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ABSTRACT

Most materials exhibit rate-dependent inelastic behaviour. Increasing strain-rate usually increases
the yield stress thus enlarging the elastic range. However,the ductility is gradually lost, and for
some materials there exists a rather sharp transition strain-rate after which the material behaviour is
completely brittle.

In this paper, a dispersion analysis of a simple phenomenological constitutive model for ductile-to-
brittle transition of rate-dependent solids is presented.The model is based on consistent thermo-
dynamic formulation using proper expressions for the Helmholtz free energy and the dissipation
potential. In the model, the dissipation potential is additively split into damage and visco-plastic
parts and the transition behaviour is obtained using a stress dependent damage potential.

1 INTRODUCTION

A large number of engineering materials, such as metals, polymers, concrete, soils and rock, can
show reduction in the load carrying capacity accompanied byincreasing localised deformations
after the ultimate load is reached. If this phenomenon is considered as material property, it will lead
to a negative slope of the stress-strain diagram, which is known as strain softening.

A demerit pertaining to strain-softening models for classical continua is that they result in problems
which are not well-posed in general. The field equations of motion lose hyperbolicity and become
elliptic as soon as strain softening occurs. The domain is split into an elliptic part, in which the
waves are not able to propagate, and into a hyperbolic part with propagating waves. In static and
quasi-static problems, localisation of deformation is usually understood as a synonym to the loss
of ellipticity of the underlying rate-boundary value problem. When such problems are solved nu-
merically, the solution of the localisation zone of zero thickness can result in mesh sensitivity. A
simple remedy is to include viscous effects in the plastic model as proposed in [1]. Other improve-
ments, e.g. [2, 3, 4, 5], are also possible. However, they usually involve additional field unknowns
which make numerical computations more time-consuming. Also, the physical interpretation of the
additional boundary conditions can be ambiguous.

In this study, a phenomenological model, which is capable ofdescribing the strain-rate dependent
ductile-to-brittle transition, is analysed. The ductile behaviour is considered as a viscoplastic fea-
ture, whereas the strain softening behaviour, after reaching the transition strain-rate, is dealt with



a continuum damage model. A dispersion analysis of the linearized equations of motion is carried
out.

2 TRANSITION MODEL

The constitutive equations to model the ductile-to-brittle transition due to increasing strain-rate,
are derived using a thermodynamic formulation, in which thematerial behaviour is described com-
pletely through the Helmholz free energy and the dissipation potential in terms of the variables of
state and dissipation and considering that the Clausius-Duhem inequality is satisfied [6]. Detailed
derivation of the model can be found in ref. [7]. The particular choice presented in ref. [7] can be
described in a uniaxial case by the following constitutive equations, relating the stressσ, the elastic
and inelastic strains,ǫe, ǫi, and the integrity or continuity,β as
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where the damage and transition parts of the dissipation potential are
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The thermodynamic forceY , conjugate to the integrity flux is expressed as
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The integrityβ is related to the familiar damage parameterD by

β = 1 − D. (7)

Parameterstd andr, concern the damage evolution, the transition strain rateη and the exponentn
the transition phase, and parameterstps

vp andp the viscous behaviour. In additionE is the Young’s
modulus. The reference valuesσr andYr are arbitrary and here the following value forYr is chosen

Yr =
σ2

r

2E
=

1

2
Eǫ2r , where ǫr =

σr

E
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The transition function,ϕtr, deals with the change in the mode of deformation when the strain-rate
dǫi/dt increases. In the viscous part, an overstress type of viscoplasticity [8, 9, 10] and the principle
of strain equivalence [11, 12] are applied. The “pseudo”-relaxation timetps

vp is related to the true
relaxation timetvp as

tvp = ǫrt
ps
vp. (9)

The exponentsr, p ≥ 0 andn ≥ 1 are dimensionless.



3 DISPERSION ANALYSIS

3.1 Non-dimensional form

Dispersion is the observation that harmonic waves, with a different wave length or frequency, prop-
agate with different velocities. The ability to transform the shape of waves seems a necessary
condition for continua to capture localisation phenomena.In a classical strain-softening solid, the
waves are not dispersive, which means that the continuum is not able to transform propagating
waves into stationary localisation waves [4]. In the dispersion analysis, a single linear harmonic
wave is considered and the displacement fieldu for an infinitely long 1-D continuum has the form

u(x, t) = A exp [i(kx − ωt)] , (10)

in whichk is the wave number andω is the angular frequency.

The equation of motion for a uniform bar is

ρ
d2u

dt2
− dσ

dx
= 0, (11)

whereρ is the mass density of the material. For the dispersion analysis, the equations (11) and
(1)-(3) are written in a non-dimensional form by defining thefollowing non-dimensional quantities:

τ = t/te, te = L/ce, where ce =
√

E/ρ, (12)

ξ = x/L, ū = u/L, s = σ/σr, (13)

whereL is a typical characteristic length of the bar, andce is the speed of an elastic wave. In
addition, it is convenient to define the relative strain

e = ǫ/ǫr. (14)

The following non-dimensional times are also used

τvp = tvp/te, τps
vp = tps

vp/te, τd = td/te. (15)

Using the non-dimensional quantities, the equation of motion (11) takes the form

¨̄u − ǫrs
′ = 0, where ¨̄u =

d2ū

dτ2
and s′ =

ds

dξ
. (16)

In the sequel, the superimposed dot represents the derivative w.r.t. the non-dimensional timeτ and
the prime the derivative w.r.t. the non-dimensional spatial coordinateξ. If needed, the superimposed
circle will denote the derivative w.r.t. real time, i.e.

◦

ǫ =
dǫ

dt
. (17)

The constitutive equations (1)-(3) take the form

s = ǫr
−1βǫe, (18)

ǫ̇i = f(β, s), (19)

β̇ = g(β, s) or β̇ = g̃(β, ǫe), (20)

and the non-dimensional form of the wave is

ū(ξ, τ) = Ā exp[i(k̄ξ − ω̄τ)]. (21)



3.2 Viscous case

In the absense of damage the constitutive equations (1)-(3)reduce to

ṡ = ǫr
−1(ǫ̇ − ǫ̇i), (22)

ǫ̇i =
1

τps
vp

sp. (23)

In the equation of motion (16), the divergence of the stress at an arbitrary stress states∗ is
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Taking time derivative of the equation of motion (16) and substituting the kinematical relationǫ =
ū′ into the constitutive equations will result in the partial differential equation

...

ū − ˙̄u′′ + a¨̄u = 0. (25)

Substituting the waveform (21) into the equation (25) gives

iω̄(ω̄2 − k̄2) − aω̄2 = 0. (26)

This equation can only be satisfied if the wavenumber is complex, i.e. k̄ = k̄r + ᾱi, which means
that the harmonic wave is attenuated exponentially when traversing through the bar as

ū(ξ, τ) = Ā exp(−ᾱξ) exp[i(k̄rξ − ω̄τ)]. (27)

This will result in the dispersion relation

iω̄(ω̄2 − k̄2
r + ᾱ2) + 2ω̄ᾱk̄r − aω̄2 = 0, (28)

which has a solution
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The group and phase velocitiescR andc, respectively, are defined as

cR =
dω

dkr

= ce

dω̄
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and c =
ω

kr
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ω̄
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, (31)

Notice that the group velocity is now larger than the phase velocity, a situation which is referred to
as anomalous disperison ([13], p. 218).

The phase and group velocities and the damping coefficient asa function of the wavenumberkr are
shown in fig. 1 with different relative relaxation times and values of the exponentp at stateσ = σr.
It can be seen that the waves are dispersive and the long wavesare slowed down while the short
waves are damped. Notice that the damping factorᾱ has the limit

lim
ω̄→∞

ᾱ = 1
2
a =

p

2τvp

sp−1
∗

. (32)
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Figure 1: Viscous bar; group and phase velocity as a functionof wavenumber and damping as a
function of angular frequency.



3.3 Elasticity with damage

In the absense of viscous component the constitutive equations (1)-(3) reduce to

s = ǫr
−1βǫ = βe, (33)

β̇ = − 1

τd

β−2r−1s2r, (34)

and the non-dimensional equation of motion, linearized at stateβ∗, s∗ is

¨̄u − ǫrs
′ = ¨̄u − ǫr(β∗ė

′ + e∗β
′) = 0. (35)

Divergence of the integrity rate is
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The elimination ofβ′ results in
...

ū − h0 ˙̄u′′ − h1 ¨̄u + h2ū
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Substituting the expression for damped harmonic wave (27) into (38), yields

i
[
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]
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2
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Since both the real and imaginary part of this expression hasto vanish, it will result in two equations
from which the wavenumber̄kr and the damping coefficient̄α can be solved. After manipulations,
resulting equations are
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Clearly the terma0 is positive, but the sign of the terma1 depends on the state. Thus, the solution
of (43) can be written as
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The phase and group velocity as a function of the wavenumber at three instantaneous states are
shown in fig. 2 for a constant strain rate loading case, the solution of which is:

β =

√

1 − 2

2r + 1

ǫr
◦

ǫ0td
e2r+1, (48)

and
◦

ǫ0 is the constant loading rate. In the figure, the following value is used
◦

ǫ0td = 10−2. The
three states shown are (a) 19 % below the peak load(e∗ = 1.0, β∗ = 0.9944, s∗ = 0.9944), (b) at
the peak load(e∗ = 1.364, β∗ = 0.9045, s∗ = 1.234) and (c) a softening region(e∗ = 1.5, β∗ =
0.757, s∗ = 1.135). The damping coefficient at these three stages is shown in fig.4. It can be seen
that the elastic damaging bar exhibits normal dispersion, i.e. cR < c.

At the peak load, the effect of parameter variations on the phase velocity is shown in fig.3 and on the
damping coefficient in fig. 4 on the right-hand-side. The peakvalue of stress and the corresponding
integrity value are
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3.4 Full model

The constitutive equations (1)-(3) reduce to

s = ǫr
−1βǫe = βee, (50)

ėi = f(β, s) = γ1β
−np−2r−3snp+2r+1 + γ2β

−p−1sp, (51)

β̇ = g(β, s) = γ3β
−np−2r−1spn+2r, (52)

where
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]
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, γ2 = τ−1

vp and γ3 = −[pnτd(t
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Divergence of the inelastic strain rate and the integrity rate, linearized at state (β∗, s∗) can be repre-
sented as

ėi′ =
∂f

∂β
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−1
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Eliminatingβ′ will finally result in the equation
....

ū − h0 ¨̄u′′ − h1

...

ū + h2 ˙̄u′′ − h3 ¨̄u = 0, (56)

where

h0 = β∗, (57)

h1 = g1 + (s∗/β∗)g2 − β∗f2, (58)

h2 = β∗g1, (59)

h3 = β∗(g1f2 − f1g2). (60)
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stages of the loading.
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Table 1: Full transition model, the seven stages considered.

1 2 3 4 5 6 7

e 0.100 0.400 0.700 0.900 1.100 1.500 2.500
s 0.100 0.400 0.697 0.888 1.067 1.110 0.718
β 1.000 1.000 1.000 1.000 0.999 0.913 0.612

The wavenumber̄kr and the damping coefficient̄α can be solved from equations (43). In the full
transition model, the coefficients in (43) have the forms

a0 =
(h2 − h0h1)ω̄

2 + h2h3

2(h2
0ω̄

2 + h2
2)

, (61)

a1 = h−1
0 (ω̄2 − 2h2a0 + h3). (62)

The behaviour of the coefficienta0 for the full transition model (61) is different in comparison to the
pure damage model (44). For the damage modela0 is a positive, monotonously increasing function
with the frequency attaining the zero value at vanishing frequency. In the full transition model,a0

can have either positive or negative values. The limit values ofa0 are

a0,0 = lim
ω̄→0

a0(ω̄) = 1
2
h−1

2 h3 = 1
2
(f2 − g−1

1 f1g2), (63)

a0,∞ = lim
ω̄→∞

a0(ω̄) = 1
2
h−1

0 (h−1
0 h2 − h1) = 1

2
(f2 − β−2

∗
s∗g2) > 0. (64)

The value ofa0,0 can be negative, which means that there exist a critical frequencyω̄c whena0 is
zero, which gives zero value also for the wavenumberk̄r, since it turns out that the coefficienta1 is
also negative. The special case of vanishingk̄r results the following form for the motion

ū(ξ, τ) = Ā exp(−ᾱξ) exp(−iω̄cτ), (65)

which indicates a spatially varying but non-propagating disturbance.

In fig. 5, the stress-strain and integrity-strain curves areshown for a constant strain rate loading.
The material parameters are those given in ref. [7], i.e. Young’s modulusE = 40 GPa, Poisson’s
ratio ν = 0.3, reference stressσr = 20 MPa, the viscoplastic pseudo relaxation timetps

vp = 1000 s
and characteristic time for damage evolutiontd = 1 s and the transition strain rateη = 10−3 s−1.
All the exponentsp, r andn have the value of 4. The loading strain-rate is ten times the transition
strain rate.

The dispersion relation, phase velocity as and damping factor are presented in figs. 6-7 at the seven
different stages indicated in fig. 5. The corresponding values of strain, stress and continuity are
given in Table 1. The evolution of the critical frequency as afunction of strain for different loading
rates is shown in fig.8.

4 DISCUSSION AND CONCLUDING REMARKS

A dispersion analysis for a phenomenological constitutivemodel describing the ductile-to-brittle
transition due to increased strain-rate is presented. Depending on the loading rate, the behaviour re-
sembles either the behaviour of a viscous solid or an elastic-damaging solid. At strain-rates smaller
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than the transition strain rate the behaviour is like in viscous solid; the phase- and group velocity
approach the elastic wave speed at high frequences and vanish in the low frequency range. The dis-
persion is in such case of anomalous type. This is also true for higher strain-rates at the beginning
of a loading process. For strain-rates higher than the transition strain-rate and states in the softening
range, the behaviour is like elastic-damaging solid and thedispersion is of normal type. However,
a rapidly growing critical frequency emerges near the maximum stress. At the intermediate states
just before the peak load the dispersion is either anomalousor normal depending on the frequency
(wavelength). As expected, the model is not able to slow downthe high frequency components
on the softening range. To obtain a model with such behavioura higher-order continuum model is
required [2].

At frequences higher than the critical frequency, the dispersion resembles a strain-softening visco-
plastic solid. It is well known that viscosity introduces the material length scale in the model. An
approximation to the width of the material length scale is (linearized from eq. (6.42) in Ref. [5])
lmat ≈ cst

ps
vpσr/(3

4
G − h), whereG is the shear modulus andcs =

√

G/ρ is the elastic shear
wave velocity and−h is the softening modulus (p = 1). It should be mentioned that for softening
viscoplastic solid, the width of the localisation zone could be dictated by the size of an imperfection.
In a quasi-static loading the width of the localisation zonegrowns with increasing strain rate and
enlarging material parameterp [14]. For the transition model for which the softening behaviour is
due to the damage evolution, the situation might be different and is under investigation.
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