system by Wriggers and Simo [17],
equation (6), are shown in Table IV, where the value 100 has been used for the stabilization
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Table III. Shallow hexagonal dome, iteration to the limit point, constraint eq. (39), Pref = 250 N.

it λ ‖δxi‖/‖xi‖ ‖gi‖/‖g0‖ lowest eigenvalue

0 1.0000 6.4307·10−1 1.000 4.5798·10−1

1 1.1929 1.0346·10−1 4.9948·10−1 2.8472·10−1

2 1.2019 4.0158·10−1 1.8573·10−4 2.6085·10−1

3 1.4388 6.5021·10−1 1.6777·10−4 7.8146·10−2

4 1.5635 3.8631·10−1 1.0746·10−3 -1.1814·10−1

5 1.5072 5.0365·10−1 7.2545·10−4 7.6428·10−3

6 1.3757 2.1996·10−1 1.0986·10−3 3.1678·10−1

7 1.3456 2.3921·10−1 5.5517·10−4 2.3432·10−1

8 1.3719 3.0290·10−1 5.7016·10−5 1.0943·10−1

9 1.4500 6.1929·10−2 2.0024·10−4 3.3836·10−2

10 1.4224 6.4150·10−3 1.0470·10−4 8.6807·10−3

11 1.3910 6.0497·10−4 4.7930·10−7 4.0970·10−4

12 1.3909 8.0828·10−6 1.7092·10−9 5.3431·10−6

13 1.3909 1.3646·10−9 2.7215·10−13 3.9812·10−10
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Figure 4. Right-angle frame: (a) geometry, (b) load-deflection curves.
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Table IV. Right-angle frame, starting from the equilibrium point at P∗.

iterations using constraint
elements P∗/ N (38) (39) (40) (41) Wriggers-Simo

8 1 10 6 8 8 9
16 1 8 7 10 10 11
32 1 7 10 12 8 10
128 1 8 6 13 12 10
32 -1 9 7 9 7 9
128 -1 9 7 9 7 9
16 0 10† div 15† div 16†

† Converges to the negative critical load.

parameter γ. As noticed also by Wriggers and Simo, behaviour of the iteration is not sensitive
to the value of the stabilization parameter.

For the extended system it seems to be a deceptively simple example. If the iteration
is started from the initial undeformed configuration P∗ = 0, the extended systems with
constraints (38) and (40) converge to the negative critical load while with the constraints
(39) and (41) do not converge. Also the stabilized extended system by Wriggers and Simo
converges to the negative load.

5. CONCLUDING REMARKS
In this paper procedures for direct computation of critical equilibrium states for spatial beams
and frames has been described. In the linearization of the extended system, second order
derivatives of the residual vector with respect to the state variables are required, which are
presented for the geometrically exact Reissner’s beam model. The derivatives related to the
rotation can also be utilized for geometrically exact shell models. The direct approach for the
critical point computation is a reliable procedure only if the initial state is relatively close to the
critical point due to the local convergence property of the Newton’s iteration. The procedure
is independent of element fomulations, if capable to handle large incremental displacements
and rotations. Similar results as presented here have been obtained also for solid elements,
see Ref. [43]. Further developments will be focused on enlarging the convergence domain to
improve the robustness. A mixed strategy combining elements on linearized stability analysis,
continuation method and the non-linear stability eigenvalue problem is under development.

Copyright c© 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2011; x:1–21
Prepared using nmeauth.cls
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APPENDIX

The tensors Ci, i = 1, 2, 3 are defined by directional derivatives

C1(V,Ψ) · ∆Ψ := DΨ(T · V) · ∆Ψ, (67)

C2(V,Ψ) · ∆Ψ := DΨ(TT ·V) · ∆Ψ, (68)

C3(V,Ψ
′,Ψ) · ∆Ψ := DΨ(CT

1 (Ψ′,Ψ) · V) · ∆Ψ, ∀V ∈ E
3, (69)

and have the following explicit expressions

C1(V,Ψ) = c1V ⊗ Ψ − c2(Ψ̃V) ⊗ Ψ + c3(Ψ · V)Ψ ⊗ Ψ − c4Ṽ + c5 ((Ψ · V)I + Ψ⊗ V) , (70)

C2(V,Ψ) = c1V ⊗ Ψ + c2(Ψ̃V) ⊗ Ψ + c3 (Ψ · V)Ψ ⊗ Ψ + c4Ṽ + c5 ((Ψ · V)I + Ψ ⊗ V) , (71)

C3(V,Ψ
′,Ψ) =

“
c1 (Ψ′ · V) + c2(Ψ · ṼΨ

′) + c3(Ψ · Ψ
′)(V · Ψ)

”
I + c2(Ψ ⊗

S

ṼΨ
′)+

+ c3(Ψ · Ψ
′) (Ψ ⊗

S

V) +
1

ψ

“
c
′
1 (Ψ′ · V) + c

′
2(Ψ · ṼΨ

′) + c
′
3(Ψ · Ψ′)(V · Ψ)

”
(Ψ ⊗ Ψ)+

+ c3(V · Ψ) (Ψ ⊗
S

Ψ
′) + c5(Ψ

′ ⊗
S

V), (72)

where ⊗
S

denotes the symmetric tensor product (a ⊗
S

b) := (a ⊗ b) + (b ⊗ a), ∀a,b ∈ E
3.

The coefficients ci and their derivatives are given by

c1 := (ψ cosψ − sinψ)ψ−3, (73)

c2 := (ψ sinψ + 2 cosψ − 2)ψ−4, (74)

c3 := (3 sinψ − 2ψ − ψ cosψ)ψ−5, (75)

c4 := (cosψ − 1)ψ−2, (76)

c5 := (ψ − sinψ)ψ−3, (77)

c′1 = (3 sinψ − ψ2 sinψ − 3ψ cosψ)ψ−4, (78)

c′2 = (ψ2 cosψ − 5ψ sinψ − 8 cosψ + 8)ψ−5, (79)

c′3 = (7ψ cosψ + 8ψ + ψ2 sinψ − 15 sinψ)ψ−6, (80)

c′′1 = (−ψ3 cosψ + 5ψ2 sinψ + 12ψ cosψ − 12 sinψ)ψ−5, (81)

c′′2 = −(ψ3 sinψ + 8ψ2 cosψ − 28ψ sinψ − 40 cosψ + 40)ψ−6, (82)

c′′3 = (ψ3 cosψ − 11ψ2 sinψ − 50ψ cosψ − 40ψ + 90 sinψ)ψ−7. (83)

The limit processes for the tensors Ci give

lim
Ψ→0

C1(V,Ψ) = 1

2
Ṽ, (84)

lim
Ψ→0

C2(V,Ψ) = − 1

2
Ṽ, (85)

lim
Ψ→0

C3(V,Ψ
′,Ψ) = − 1

3
(Ψ′ ·V)I + 1

6
(Ψ′ ⊗

S

V) (86)

The time derivative of the transformation T is

Ṫ(Ψ̇,Ψ) = c1(Ψ · Ψ̇)I−c2(Ψ · Ψ̇)Ψ̃+c3(Ψ · Ψ̇)Ψ⊗Ψ+c4
˙̃
Ψ +c5(Ψ̇ ⊗ Ψ + Ψ ⊗ Ψ̇), (87)
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where the coefficients are given in (73). The limit value of the tensor Ṫ is

lim
Ψ→0

Ṫ(Ψ̇,Ψ) = − 1

2

˙̃
Ψ. (88)

The tensors Ci, i = 7, . . . , 10 are defined by directional derivatives

C7(W,V,Ψ) · ∆Ψ := DΨ (C2(V,Ψ) ·W) · ∆Ψ, (89)

C8(W,V,Ψ) · ∆Ψ := DΨ (C1(V,Ψ) ·W) · ∆Ψ, (90)

C9(X,W,Ψ) · ∆V := DV (C3(W,V,Ψ) ·X) · ∆V, (91)

C10(X,W,V,Ψ) · ∆Ψ := DΨ (C3(W,V,Ψ) ·X) · ∆Ψ, (92)

DW (C3(W,V,Ψ) · X) = ĊT
1 (X,V,Ψ), (93)

DV (C1(V,Ψ) · W) = Ṫ(W,Ψ), (94)

DV (C2(V,Ψ) · W) = ṪT(W,Ψ), ∀V,W,X ∈ E
3, (95)

and have the following explicit expressions

C7(W,V,Ψ) = c1V ⊗ W − c2(Ψ · W)Ṽ + c2Ψ̃V ⊗ W + c3(Ψ · W)Ψ ⊗V + c3(Ψ · V)Ψ ⊗ W+

+ (c3(Ψ · W)(Ψ · V) + c5(W · V)) I + c5W ⊗ V +
c′1

ψ
(Ψ · W)V ⊗Ψ+

c′2

ψ
(Ψ · W)Ψ̃V ⊗ Ψ+

+

„
c′3

ψ
(Ψ · V)(Ψ · W) + c3(W · V)

«
Ψ ⊗Ψ−c2ṼW ⊗ Ψ+c3(Ψ · V)W ⊗ Ψ (96)

C8(W,V,Ψ) = c1V ⊗ W + c2(Ψ · W)Ṽ − c2Ψ̃V ⊗ W + c3(Ψ · W)Ψ ⊗ V + c3(Ψ · V)Ψ⊗ W+

+ (c3(Ψ · W)(Ψ · V) + c5(W · V)) I + c5W ⊗ V +
c′1

ψ
(Ψ · W)V ⊗ Ψ−

c′2

ψ
(Ψ · W)Ψ̃V ⊗ Ψ+

+

„
c′3

ψ
(Ψ · V)(Ψ · W) + c3(W · V)

«
Ψ⊗ Ψ+c2ṼW ⊗ Ψ+c3(Ψ · V)W ⊗Ψ (97)

C9(W,V,Ψ) = C
T

7 (W,V,Ψ) (98)

C10(X,V,Ψ
′,Ψ) =

“
c2(ṼΨ

′ · X) + c3(Ψ · Ψ′)(V · X) + c3(Ψ · V)(Ψ′ · V)
”

I+

+
1

ψ2

“
c
′′
1 (Ψ′ · V) + c

′′
2 (Ψ · ṼΨ

′) + c
′′
3 (Ψ · Ψ

′)(V · Ψ)
”

(Ψ · X)Ψ⊗ Ψ+

+
1

ψ

“
c
′
3(V · Ψ)(Ψ′ · X) + c

′
3(Ψ

′ · Ψ)(V · X) + c
′
2(ṼΨ

′ · X)
”
Ψ ⊗ Ψ+

+
1

ψ

“
c
′
1 (Ψ′ · V) + c

′
2(Ψ · ṼΨ

′) + c
′
3(Ψ · Ψ′)(V · Ψ)

”
(Ψ · X)(I−

1

ψ2
Ψ ⊗ Ψ) + c2X⊗

S

ṼΨ
′+

+

„
c3(V · X) +

c′3

ψ
(Ψ · X)(V · Ψ)

«
Ψ⊗

S

Ψ
′ + c3(V · Ψ)X⊗

S

Ψ
′+c3(Ψ · Ψ′)X⊗

S

V + c3(X · Ψ)V⊗
S

Ψ+

+
1

ψ

“
c
′
1 (Ψ′ · V) + c

′
2(Ψ · ṼΨ

′) + c
′
3(Ψ · Ψ′)(V · Ψ)

”
Ψ⊗

S

X+

+

„
c3(Ψ

′ · X) +
c′3

ψ
(Ψ · X)(Ψ · Ψ′)

«
Ψ⊗

S

V
1

ψ
c
′
2(X · Ψ)Ψ⊗

S

ṼΨ
′ (99)

Ċ1(W,V,Ψ) = C8(W,V,Ψ) (100)
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The limit processes for the tensors Ci, i = 7, 8, 10 give

lim
Ψ→0

C7(W,V,Ψ) = − 1

3
V ⊗ W + 1

6
(W ⊗ V + (W ·V)I) (101)

lim
Ψ→0

C8(W,V,Ψ) = − 1

3
V ⊗ W + 1

6
(W ⊗ V + (W ·V)I) , (102)

lim
Ψ→0

C10(X,V,Ψ
′,Ψ) = − 1

12
(ṼΨ′ ·X)I − 1

12
X⊗

S

ṼΨ′ (103)
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