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ABSTRACT

In this study a finite element method for geometrically and materially nonlinear
analyses of space frames is developed. The element stiffness matrices and internal
force vectors for beams with either solid or thin-walled open cross-section are
derived. Both Timoshenko and Euler-Bernoulli beam theories are considered.

The equilibrium equations are formulated using an updated incremental La-
grangian description, where the reference configuration is the previous known equi-
librium state. The elements can undergo large displacements and large rotations
but the strains are assumed to be small. The linearized incremental displacement
assumptions are used and the incremental rotations are also assumed to be small.

In the case of a beam with a thin-walled open cross-section the torsional behaviour
is modelled by Vlasov’s theory or by a two parametric deplanation model, where
the angle of twist and it’s derivative have independent approximations. Also
a penalty formulation to impose the Vlasov’s contraint in the two parametric

deplanation model is presented.

Material behaviour is described by elasto-plastic, viscoplastic and temperature
dependent elasto-plastic models. Besides, the conventional layered model is
applied likewise the simple approximate yield surfaces, expressed in terms of stress
resultants.

The discretized equilibrium equations are solved using the orthogonal trajectory
method which allows the determination of the post-buckling regime. Special
attention is paid to the detection of singular points and branching onto the
secondary equilibrium path. In dynamic cases the time integration methods of

Newmark family are used.

The presented numerical examples have been compared to analytical experimental
and other numerical solutions found in literature.
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NOTATIONS

cross-sectional area

bimoment

linearized strain-displacement matrix
rate of deformation tensor
configuration

tensor or matrix containing material parameters
modulus of elasticity

plastic hardening modulus
tangent modulus

vector of generalized strains
Green-Lagrange strain tensor
yield function

external body forces

deformation gradient, vector of unbalanced forces
shear modulus

displacement gradient

unit tensor, unit matrix

polar moment of inertia

shear constant in warping torsion
torsion constant

warping constant

moments of inertia

stiffness matrix

geometric stiffness matrix

load stiffness matrix

velocity gradient tensor

warping torque

St. Venant torque

moments about x,y and z axes
full plastic moments

yield moment of M,

mass matrix

row vector containing interpolation functions

axial force
first Piola-Kirchhoff stress tensor
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nodal point displacement vector

shear forces

rigid body rotation, external load vector
vector of stress resultants

rotation tensor, vector of internal forces
path parameter

second Piola-Kirchhoff stress tensor
time

surface traction vector

kinetic energy

Cauchy stress tensor, transformation matrix
displacement vector

internal energy

displacement components

external energy

elastic section modulae

plastic section modulae

rate of rotation tensor, weighting matrix
material point coordinate vector

orthogonal coordinate system

penalty parameter
Euler angles
Kronecker delta
axial strain
elgenvector

shear strains

load parameter
hardening parameter
twist per unit length
bending curvatures
Poisson’s ratio
rotations about x,y and z axes
temperature
material density
axial stress

yield stress

shear stresses

warping function, eigenvalue
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Special symbols

§
5,6
A A

da, dv

dA,dV
det
dim
div
Div
grad
ker

tr

transpose of a matrix
prescribed value
quantity measured in local coordinate system

time derivative

corotational Zaremba-Jaumann rate
unit vector

centroidal

critical value

reference value

derivative with respect to x-coordinate
deviator

elastic

elasto-plastic

plastic

viscoplastic

variation

iterative change

increment

dot product

double dot product,i.e. A:B = A4;;B;;

area and volume elements with respect

to the deformed configuration

area and volume elements w.r.t. the reference configuration
determinant

dimension

divergence operator w.r.t. the deformed configuration
divergence operator w.r.t. the reference configuration
gradient operator w.r.t. the deformed configuration
nullspace

trace




1 INTRODUCTION

Frames are common load carrying systems in engineering constructions. Effective
use of high strength materials and the tendency to optimazed constructions result
in thin and slender structures. Due to the slenderness and increased imperfection
sensitivity the stability problems become more significant. The character of the
load deformation path in the post-buckling range is important in assessing the
safety of the structure. Coupled geometrical and material nonlinearities complicate

the structural analysis, and only numerical solutions are feasible in practical cases.

In this study a finite element method for both geometrically and materially
nonlinear analyses of space frames is developed. Beams with both solid and thin-
walled open cross-sections have been considered. The equations of equilibrium
have been formulated using an updated incremental Lagrangian description.
The elements developed can undergo large displacements and rotations, but the
incremental rotations are assumed to be small. The material models adopted are
elasto-plastic, temperature dependent elastic-plastic and visco-plastic models with
special reference to metals. Additionally some computationally more economical
formulations based on the relationship between stress resultants and generalized
strain quantities have been presented. In the case of thin-walled beams the
torsional behaviour is modelled using a two parametric deplanation model, where
the angle of twist and it’s derivative have independent approximations. This
approach yields the average warping shear strains directly from the displacement
assumptions and no discrepancy between stress and strain fields exist. Special
emphasis has also been given to the solution algorithms of the discretized nonlinear
equilibrium equations and the handling of critical points along the equilibrium

path.

The earliest numerical analysing procedures for the nonlinear response of
space frames were mainly based on the beam-column theory, where the effect of
axial forces to the behaviour of the frame is taken into account, e.g. Renton (1962),
Connor et al. (1968), Chu and Rampetsreiter (1973), Papandrakakis (1981) and
Virtanen and Mikkola (1985). In those approaches the tangent stiffness matrix
is formulated using the exact solution of the differential equation for a beam-
column. It gives good accuracy in cases where the moments of inertia in the
principal directions of the cross section are of same magnitude. In cases where the
axial forces are small or the cross-section moments of inertia differ greatly, i.e. in
lateral buckling problems, the analyses of space structures with the beam-column

elements do not give satisfactory results.

The noncommutative nature of finite rotations in three dimensional space
complicates the formulation of incremental equilibrium equations, capable for

handling large rotation increments. Several studies for handling the large rotation
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effects can be found in References, e.g. Argyris et al. (1978), Argyris (1982),
Simo (1985), Cardona and Geradin (1988), Dvorkin et al. (1988), Friberg
(1988a, b). Argyris et al. (1978) have introduced the semitangential rotation
concept. In contrast to rotation about fixed axes these semitangential rotations
which correspond to the semitangential torque of Ziegler (1968) possess the
most important property of being commutative. Simo and Vu-Quoc (1986) have
developed the configuration update procedure which is the algorithmic counterpart
of the exponential map and the computational implementation relies on the
formula for the exponential of a skew-symmetric matrix. In this Eulerian approach
the tangent operator is non-symmetric in non-equilibrium configuration but the
symmetry is shown to be recovered at equilibrium provided that the loading is
conservative. Cardona and Geradin (1988) have used the rotational vector to
parametrize rotations. They have treated Eulerian, total- and updated Lagrangian
formulations. As pointed out by Cardona and Geradin (1988) an Eulerian
approach allows, on one hand, a relatively simple derivation of fully linearized
operators but, on the other hand these opeators are non-symmetric in a general
case. Full symmetry of operators is obtained in the Lagrangian approach. Large
deflection finite element formulations have been presented by e.g. Belytschko et
al. (1977), Bathe and Bolourchi (1979), Remseth (1979). In these studies the
nonlinear equations of motion have been formulated by the total Lagrangian or
by the updated Lagrangian approach. In large deflection problems of beams the
updated formulation has been found to be more economical and convenient than
the total Lagrangian formulation, Bathe and Bolourchi (1979). A total Lagrangian
formulation does not allow an easy manipulation of rotations exceeding the value
of w, Cardona and Geradin (1988). Recently Sandhu et al. (1990) have used a
co-rotational formulation in deriving the equations of equilibrium for a curved and
twisted beam element. In the co-rotational formulation the rigid body motion is

eliminated from the total displacements.

In all of the above mentioned studies the warping torsion has not been taken
into account. The stiffness matrix of a thin-walled beam seems to have been first
presented by Krahula (1967). The effects of initial bending moments and axial
forces have been considered by Krajcinovic (1969), Barsoum and Gallagher (1970),
Friberg (1985) and many others. Mottershead (1988a,b) has extended the semiloof
beam element to include warping torsion of beams with thin-walled open cross-
section. All the above mentioned studies have considered linear stability problems.
The effect of pre-buckling deflections to the critical loads have been studied by,
e.g. Attard (1986a) and van Erp (1989). Computational tools for nonlinear
post-buckling analyses have been presented by Rajasekaran and Murray (1973),
Besseling (1977), Hasegawa et al. (1987b), van Erp et al. (1988). Bazant and El

Nimeiri (1973) have formulated the finite element equilibrium equations of a thin-
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walled beam element for large deflection analysis, taking into account also initial
bimoments. The study of Rajasekaran and Murray (1973) includes also elasto-
plastic material properties. The above mentioned studies for thin-walled beams
have utilized the Vlasov’s theory of torsion and the Euler-Bernoulli theory for
bending of thin beams. Seculovié¢ (1986) has proposed an alternative formulation
which takes into account also the shear deformation in the middle line of the cross-
section. In this formulation the warping of the cross-section is described by a set
of axial displacement parameters, the number of which depends on the shape of
the cross-section. It is also applicable for both closed and open cross-sections.
Both Epstein and Murray (1976) and Chen and Blandford (1989) have suggested
a formulation which takes into account the average shear strains due to warping
torsion. Chen and Blandford presented a C” beam element for linear analysis
while Epstein and Murray formulated an element capable for nonlinear problems.

Wunderlich et al. (1986) have used an incremental updated Lagrangian
description in the derivation of the basic beam equations from a generalized
variational principle. They have explored the influence of loading configuration,
material parameters, geometric nonlinearities and warping constraints on the load-
carrying behaviour and on the bifurcation and ultimate loads of thin-walled beam
structures. The influence of material parameters have been investigated with both
J, flow and deformation theories of plasticity. In their study the tangential stiffness
matrices are obtained by direct numerical integration of the governing incremental
differential equations and no a priori assumptions on the distribution of the field
quantities have been made as in conventional finite element analyses.

A nonlinear theory of elastic beams with thin-walled open cross-sections has
been derived by Mgllmann (1981). In this theory the beam is regarded as a thin
shell, and the appropriate geometrical constraints are introduced which constitute
a generalization of those employed in Vlasov’s linear theory. The rotations of the
beam are described by means of a finite rotation vector. Computational results
based on this theory have been presented by Pedersen (1982a,b) in which Koiter’s
general theory of elastic stability is used to carry out a perturbation analysis of
the buckling and post buckling behaviour.

Attard (1986b) has developed a nonlinear theory for the non-uniform torsional
response of straight prismatic beams with open cross-sections under conservative
loads. Some computational results of nonlinear finite element analyses based on
this theory are presented by Attard (1987).




2 EQUATIONS OF EQUILIBRIUM

The Euler’s laws of motion state, Malvern (1969), Mikkola and Tuomala (1989),
that the total force acting on the body B is equal to the rate of change of the

linear momentum

P = /vpkdv (2.1)

of the body and that the total torque is equal to the rate of change of the angular

momentum
L= /x % pxdv, (2.2)
i.e. q
ffn -fds + f pfdv = &;'P, (2.3)
- - d
x %X thds + [ x x pfdv = aﬁ. (2.4)

In these formulas t,,f denote the surface traction and the body force vectors,
respectively. The exterior unit normal vector fi the surface area and the volume
elements ds, dv, the material density p and the material point coordinate vector x
are measured in the deformed configuration C; at time ¢.

Making use of the Cauchy’s stress principle

T, =T-A, (2.5)

where T is the Cauchy (Euler) stress tensor, and the divergence theorem, the

Cauchy’s laws of motion are obtained
divT + pf = pX, (2.6)

T =97, (2.7)

The Cauchy’s laws of motion (2.6) and (2.7) are related to the deformed
configuration Cy. In solid mechanics it is more convenient to express the equations
of motion in terms of quantities related to the known reference configuration C,.
Using the first Piola-Kirchhoff stress tensor P, the local equations of motion can

be expressed as

DivP + pof = poX, (2.8)
P.FL =F.P7, (2.9)

in which Div denotes the divergence operator with respect to the reference

configuration, F is the deformation gradient tensor and p, is the material density




at the reference state. The first Piola-Kirchhoff stress tensor is related to the true

Cauchy stress by the equation
P=JT -F7T, (2.10)

where J is the determinant of the deformation gradient and the superscript —T
means the transpose of the inverse tensor. If the symmetric second Piola-Kirchhoft

stress tensor

S=F'!.P=JF1lT.F7T (2.11)

is used, then the first law of motion (2.8) can be written in the form
Div(F - S) 4 pof = po%. (2.12)

The sum of internal and external virtual works has to be zero for a body in
an equilibrium state. Expressed in terms of Eulerian quantities the equation of

virtual work has the form
fT : §Ddtdv :/ T, - duds —{—fp(f'*i)-gudv, (2.13)
v 8v v

where & means the variation and D is the rate of deformation tensor, i.e. the
symmetric part of the velocity gradient tensor L = gradx. Equation (2.13) can be
formulated in the reference configuration using the first or second Piola-Kirchhoff

stress and the corresponding deformation measure, i.e.

fP:SHdV:/ EN-SudS-i-/ pol(E — %) - budV, (2.14)

Vv av Vv

/S:SEdV_/ fN-gudS—l—/ po(f — %) - dudV, (2.15)
14 av Vv

in which H = F — I is the displacement gradient, E = (F? . F — I)/2 the Green-

Lagrange strain tensor and ty the traction vector per unit reference area
INdS =P -NdS=JT -FT.NdS =T - fds = T,ds.

The virtual work expression (2.15) is commonly used as a basis in the numerical
computations.

The solution of the nonlinear equation (2.15) is obtained step by step.
Therefore the incremental form of equation (2.15) is required. It is now assumed,
that the solution has achieved configuration 'y, and the solution for an adjacent
configuration (5 is looked for. The incremental decompositions of stress and strain

are

’S =18 + AS,

2.16
’E = 'E + AE, (2.16)




and the variation of the Green-Lagrange strain at configuration (3 is

5(*E) = %(ZFT 6F + FT .2F),
‘ o (2.17)
= §('E) + é(AHT .6H + §HT - AH).

Substituting equations (2.17) and (2.16) into the virtual work expression (2.15)
yields

f [AS : 5PE) + (AH - 18) : §H|dV =
\4

R - bu 2F—%)-éudV — [ 'S:§('E)dV. .
LtN 5ds+fvpo(f %) - dudV ]V S:6('E)dV. (2.18)

Two commonly used alternatives for the reference configuration are the unde-
formed state C, or the last known equilibrium configuration Cy. These incremental
strategies are known as total and updated Lagrangian formulations, respectively.

In the finite element method the displacement field u is approximated using

shape functions N and nodal point displacement variables q
u = Ngq. (2.19)

Substituting the approximation (2.19) into the virtual work equation, and

expressing the stress increment in the form
A= Cz AE, (2.20)

where C is a fourth order tensor containing material parameters, yield the

discretized incremental equations of motion, linearized with respect to Aq
YK, +Kg)Aq =°Q - M?q — 'R, (2.21)

where K is the initial stress or geometric stiffness matrix, Q the external load
vector, R the internal force vector, M the consistent mass matrix and Aq the
incremental nodal point displacement vector. In the total Lagrangian formulation
matrix K; contains the linear stiffness and initial rotation matrices. In the updated
Lagrangian formulation matrix K; is dependent on the incremental displacement
between configurations C; and C5.

If the surface tractions depend on displacement configuration, an additional
difficulty is encountered. It is assumed that the surface traction vector can be

expressed as a function of a single parameter A, i.e.

=231, %R.=7%n) (2.22)




where t, is a reference traction vector, dependent on the deformations. However,

the displacements >u are unknown quantities and the traction vector *t has to be

approximated by the equation

. - O
T A%, + ——Au ;
»t 5o Au (2.23)
For further details on displacement dependent loadings see Hibbit (1979), Argyris
et al. (1982), and Schweizerhof and Ramm (1984). The last term in Equation

(2.23) contributes to the tangent stiffness matrix, and the discretized equations of

motion take the form

YK; +K¢ - Kp)Aq=°Q-M?q- 'R, (2.24)
in which 9Q
K; = — 99
= By (2.25)

is the load stiffness matrix. In nonconservative loading cases the load stiffness

matrix is unsymmetric.

The equations of motion can be solved also from the equation
M*§=?Q-'R (2.26)

if an explicit integrator is used. The solution algorithms of the systems (2.24) and

(2.26) are discussed in Chapter 8.




3 BEAMS WITH SOLID CROSS-SECTION

3.1 Kinematics of a beam

The deformation of an initially straight beam with undeformable cross-section is
studied. With reference to Figure 3.1, let C be the centroidal axis of the cross-section
and (&;,&;,83) the unit orthonormal vector system in the reference configuration,
with &, along the beam axis (z-axis), and &;,€3 principal axes of the cross-section
(y- and z-axes). A deformed configuration of the beam is then defined by the vector
function r(z), which characterizes the position of the beam axis, and by the function
Q(z); an orthogonal tensor defining the rigid rotation of the cross-section at z,

Ascione and Grimaldi (1983),
Q-& =g, =123, {3.1)

where g; are the unit base vectors in the deformed configuration. If x, = r, + ¥y, 1s
the material vector in the undeformed reference configuration and x = r + y (vectors

y and y, are in the cross-section plane) the corresponding vector in the deformed

state, they are related by the equation
x=r4+ Qs ¥, (3.2)
The displacement vector u is then
u=x~Xg:uc+(Q—I)'3’oa (3'3)

where u. = r — r, is the translational displacement vector and I the unit tensor. The

difficulty is to obtain Q. It can be assumed that Q can be broken down as
Q=Qy-Qy-Qy, (3.4)

where Q4, Qy and Qg are the rotation tensors, defining the rotation of magnitude
¢, —1 and @ about the reference axes &;,&; and &s, respectively. Unfortunately, the
sequence in which the rotations are performed is crucial.

Keeping in mind, that the kinematical relations for an updated incremental
finite element analysis are sought, the rotation tensor (3.4) can be linearized. The

component forms of tensors Qg4, Q. and Qg are:

1 0 0

Qs=1{0 cos¢p —sing|, (3.5a)
|0 sing cos¢
[ cosy 0 siny

Qg = 0 1 0 : (3.5b)
| —sinyp 0 cosy
[ cosf® —sinf 0

Qo= |sinf cosfd 0. (3.5¢)
| 0 0 1




Figure 3.1 Deformation of a beam.

The following expression for the components of Q with respect to the system

(é1 3 ég s ég) is obtained

ChCO SHSHCH — C$SO CpSHCo + S$SH
Q= |CySe S4SpSH+ CpCH CpSvSH— S8 |, (3.6)
_ S SHC CoCy

where the abbreviations for trigonometric functions C' = cos and § = sin are used. If

the rotations are small, cos ¢ ~ 1 — 1/2¢* and sin¢ =~ ¢ etc., and the rotation tensor

becomes
L= 97167 -0+ gy b+ f
Q= 6 1— 30" = 30" —9+0
—1 ¢ 1— 247 — 197

where cubic and higher order terms have been omitted. Neglecting the nonlinear

terms, the linearized form

1 -0 9
Q=0 1 —¢ (3.7)
- ¢ 1

is obtained.

The position vector y, and the displacement vectors u and u. are

0 U U,
yO — y 7 n= v b uc 22 vc bl (3.8)
z w w,




(€1,€z2,8&;3) directions. Then Equation (3.3) becomes

u=u, — 0y + ¥z,
v = v, — Pz, (3.9)
w = w + ¢y.

Equations (3.9) were obtained by assuming, that the cross-section remains planar
during the deformation. However, warping displacements take place when the cross-
section 1s twisted. The warping displacement is assumed to depend on the derivative

of the angle of twist, Love (1944), according to equation

Uy = ~w(Y,2)P,z, (3'10)

where w is the warping function which depends on the cross-section shape, and can

be solved from Laplace equation

Wyy F =0 lin 4,
(3.11)
gradw-n =0 on JA.

For a rectangular cross-section the warping function has a series expression, Love

(1944)

oo (2n+1)
sinh mz . (2n+ 1)y

T : 12
Z (2n + 1)3 cosh BEED ) S o (3.12)

w(y, z) = yz — 4b*(

=a|m

where b and h are the lengths of the cross-section sides. A close approximation to

the expression (3.12) for a narrow section is
w(y, 2) = wiyz (3.13)

and for a square section
w(y, z) = wayz(z* - y°). (3.14)

Combining both the approximations (3.13) and (3.14) yields a good approximation

to the warping function of a general rectangular cross-section, Bathe and Chaudhary
(1982):

w(y,2) = yzlwr +wa(z® —y*)]. (3.15)

In the finite element analysis the torque is usually constant within an element.

Therefore the expression (3.15) contains two additional parameters for each element

to be solved. These parameters w; and w, can be eliminated by static condensation

prior the assemblage of the element matrices into the global structural matrix, Bathe
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and Caudhary (1982). Alternatively, these parameters can be solved a priori from

the minimization process of the functional

M= [ fly=w.)+ (4,14, (3.16)
A
which yields the system
a1 412 Wi fa
= 317
{0321 %2}{%} {fz}’ ( )
where
aj] — Iy + IZ,
A
= —(r* - b*
aiz 80( ),
21 = Q12,
A3 A
s h2 62 el g N bﬁ
a2 = gag(h” +8) + g (R + 50,
=1, — Iy
' i - (3.18)
= —(h* +b*) - —
A= kb,
hb?
I, = / 2dA = —,
A 12
3
I, = / Pl e O
A 12
An approximation of the torsional rigidity
I, = / [(y —w.)? + (2 +wy)?]dA, (3.19)
A
is obtained from equation
[t:Iy+Iz+w1f1 +LU2f2. (320)

The final linearized displacement equations are obtained by combining Equations

(3.9), (3.10), (3.15) and (3.17)
U=t — 0y + vz —we.,
v = ve — $z, (3.21)
w = w: + ¢y.

These linearized equations can be used for incremental displacement assumptions in
nonlinear finite element computations. Wunderlich et al. (1986) have retained a

nonlinear term for ¢-rotation
v =v. — ¢z +(COS¢)—1)y,
w =w, + ¢y + (cos ¢ — 1)z,




: Q N M,
N34

Figure 3.2 Stress resultants of a beam.

and used the two term approximation cos ¢ =~ 1—¢*/2 in their numerical calculations.

Resulting displacement assumptions can be written in the form

u=u,— 0y +vz—wd,,

1,

U:vc'ﬁgbz* §¢ Y, (322)
1

w = W, + QY — §¢»zz.

These equations are also used in the present study. However, the effect of the

quadratic terms in Equations (3.22) has been found to be neglible in the numerical

experiments.

The stress resultants of a three dimensional beam are defined by equations

N—f gxdA,

A

Qy Z/'TmydA,
A

[ :/Tmsz,
A

M, = f(rzzy — Tpyz)dA,
A

My:f o.zdA,
A

Mrz:/ o.ydA,
A

which are illustrated in Figure 3.2.

(3.23)
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3.2 Beam elements

3.2.1 Elements based on Timoshenko beam theory

For a straight beam element with solid cross-section, the incremental displacement

equations, based on displacement assumption in Equation (3.22), are
Au(z,y, 2) = Au(z) + zA¢%(z) — yAd(z) — w(y, 2)Ad .(z),
1
Av(z,y,2).= Av(z) ~ zAP(z) — §y[Aq§(;ﬂ)]2, (3.24)

Aw(z,y,z) = Aw(z) + yAd(z) — %Z[Aqb(a:)}z

The only nonlinear terms which have been retained correspond to the rotation
about the centroidal axis of the beam, as done also by Wunderlich et al. (1986).
The incremental displacements after some equilibrium iterations will be denoted by
Aul, Av, Aw?, Ad', Ay? and A§'. The iterative changes, which have to be solved

are §u, v, dw, ¢, 69 and 860, and the incremental displacements are
A, = Aul + bu,,

Av, = Av} + §v,,
Aw, = Aw} + bw,,

‘ (3.25)
A = A + 66,
A = AP + 83
Af = NG + 66,

The iterative changes in the Green-Lagrange strain tensor components can be solved

from the equations
be, = Neg — Asi,

57224 = A’me - Af}’iy? (326)
67.7:.2 = A’}’;-;,; - A’Yiz’
where Ae, = Aey(Au,Av,Aw), Acl = Ae,(Au',Av', Aw') etc. Substitution of

the decomposition of incremental displacement vector to Expressions (3.26) yields

Seg =(1 4 Aug, —yAO, + 289 Jouc,
+ (A}, — 288), — yAS AP, )bvc
+(Aw!, + YA, — 2AP AP )bw,,
+ AGL(PA AP, — zAw], — yAv] )50
+ {r?AgL[L+ (A¢")] - 2(Avy , + Aw, Ad)
— y(Avl AP — Awl,)}66 .

13




+ 2(1 + Aug , — yAf, + 2AP)6 .

—y(1 + Aug, — yAF, +209,)60,

b Bu, 8+ bl L+ (A6 I66%

+ 72 (AgL) 86 + 22697 + y766% )

— ybuc 60 o + zbuc 20 o — yzbip 0 ,

— yAP6vc,06¢ — 209, 6w 8¢

+ (202 AP AL, — yAvl, — 20w} ,)8686 ., (3.27a)
Yoy = — A0 8uc,, + (1 — (A4")? /2]6ve 2 + AP 6wep — (2 +w,y)E0,2

+(Aw] , + Av; AP)6¢ — (1 + Aug )80

— St 280 — Avl 687 /2 — AP Svc 186 + bwe 260, (3.27b)
ar =AY 6uc o + A 6vc 0 + [L — (A1)} /208w 2 + (y — @,2)60 2

— (Aol + Awl Ad)8¢ + (1 + Aug )b

+ 6Ue,zb% — 60c, 260, — AP bwe 8¢ — Aw; 667 /2, (3.27¢)

where the notation r? = y? 4 z? is introduced, and the term —wd¢ ., is omitted in

the expression for §c,. Substituting the finite element displacement assumptions

duc = Nybqu,
dve = Nybq,,
wds =5 Dlmlihoy (3.28)
6¢ = Nybqe,
6y = Nybqy,
68 = Npbqs,

into Equations (3.27a)-(3.27c), the strain increments 8¢, 872y and 67, are found
in terms of the nodal parameters 6q. The discrete gradient operator i.e. the linear

strain displacement matrix is

alNu,:: GZNv,z G"SNw,:c a4N¢» + aqub,a: aﬁNu’),:c CLTNB,:::
B = blNu,z ngv‘z b3N-w‘;c b4N¢ + b5l\T¢‘z 0 brNg |, (3.29)
eiNgz €Nz Ny alNg+ csNy - cgNy 0

14




where the abbreviations a;,b; and ¢; are

aj
az
as
aq
as
ag
ar
by
by
bs
by
bs
by
5
C2
C3
C4
Cs

Ce

=1+ Aul , — yA, + Ay,

= Av) , — AL (= +yAd),

= Aw], + Adl(y — 2A4%),

= AL (P AP APl — 2Bw; , — YA, L),

= PP AGL[L + (APY)?] — 2(Av) , + Duwl AdY) — y(Avg A + Aw ),

= zay,

= —Yyai,

= —-A#*,

=1- (A8 )2,

= A¢,

= Aw} , + Av, ,Ad',
= —z—w,y,

= -1- Aul,,
= Ay,

= —-Ag,
=1—(A8")/2,

= —Av; , — Awg AP,

=Y W,
=1+ Aui’m

(3.30)

Using the linear strain-displacement matrix B and the constitutive matrix C, matrix

K, in Equation (2.21) can be written in the form

Ky :f BTCBdV,
VvV

and the internal force vector correspondingly

where 81 is the vector of 2nd Piola Kirchhoff stresses $! = [S2 S;y

R! =/ BTS4vV,
v

geometric stiffness has the form

T Keouw 0 0 0
Kva 0 KG‘vzi)
w K w
B g = Kgw KG p
Gog
L s y m m.
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Kouy KoueT
0 0
0 0
0 0
Koyw Koye
Kgoo

(3.31)

(3.32)

$1 1T, The

; (3.33)




in which
KGuu :/ SiNEENu,rdva
V 3
Kcow :f BN N 0V
V ?
Kwa :f SiNg 3Nw,azdva
v o '
Kaps = [ SHH(1+ (86 INT,No. + (565" NEN
+ (22 A 697, — yAvl, — zAw] (NG Ny . + N7 . Ng)}dV
B fV (81,0l , + 8., Avl )NIN,dV,
Kouy = ] S1(y — 2A¢")NT Ny — AL NT NyJdV
Y
1 1 1 T
+ L(Sw — S1,A¢)NT Nyav, (3.34)
Ko = = f S3[(z + yAS )NT Ny, + yAGLNT Nyldv
"4
—/(SiyAcﬁ‘ + 51, )NT NydV,
Vv
Koy :/ S 2NT Ny .dV,
Vv
Kouy —f S;zNE‘mN¢,¢dv+f S:.NT N,dv,
Vv Vv
KG’GQ —‘/ SiyzNg:mNe'de,
Vv
Kgyo = — f S1yzNJ Ng.dV,
72
KGuBI‘/ S;yNE,zNg,de—/ SinglmNQdV.
VvV Vv

The integrations along the z-axis direction have to be done by the one point
Gaussian quadrature when linear shape functions for each displacement quantity
are used. The one point rule integrates exactly the bending stiffness part and
makes the shear stiffness singular, thus the element does not lock when the structure
becomes slender. The one point integration yields the same linear stiffness matrix
as is obtained by using an additional hierarchical parabolic mode for deflection and
condensing out this additional degree of freedom.

Also higher order interpolation can be used yielding an subparametric element.
In geometrically nonlinear analysis the interpolation of geometry is important. Much
better computational effectivity can be achieved by using a linear isoparametric

element.
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Over the cross-sectional area either Gauss or Simpson integration rules can be
used. In the elastic case and when the cross-section is narrow (h/b > 10) the 2x2
Gaussian or the 3 x 3 Simpson’s rule is sufficient, although these rules underintegrate

the torsional rigidity term (3.19)

Iy = / (3 — w,)? + (2 +w,y )?1dd,

when the approximate warping function (3.15) is used. However, the underintegrated
torsional rigidity is closer to the exact value than using the 4 x 4 Gaussian rule, which
integrates Expression (3.15) exactly. When the cross-section is a square the 4 x 4
Gaussian rule gives the best accuracy, see table 3.1.

The consistent mass matrix is

..Muu P
M‘U‘U
M
M = R , 3.35
My :85)
Myy
L Mee-
in which the submatrices M;; are
My, = / pNTN, dV,
v
M,y = f pPNTN,dV,
v
My = / pNIN,,dV,
¥ (3.36)

Mg = / Py NETNgdV.
v

For a linear two node element the diagonal mass matrix can be written in the form

My

M= { Md] , (3.37)
where the submatrice My has the form
-1 "
1
M= . 3.3
¢7 I,/A ) (3.38)
I,/A + L2/12
i IL/A+ L2/12]




Table 3.1 Accuracy of the numerically evaluated torsional rigidity for a rectangular cross-

section when approximate warping function (3.15) is used.

The notations are I, = I, + I,, L is the length and m = pAL is the mass of an

element.

rule h/b  I;/hb Ie=act/hh®  error %

Gauss 2% 2 1 0.091449  0.140577 34.95
3x3 0.139012 L1t

4 x4 0.140741 0.12

Simpson 3 x 3 0.217078 54.42
5wb 0.147200 4.71

TxT 0.142078 1.07

Gauss 2x2 2 0.164863  0.228682 27.91
3x3 0.223800 2,13

4 x4 0.230596 0.84

Simpson 3 x 3 0.338634 48.08
5x5 0.243985 6.69

.31 0.233483 2.10

Gauss 2x2 4 0.248022  0.280813 11.68
33 0.275483 1.90

4 x4 0.288537 2.75

Simpson 3 x 3 0.367442 30.85
5x5 0.306217 9.05

i 0.292496 4.16

Gauss 2x2 10 0.313838  0.312325 0.48
3x3 0.317249 1.58

4 x4 0.323219 3.49

Simpson 3 x 3 0.345581 10.65
5m%b 0.330447 5.80

Toa 0.324860 4.01

Gauss 2x2 100 0.333122  0.331233 0.57
I3 x2 0.333145 0.58

4x2 0.333222 0.60

Simpson 3 x 3 0.333481 0.68
5x3 0.333314 0.63

=3 0.333243 0.61

+ smallest error
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The virtual work expression for internal forces can be formulated using stress

resultants and the corresponding generalized strain quantities

/ 28:;6(*Ei;)dV =
Vv

5
/ [PN§(*e.) + 2Qy5(27«":y) +2Q.6( ¥ee) + 2Mm‘5(2"%) + 2My6(2&y) + 2Mzg(2’92)]d$:
0
(3.39)
where the stress resultants N, Q,, @, Mz, M, and M, are defined in Equations (3.23).
The generalized strain measures, the elongation e, at the cross-section center, the
shear strains 7y, Yzz, the twist per unit length x, and the bending curvatutes xy

and k, are defined by equations

1 [T

Ec = Ue,z + 5(”3,3: + wz,m% + { f r’ﬁ’ 3

Yey = Ve,z — 6 +wc,w¢)1

Yoz = We,z + ,(’L, - Uc,zﬁbn (340)
K — q[).ma
‘K:y = ¢,$ - Uc,m¢a q)/ W
g == *g,x + We,z Y. [

,. Y )%
In this case the linearized displacement assumptions

“:uc“yeJrZI/) ”qu,a:r
V= v, — zo, (3.41)

w = w, + Yo,

are used.
The vectors of stress resultants and generalized strains are denoted by Q and e,

respectively as
Q=[N Q, Q. M. M, M,]",

- (3.42)

e = [Ec Yey Yzz Rz Ky K'z]
The constitutive law in the elastic case can be written in an incremental form
AQ = CAe, (3.43)
with
- EA -~
GA,y
GA,,

C = o, : (3.44)
EI

EI ]
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in which EA is the axial rigidity, GA,, and GA,, the shear stiffnesses in y and 2
directions, GI; the torsional rigidity and EI,, EI, the bending stiffnesses about y

and z axes, respectively.

Using the incremental decomposition

Q="Q+AQ' +46Q,
26 = le + Ae! + de,

where the iterative changes of the generalized strains are

§ec =8uc s + AL Vep + Aw] bwe o + I /ANG 66,
+ (602, + 6wl + I,/ A6¢%)/2,
892y =8ve, — 80 + AP bwe,z + Dw 8¢ + Swe 26,
8Ynz =6We o + 8% — AP 8v,, — Avl 8¢ — bv. 266,
Stz =602,
Sky =895 — AP0V . — Av] 6 0 — Ve 266 4,
Sk, =— 80,5 + AP bwe o + Aw] 8¢ 5 + b, 266 4,

(3.45)

(3.46)

the discretized equilibrium equations (2.21) can be derived. The linearized strain-

displacement matrix has thus the form

[Nz /_\vi,mN.L,,z Aw! Ny - IP/AAqﬁ,lmN(;g‘z 0

0 N, A$IN,, . Awl N, 0 -Np
B_| 0 -A¢N,. N, ~Avl Ny Ny

0 0 0 Ny . 0

0 -A$LN,. 0 ~Avl, Ny, Ny.

0 0 A N,.  Awl Ny, 0 —Np,l

and the internal force vector is calculated using the formula

i
R! —/ BTQdz.
0

. (3.47)

(3.48)

In this case the geometric stiffness matrix has a little simpler form than in Equation

(3.33)

ro 0 0 0 0 07
KG‘UU O KG'U(# 0 0
Kwa Kquﬁ 0 0

Kq =
¢ Kggg 0 O
0 O
N ¥ m m. G
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The submatrices are f
L
Koy = N/ N7 N, dz,
0
L
Keuww = N/ Ng'me,:rdm,
0

L
Kggp = NI, /A /; Ng’zN@:dm,O (3.50)
Yo <L

L
Kqus =M, f Ng‘de,'xd:c + QZ N£12N¢dm’
0

0
L o L
Kgog = —My/ N7 Ny .dz _ﬁﬁ/ NT Nydaz.
0 0

The internal force vector (3.48), the geometric stiffness (3.49) and the linear stiffness

matrix

L
K, :f BTCBdz (3.51)
0

can now be integrated with respect to the axial coordinate only. This approach results
in a simple way to formulate the finite element equations for a three dimensional
beam. It is computationally much more economical than a fully numerically
integrated element, Equations (3.29)-(3.34). However, nonlinear material behaviour
cannot be modelled as accurately as in the layered model. For example, in elasto-
plastic case the yield surface has to be formulated using the stress resultants, which is
quite complicated for general cross-sectional shapes. Therefore simple approximate
yield surfaces, expressed in terms of stress resultants, have usually been adopted in
the analyses. However, the results of this kind of computations have to be interpreted

with great care.

3.2.2 Elements based on Euler-Bernoulli beam theory

In the Euler-Bernoulli heam theory the deformations due to transverse shear are
neglected. This can be achieved from the Timoshenko beam equations by imposing

the constraints
Yoy = Ve, — g = 07

Yoz — We,z + d" = (0.

In the finite element method these constraints can be taken into account by using

(3.52)

either Lagrange multipliers or the penalty function method. The advantage of the

i In the elastic case fA Sir*dA = NI,/A. If the material behaves nonlinearly, this
approximative expression can still be used, but it may slow down the convergence of
the iterative process. In the numerical examples, this retardation has found to be

insignificant.
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penalty method is, that the shape functions of displacement variables can still be

C°-continuous, and the implementation of the constraints to the Timoshenko beam

elements is simple.
The beam elements based on the Euler-Bernoulli beam theory are usually

formulated using C'-continuous approximations for deflections

vlz) = Ny (2 gy

(z) = Nu(#), (3:53)
where N, and N, contain the cubic Hermitian polynomials
1— 362 4+ 26° 1 — 32 4 23
NT = | —362252_;;33 i NT = —(63—522{5_2 ;2353)13 ) (3.54)
(—€* + &)L (& —-&)L

in which ¢ = z/L and L is the length of an element. The corresponding nodal point

parameter vectors are

qp =[v1 6 vz G]=[v1 v} v v;], (3.55)
qﬂ =[w; P1 wy Pa]=[wr —wy wy —wy].
If the linearized incremental displacement assumpions
Au = Au. — yAve , — 28w, — wA¢P 4,
Av = Av, — z¢, (3.56)
Aw = Aw, + y¢
are used, then the strain increments based on formulas
€z = 'L',’m + (v?:r: + w?r)/27
Ty =W F U F W 020,45 (3.57)

Yoz = Uz + W + V2V 2,

are

Ses =8uc,e + (Av, , — 2AP)6vc 2 — YOve 2o
+ (Awg , + YA, )Wz — 28We e
+ (AP, - A0, +yAwl )8,
— 26Vc,56% 2 + Y6We 266 o + (600, + wl, +778¢%)/2,  (3.58a)
6Yay =AP 6wep — (2 +w )66 . + Aw] 86 + bw. o8¢, (3.58b)
82z = — AP 8vc s + (y — w,2)66 . — Av; 60 — bv. 66 (3.58¢)
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The linearized strain displacement matrix has the form

Nu,:: ai Nv,x = va,:w: a2Nw,z = ZN‘w,m:n G'BNQS,I
B=| 0 0 AP'N,, - b Ny + Aw]l Ny |, (3.59)
0 _AQSIN‘U,I: 0 C]Nq{,.z == A'Ug,quﬁ

where

a1 = Avg, — 289,

az = Aw, , + yAdl,,

a3 =’ A¢l, — 280, , + yAw, ,, (3.60)

by = =2 —W gy

€1 =Y — W,
The derivatives of the incremental displacements Av; , and Aw] , prior the current
iteration have been calculated using the difference formulas e.g. Avg,z = (Avy —
Avy)/L. This approach has been found to be more effective than evaluating these
quantities by the use of shape functions. The axial displacement v and the rotation
¢ about the element axis have been interpolated with linear shape functions. The

geometric stiffness matrix is

0 0 0 0
i Kva 0 Kquﬁ
KG - Keuw Kquﬁ ’ (3'61)
symim. Kass

where (see footnote for Equation (3.50))
L
KGoo :f SINT N, .dV = Nf NT N, .dV,
14 ' 0 !
L
K e :f SINT N, .dV = Nf NE N4V,
V 1 0 1
L
Kess :/ Sar’Ny Ny .dV = NIP/A/ N7  Ng.dV, (3.62)
1% 0
L
Keuwg = f SiyNT Ny .dV = sz NT Ng.dV,
Vv 0
L
Kaug = _f S12NT Ny .dV = Myf NI N, .dV.
\'4 0

Similarly to the case of Timoshenko beam, the element stiffness matrices and the
internal force vector can be formulated, based on the virtual work equation expressed

in terms of stress resultants and the generalized strain quantities:

Q=[N M, M, M,]|",

o (3.63)

e=]gs By Ky Kz
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The curvatures are

K, = — Ug,zz,
(3.64)
By & = Wy
The constitutive matrix relating Q and e is
EA
ElL
C = EI, , (3.65)
GI,
and the linearized strain displacement matrix B has the form
Nul‘T’ avg,mNU:z A’[Ui,EN%\x IP/AAQS,I:EN‘?SGC
" 0 _'Nv,;r,z AélzNw,a: Awiﬂ leNd"x
B=1 0 _—A¢N,, -Nyo.. -0l N, (3.66)
0 0 0 Ny o

The consistent mass mairix for the cubic Euler-Bernoulli beam element is

M.,
M'UU
M = M. , (3.67)
Mgy
in which the submatrices are
M., = f pNTN 4V,
v
M,, = / pNIN, 4V,
v (3.68)
My = f pNTN 4V,
14
Myy = f perg;ngdV.
v
The diagonal mass matrix is simply
_ | M
M = [ Md:| , (3.69)
where the nodal contributions are of the form
1 i
1
m 1
M= — .
L*/12
i [?/12.

in which the notations are similar to those in Equation (3.38).
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4 Thin-walled beams with open cross-section

4.1 Kinematical relations

The kinematic behaviour of beams with thin-walled open cross-section can be derived,
based on the assumption that the projection of the cross-section on a plane normal to
the centroidal axis does not distort during deformation, i.e. the cross-section is rigid
in its projection plane. According to this assumption, the in plane displacements of
an arbitrary point of the cross-section undergoing a small twisting rotation can be
expressed by three parameters: two displacement components v,w and the angle of
twist ¢ about the longitudinal beam axis, i.e.

v = v, — 20,

4.1

In this study both elastic and inelastic material behaviour has been investigated,
so all displacement quantities are referred to a single point of the cross-section.
Transforming v and w in Equation (4.1) from the z,y,z coordinate system to the
orthogonal z,s,r system gives, see Figure 4.1

¥ = v cosa + wsin «,

(4.2)

W = —vsin o + wcos a,

middle
line

Figure 4.1 Cross-section of a thin-walled beam.




Figure 4.2 Construction of a thin-walled cross-section.

The linear strain-displacement matrix takes the form

alNu.,:c G'ZNTJ,a: a'BNw,z: CL4N¢ + GSNqb,:c aGNv,b,:c a7N9,3 aSNﬂ,z

B = bNuz 5N 0iNu baNg+bsNoo 5Ny  bNp  bNyl |’
(4.32)
where
by = Ayl sina — A8 cos o,
1
by, = cosa — Ad'(sina + EAqbl cos a),
1
by = sina + A¢(cos o — 5&(}51 sin o),
by = Awi!z(cos a— A¢lsina) - Avg'z(sina — A¢l cos ), (4.33)

by =~ — ey
bg = (1 + a1)sina,
by = —(1+ aq)cosa,

bg = ——(1 "|- a1)w3,8.

The geometric stiffness K has the same form as presented in Equation (4.24), but
the terms written below differ slightly from those listed in Equations (3.34) and
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where 7 and w are the displacements of an arbitrary point of the cross-section along
the s- and r-axes, respectively, while a denotes the angle between y- and s-axes.
Equations (4.1) and (4.2) result in

D =v.cosa + wesina + hd,

= ; (4.3)
W = —vesina + w.cosa + hpg,
where
—h;,=R-r=z2cosa—ysina,
(4.4)
hr=R-§=zsina+ ycosa.
The unit normal vectors §,T and the radius vector R are, see Figure 4.1
§ = cosaé, + sinae,,
I = —sinaé, + cosoé,, (4.5)

Ri=g8, -+ 28y,

where &, and €, are the unit vectors in the directions of y- and z-axes. Using the

linear shear strain expressions

Yes = U, = Uiz,

(4.6)
Yor = U p + Wz,
the axial displacement can be integrated from the total differential
du =u 4ds + u dr
—(Yzs — Ve,z COS @ — W zsine — hyp . )ds (4.7)

4+ (Yor + Ve,z SN @ — W, 5 cOS @ — hp ¢ g )dr.

The shear strain 7., consists of two parts, i.e. parts due to nonuniform bending

4%, and torsion 7!,, while the strain .. has contribution only due to nonuniform

bending:
b t
Yzs = Yos T Vas
oo (4.8)
Yer = Vpr:
Collecting the terms in Equation (4.7) in the form
du :'ygy cos ads — '725; sin adr — v,z cos ads + v¢ o sin adr
+ 48 sinads + 72, cos adr — we » sin ads — w, ,ds (4.9)

— we gz cosadr — (hsd o — Vi )ds — b o dr,

and using the conventional assumption of the shear strains in the Timoshenko beam

theory
723: = Veyz — g,

(4.10)
'}’zz = We g e ¢7
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with an additional assumption for shear strains due to torsion
Yos = hs($,2 — D), (4.11)

where ¥ is an additional displacement variable describing the variation of warping
displacement in the longitudinal axis.
Integrating the differential expression in Equation (4.9) gives the axial displace-

ment

u=u,—yd+ 29 —w, ¥ —w.d ;. (4.12)

In the above expression, u. is an arbitrary function depending only on the z-

coordinate, and w, is the warping function at the middle line of the cross-section

of the member

w,(8) = f heds. (4.13)
0
Further, w, is the warping function due to the slab action
wr(s,7) = he(s)r. (4.14)

Derivation of the differential equations of a twisted bar is described in Appendix
Al. The total torque is a combination of the pure St. Venant’s torque M, and of

the warping torque M,
M, = M:cf + IVIw}

M. = GLi ., (4.15)
M, = GIL(¢ . —9),

where the shear constant I, is defined by expression
i = f h2dA. (4.16)
A
The bimoment B is defined by the equation
B = <B4 o, (4.17)

where the warping rigidity I, is

Iw_/wfa!A. (4.18)
A

4.2 Thin-walled beam elements

4.2.1 Elements based on Timoshenko beam theory

For a straight beam element with a thin-walled open cross-section, the incremental

displacement expressions are almost identical to the incremental displacement
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equations (3.24) used in the case of a beam with a solid cross-section. Only difference

is that the warping displacement is divided into two parts,

Au(z,y, z) = Auc(z) + 2zA¢%(z) — yAl(z) — wy(s)AV¥(x) — w(s,7)Ad (),
Av(z,y,2z) = Av(z) — zAd(x) — %y[Aqb(:c)]z,

1
Aw(z,y,z) = Awc(z) + yAp(z) — -2—z[Ad)(:1:)]2
(4.19)
where A¥ is an additional displacement variable. Similarly as in Chapter 3, the

‘iterative changes of the Green-Lagrange strain tensor components are

§e, =(1 + Aug, — yAl, + 289, — w, A0, )6uc,n

+[Av; . — AdL(2 + yAg)]6vee

+[Awg o + APl (y — 288" )[we,z

+ AdL(r AP AP, — zAw; , — yAv; ;)69

+{r*AgLIL+ (2] — 2(Av; , + Aw; AgY)

— y(Avl A — Aw] )}66,

+2(1 + Aul , — yAO, + 297, — w, A9 ,

—y(1+ Aug , — yAf, + zA¢7, — wAD,)80.

—wo(l + Aul, — yAl, + zAy), — w, AP )69,

b (U b 8+ Bl 4 L+ (AG)567,

+73(A¢),)%6¢7 + 22697 + y?66%, + wiov?}

— YOuc 280,z + 28Uc 6P o — WobUc 26V, e — Y26 20,

— 2w b9 289 5 + Yw 68 .60 o — (2 + yAP')ovc 80

+(y — 288" )ow. 06 — YAP 60 60 — AP 6w 169

+ (2r2 AP AP, — yAv] L — 28w, ,)6¢8¢ ., (4.20a)
82y = — A0 6ucz + [1 = (89")?/2]6vc,e + Ad 6wz — (2 + wry )6 .

+ (Awg , + Av] AP )6 — (1 + Au ;)80 — w, 60

— bu, 280 — AP'6v. 8¢ + bw, 8¢ — Avl 667 /2, (4.208)
69ar =AP 8t + Ad 80, + (1 — (A1) /26w, s + (¥ — wr2)86

— (Avg, + Awi AN )8P + (1 + Dug )69 — w, .89

+ e b — 60c, 260, — AP Swe 266 — Aw? 547 /2. (4.20¢)

The twist per unit length is also interpolated within an element by the shape functions

09 = Nydqy. (4.21)
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The linear strain-displacement matrix B can be written in the form

a;Ny -z @Ny. a3Ny . asNg +asNg,. asNy . arNg, agNy,
B= blNu,z b2N'u,a: b3Nw,z b4N¢' i bSNqb,:c 0 bTNB bSNt‘),az )
C]Nu,z C2Nv,z C3Nw,:c C4N¢ + C5Nqﬁ,z CGNyLl 0 CSN‘(?,;U
(4.22)

where the coeflicients are presented in Equations (3.30) except

a1 =1+ Aul , —yAf, + zA¢, — w, AP,

g — 247,
a7 = —Yay,
g = —W,ay, (4 23)
by = —z — Wsy, '
bg = *w‘,‘y,
Cs =Y — Wr 2z,
Cg = —W;s,2,
The geometric stifiness matrix is
-KGIL'LL 0 0 0 KGuy’) KGuB KGuﬂ T
KGU‘U 0 KGU¢| 0 0 0
Kowe Koug 0 0 0
Ka = Kgoo 0 0 0 3 (4.24)
Koyy Koye Kayo
Kgeo Kgov
i 5 y m m. Kgys
where the additional terms, compared to Equation (3.33) are
Kgos = / Siw?NJ Ny .dV,
v
Koy = f SaywsNJ Ny .dV,
v (4.25)

Keys = — / Sizws NG Ny dV,
|4

Keug = —/ SiwsNIT Ny .dV.
v

An element stiffness matrix and internal force vector are integrated using the one
point Gaussian quadrature in z-axis direction when the linear shape functions are
used. Each part of a cross-section has to be integrated at least the 2x2 Gaussian

rule. For inelastic analysis higher order rules have to be used.
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The consistent mass matrix contains also an additional block, i.e.

—-Muu -

M = M¢¢ 3 (4'26)

where

Myy = / pwiNTNydV. (4.27)
v

The other submatrices are presented in Equation (3.35). The lumped diagonal mass
matrix for a two noded element has the same form as in Equation (3.37), where the

nodal submatrix My is

.-1 -

bo| 3

I,/4 . (4.28)
I,/JA+ L*/12
I/A+ L*/12

I, /Al

A thin-walled beam element can also be constructed using two strain components
only, the axial strain and the shear strain paraller to the middle line of the cross-
section, and the corresponding stress quantities. In the incremental displacement
assumptions (4.19) the increments Av and Aw are now measured for each part of
the cross-section in local coordinate system ¥y, z, which is paraller to the local axes

s,r, see Figure 4.2,

Av(z,y,z) = Ave(z) cos o + Aw, (z)sin e — e, Ad(z) — %es[Agﬁ(m)]z, : ;
4.29

Aw(z,y,z) = Aw(z)cosa — Av, g, sina + e, Ag(z) — %er[Agb(:ﬂ)]z.

The notations
er = Z,COSQ — Y SINQ + T,
) (4.30)
€5 = ZcSINQ + Yo COS O + 8,
are introduced in which y, and z, are the coordinates of the centroid of a cross-section
part and « is the angle between the axes y and §. The strain increments are evaluated

using the formulas

Ae, = Au, + (Av + /_\'E?m + Aw?,)/2,

4.31
Adps = Au s+ AT, + Au Au , + AT AT, + AD AD ,. L43L)
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(4.25):
Koss = [ SHrIL+ (A6 FINGNo + (84" NN,
v
(2 A ASL, — yAv?, — Al ) (NINy. + N5, Ny)}dv

s / S4(cos aAvg , + sin aAwi}z)NgNdiV,
Vv
Kows = [ 8y — 208" )NT,Ny.. — :0¢LNE NoJav .
+/ 51 (cos a — Ag’sin a)Nz‘zN¢dV,
v
Ko =~ [ 8(= +yA¢"INDN s + yAGLNE NGV
Vv
+ / 5! (A¢' cosa — sin a)NEmNQchV.
14

A thin-walled beam element can also be formulated using the stress resultants
and the corresponding generalized strain quantities. The internal virtual work

expression for a thin-walled beam is

f 26,62 E;;)dV =
|4

L
o 2 £(2 20 §(2 2 1&
/0 PN6(ec) +2Q,0( vey) + Q6P 722) + M opd(Phic) (4.35)

F2M 6k, + 2M (% k) + 2B8(Pky) + M%) de.
The generalized strain measures €c, Yy, Yoz; £z, Ky and &, are defined in Equations

(3.40) and in addition
Ky = —

I ’_19 (4.36)

As in the case of a beam with solid cross-section, the linearized displacement

assumptions
u=u.— Yyl + 29 — wrp . — w,,

v =1v. — 2, (4.37)
w=w.+ yg{)v
are adopted. Denoting the vector of stress resultants by Q and the vector of

generalized strains by e

Q=[N Q, Q. M., M, M. B M,]",

]T (4.38)

e:[sc Yoy VYzz Kz Ky Kz Ko Tw|

the constitutive law in the elastic case can be written in an incremental form
AQ = CAe, (4.39)
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where the constitutive matrix has the form

-EA
GA,,
GA,
GI,
C= EI, EI,,
EI, EIL,
El, El,. EI,

GI, |

(4.40)

Using the incremental decomposition, as in Equation (3.45), the linearized strain-

displacement matrix

Ny Al Ny, Awl Ny, L/AAY, Ny, 0

0 N, . A¢piNy o Aw?! Ny 0
0 —A¢'N,, Ny ~Avl N, N,

B 0 0 0 Nd,'m 0
0 -—A¢L N, 0 —Avl Ny, Ny,

0 0 AP, Ny.  Awl Ny, 0

0 0 0 0 0

L 0 0 0 Ny 0

is obtained.

geometric stiffness has the form

[0 0 0 0 0 0 0

0 Kgog O 0 0

Kouww Kowsg 0 0 0

KG = Kg¢,¢ 0 0 0
0O 0 O

0 0

L 3 y m m. 0

where the submatrices are given in Equations (3.50)

[ e R e B e T e

e’

Na?,z
—Ny |
(4.41)

The internal force vector is presented in the formula (3.48). The

(4.42)

An element based on Vlasov’s classical theory of torsion concerning thin-walled

members can be simply constructed from the presented elements by using a penalty

method. In an element, formulated by using the stress-resultants and generalized

strain quantities, the Vlasov’s constraint

b9 =0

(4.43)

can be included in the constitutive matrix C by substituting term aGI, instead of

G1I,, where « is suitably chosen penalty parameter (a > 1). To other elements, the

constraint (4.43) can be included by adding a term
L £ o oy ~
aGl, f (9,200, — ¢ 60 — V6P, + V6V)d
0
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in the variational equations.

4.2.2 Elements based on Euler-Bernoulli beam theory

The most common procedure to formulate a thin-walled beam element is to use
Vlasov’s theory, Vlasov (1963), for thin-walled beams with open non-deformable
cross-section. In this theory the shear strains in the middle line of the cross-section

is assumed to be zero, i.e. in linearized form
Yo =Ug+ tz=0 (4.45)

In the finite element method the incremental displacement assumptions

A = Ale —~ TNV —~ B0 — WA 5
Av = Av, — zAQ, (4.46)
Aw = Aw. + yAdg,

can be used in formulating the equilibrium equations in the updated incremental
Lagrangian description. The warping function w contains now both parts w, and
w,. The bending displacements v, and w,. are interpolated within an element by the
cubic Hermitian polynomials (3.54). The angle of twist ¢ is interpolated by the same
shape functions as the translational displacement v, so possessing C''-continuity. For
the axial displacement u, the linear interpolation is used. The displacement field is

described by equations

Ue = Nuqua
Ve = Nuqv
’ (4.47)
we = Nyqu,
¢ = Nyqg,
where .
q, =[uw wu], (4.48)

=l & b2 A,
and q, and q,, are given in Equations (3.54). Using the displacement assumptions

(4.46), the strain increments are

Beg =6uc,e + (Av], — 2A¢], )ovcp — Yo pe
+ (Awg . + yAP,)bwe o — 26We e
+(rP AP, ~ 2Av; , +yAw; )60, — wha,
— 260c 200 5 + YSwe L6 + (602 L + Wk, +r784%)/2,  (4.49a)
§Yoy =A@ 0wep — (2 +w )00 + Aw] 8¢ + Sw. 16, (4.49b)

6922 = — AP 6vc s + (y — w ;)80 — Avg 8¢ — bv. .66, (4.49¢)
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based on strain measures in Equation (3.57). Substituting the displacement
interpolations, Equation (4.47), into the expressions (4.49a)-(4.49¢), the linear part
of the strains are related to the nodal point displacement parameters through the

strain-displacement matrix

Wooo Vg =Ny 3N —2N ... @gNg. —wlNg...
B = 0 0 AP'Ny, . b1 Ny - + /_\wg'xNé , (4.50)
0 —A¢'N, » 0 1N .o — Avg,qug

where the abbreviations ay,a;,a3,b; and ¢y are the same as in Equation (3.60). The
geometric stiffness matrix is similar to Equation (3.61), now only the shape functions
for the angle of twist ¢ have been changed to cubic polynomials.

The internal virtual work, expressed in terms of generalized strain quantities and

stress resultants is

/ 28,6(CE;;)dV =
14

L
/ PN6(Pe) + 2M o 18(Cka) + 2 M 6(3ky) + 2 M .8(%k.) + 2 Bé(®k,,)|dz,  (4.51)
0

where

Ry = _Qb,a::m (452)

and the other terms have the same meaning as in Equations (4.35) and (3.64). The
linearized incremental displacement assumptions (4.37) have been adopted. The

vector of stress resultants and the generalized strains are now

Q=[N M. M, M, B|T,

- (4.53)
el wm Ry Wy Kyl -
The constitutive matrix relating the increments of Q and e is
EA
EI, ErL,
C = EI, El. | . (4.54)
GI,
By, E1,, El,
The linearized strain-displacement matrix has the form
[Ny Avl N,. Aw! Ny,. L,/AA Ny, 0 -
0 *Nv,:cz Aé,lmN’w,I Aw‘iﬂ,EN‘;’!:’: 0
B 0 —A¢ N,, —~WNiias ~Av! Ny 0
B=1 o 0 0 Ny 0 (i)
0 0 0 0 5.

and the geometric stiffness matrix is similar to the previous one.
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5 TRANSFORMATION BETWEEN LOCAL
AND GLOBAL COORDINATE SYSTEMS

Orientation of a beam is completely defined in the global X,Y,Z space, if the
beam axis and the two directions of the cross-section perpendicular to the beam
axis are known. The orthonormal base vectors in the global coordinate system
are denoted by Gl, G, G and the orthonormal base vectors in the beams initial
local coordinate system z,y,z by g1, 82, &3 in the directions of X,Y, Z and z,v, 2
axes, respectively, see Figure 5.1. The initial orientation matrix of a beam can be
defined by
&1 'C:’H g1-G: 81-Gs
Ro=(82G1 8 -G §-Gsf, (5.1)
83-G1 £3-G2 g3-Gs

i.e. the matrix R, contains the direction cosines
Ruis = cos(&, &) (5.2)
and transfers the global base vectors into the local ones

gi = R,G,. (5.3)

(3}
w
L3 |
>

Figure 5.1 Orientation of a beam.

At some equilibrium configuration 5, reached after n + 1 steps, the rotation
q g ps,

matrix R,4; can be obtained from the rotation matrix at previous equilibrium
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configuration C; (at step n) by the formula
R,.y1 = ARR,, (5.4)

where the incremental rotation matrix AR is calculated from the incremental
displacements as explained in the following.
Defining the Eulerian angles o, 8 and v, see Figure 5.2, between configurations
C; and (), the rotation matrix AR is obtained after three consecutive rotations
of magnitude o, —f and v with respect to axes z,,z, and z,+;. The resulting
matrix is
CpCa CBSa Sp
AR = | -5958Ca - CyvS5a —S5yS8Sa+ CyCa SvC3 |, (5.5)
—Cv58Ca — SySa —-CvySBASa— S5vCa C~Cj
in which the notations Ca = cosa,Sa = sina etc. have been used. The rigid

body rotation angles can be calculated from equations

cosa = Au./+/Au? + AvZ,
sina = Av./+/Au? + AvZ,
cos @ = \/AuZ + Av2/L, (5.6)

sinff = Aw,./L,
3 == P

In the computer program the initial rotation matrix R, is formed from the
information included in two vectors, the tangent vector of the beam axis g; and
the normal vector of the primary bending plane, or some other given direction of

the cross-section plane, ;. Othonormal base of the triple
81,82 =81 X g3 and &3
forms the initial rotation matrix R,. If the vector g; is not normal to the principal

bending plane, forming an angle ¢, the initial rotation matrix is obtained from

the orthonormal base g, &2, &3, and the resulting matrix is

‘T§
Ro = [81 cospfs —singfs sinpgs + cospgs]. (5.7)

If the element stiffness matrices and the internal force vector are integrated
numerically over the cross-sectional area, the transformation (5.7) is not necessarily
needeed.

The element stiffness matrix K and the internal force vector R, evaluated
in the local coordinate system, are transformed into global coordinate system by
formulas

K = TTKT,

_ 5.8
R =TTR, (#:8)
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Xn

Figure 5.2 Euler angles.

where the transformation matrix T is composed of the rotation matrices

R
T = : (5.9)
R

where the number of blocks in the diagonal is twice the number of the nodal points

in an element. In the case of a thin-walled beam element the transformation matrix
has the form, Bazant and El-Nimeiri (1973)

‘R .
R

T = : (5.10)
R
R

1

where the unit element corresponds to the warping degree of freedom.
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6 CONSTITUTIVE MODELS

6.1 Elasto-plastic material model

Incremental constitutive equations which are suitable for computational purposes
are usually based on a rate-type plasticity theory by Hill (1959). The strain rate

D is decomposed into elastic and plastic parts
D = D° + DP. (6.1)

The elastic part D€ is related to the corotational Zaremba-Jaumann rate of Cauchy
stress tensor T by a linear law

*

T=C:D°=C*: (D - D), | (6.2)

in which C¢ is the elastic constitutive tensor. For an isotropic material the

components of C® are

" E v

S m(&k(sﬂ +1o 2v5ij5kl)1 (6.3)

where E is Young’s modulus, v Poisson’s ratio and 6,4 is the Kronecker delta. In

the Jy-flow theory, the yield function is
f=4/3J2 —o(k), (6.4)
where J, is the second invariant of the deviatoric Cauchy stress tensor
! 1 2 I 1
Jz — MTII = itl‘(T ) . T = P (gtl‘T)I, (65)

and k is a hardening parameter. The plastic part of the strain rate is obtained

from the plastic potential by the normality law

D? = '3—; = An. (6.6)

Using the consistency condition during plastic flow, 1.e.

f=4 (6.7)
) is obtained and Equation (6.2) gives
« 1
T =(C* - Ebb):D:CeP:D1 (6.8)
where
b=C%1m,
h=n:C" :n + By
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The plastic hardening modulus E, is obtained from the tangent modulus E; and

the modulus of elasticity £ by the formula

BB, -, 9y

Bes—a—, =t
P B E, YT der

(6.10)

The yield stress o, is obtained from tension tests as a function of the logarithmic

[2
éP:f §DP:Dpdt, (6.11)

where t is time or in static analyses a load parameter. In the Lagrangian

inelastic strain

description a relationship between the 2nd Piola-Kirchhoff stress and the Green-

Lagrange strain

S=Cy: I (6.12)

is needed. Taking the time derivative from the expression
S=JF!.T.FT, (6.13)

where J = p,/p is the determinant of the deformation gradient F, and using the

relationship between the strain rate D and the rate of Green-Lagrange strain
E=FT.D.F, (6.14)

yield Equation (6.12). If small strain assumption is made, the deformation gradient

contains only the rigid body rotation, i.e.
F =~ R,
and J = 1. So, the time derivative of the 2nd Piola-Kirchhoff stress is
S=(RT-T-Ry=R7.(T-w.T-T-WI).R=RT-T-R, (6.15)
where W is the rate of rotation tensor. Equation (6.14) has now the form
E=RT.D-R. (6.16)

Substituting Equation (6.8) into Equation (6.15) and taking Equation (6.16) into
account, the relationship between the rate of the 2nd Piola-Kirchhoff stress and

the Green-Lagrange strain is obtained
S=C”:E. (6.17)
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8.2 Viscoplastic material model

For rate-dependent material behaviour the strain rate is decomposed into elastic

and viscoplastic parts

D = D° + D2, (6.18)

Perzyna (1966) has given the following expression for the viscoplastic part

f of
DY = ~(— - 1)? 6.19
7(% ¥ o7 (6.19)
where f = +/3J;, v is the viscosity coeflicient, o, the static yield limit and p is a

material parameter. The notation (z) has the meaning

_j0, ifz<0;
<“"’>*{m if z > 0. (6.20)

For isotropic hardening the static yield limit is taken as function of the effective

plastic strain &P
oy(E7) = oyo + Epé?,

5 6.21
&P = / 1/ ED”P : Derdt. ( )
e, V3

6.3 Thermo-elasto-plastic material

At high temperatures the material parameters, the modulus of elasticity and yield

stress decrease. Considering small strain € and infinitesimal stress o the rate form

of Equation (6.2) is
aCe

ad

where 6 is the temperature. The rate of deformation is decomposed into elastic,

o=C:&+ : €6, (6.22)

plastic and thermal parts
€ =&+ &P 4+ &% (6.23)

The Jy-flow theory is used to evaluate the plastic strain rate

OF .
A%—An,

P = (6.24)

and the thermal strain rate is
e = afl, (6.25)

where « is the coefficient of thermal expansion. The yield condition is expressed

by the formula

f =372 - 0y(x,0), (6.26)
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where the yield stress o, depends on a hardening parameter £ and temperature 6.

According to the consistency condition during the plastic flow

_0f . 9f  Of,
f=ogriot gkt 50=0, (6.27)

and the flow rule, Equation (6.24), together with Equations (6.22) and (6.23) yield

(%‘y _oce . acCse

§—n 59 e°0) + 50 g%, (6.28)

c'r_(C"—%bb) (6 —&%+ b(

where h,n,b are defined in Equations (6.6) and (6.9).

Thermodynamically consistent constitutive laws in plasticity and viscoplas-
ticity have been considered for instance by Lehmann (1983) and the computational
procedures by Koji¢ and Bathe (1987a,b), Riff and Simitses (1988) and Ray and
Utku (1989).

6.4 Yield surfaces expressed in terms of stress resultants

Denoting the vector of stress resultants and the corresponding generalized strains

by Q and e, the yield function (6.4) can be expressed in the form

f(Q)=0. (6.29)

For a three dimensional beam with arbitrary cross-sectional shape the function f
would be very complex. Yang et al. (1989) have discussed the form of the yield
surface for a double symmetric I-sections under five active forces N, M., My, M,
and B. However, in analysing the response under strong transient loadings, the
effect of shear forces becomes important and cannot be neclected from the yield
function expression. Simo et al. (1988) have proposed a stress resultant yield
function for a plane Timoshenko beam containing the shear force. In this study
two simple approximate yield functions have been used. The first one, hypershere

has the form

Z( Qm 1, (6.30)

where n, is the number of stress resultants. The second one, hypercube yield

surface 1s

Q;
Qpi

In Equations (6.30) and (6.31) Q,; is the fully plastic value of the corresponding

=1, 9= Lywsn s (6.31)

stress resultant. Evaluation of the plastic strains Ae? and the constitutive matrix

C*? is formed similarly to the ones presented in Chapters 6.1 and 6.2.
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7 ON THE PENALTY METHOD

A constraint equation can be handled in a simple way by using the penalty method.
It is an alternative to the method of Lagrange multipliers. In this chapter the effect
of the penalty parameter variations to the accuracy of the solution is studied in a
simple example problem of torsion of a thin-walled beam.

The potential energy functional of the thin-walled torsion bar, based on the

theory described in section 4.2.1 is

L L
p(,9) = % fo (Mad o + BY » + Mu( 5 — 9)]de — /0 megdz,  (7.1)

where m; is the distributed torque along the axis of the bar. Taking into account
the relationship between the stress resultants M, B, M, and the generalized strain

quantities ¢ ;,? ; and ¢ , — 9, the functional (7.1) becomes

1 L ) L ‘ L
Op(¢,9) = 5/ (GIt¢?m+Equ9?$)dm+§/ GI,(qs,zﬁ)zdm-f mygpdz. (7.2)
0 0 0

The Vlasov’s contraint of the vanishing shear strain along the middle line of the

cross-section, i.e.

Yzs = ¢",:c -9 =0 (73)

can be introduced into the functional (7.2) by replacing term GI, with oGI,,
where o is the penalty parameter. The correct choice of the penalty parameter is
an essential question in the penalty method; if it is too large, numerical truncation
errors could destroy the accuracy of the solution, and if it is too small the constraint
equation is not properly satisfied. For remedy of these shortcomings a variable
penalty method was proposed by Kheshgi and Scriven (1985) or an iterative
improvement of the penalty parameter by Salonen (1976).

As a simple example, a clamped beam with a consentrated torque at the
midspan of the beam. Linear interpolation functions are used for both ¢ and
Y in the FE discretization of the functional (7.2). The penalty term has to be
underintegrated in order to avoid a locking phenomenon. The error in bimoment

B = —F1,9 ; 1s of interest. It is measured by the maximum norm
B~ Bullo = max |B(z2) - B(z2), (7.4)

where B is the exact bimoment, Bj the finite element approximation and ¢ the

midpoint of an element e. Relative errors

|B — Billoo

_
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as a function of penalty parameter are shown schematically in Figure 7.1 from a
coarse and a fine mesh computations. This figure shows, that in a small region of
the values of the penalty parameter, the error has a minimum. These minimum
values are considerably lower compared to the error values when larger ’safe’
values of the penalty parameter are used. The convergence of the bimoment for
the particular problem is shown in Figure 7.2. Also results from a numerical

convergence test of an element based on functional

1

lp(¢) = 2

L L
/ [My¢ » + B pz]dz — / mypde, (7.6)
0 0

are shown in Figure 7.2. In this element cubic Hermitian polynomials are used for
the angle of twist ¢. The convergence rate is of order 2 for both linear penalty
and cubic element. However, the error constant is greater for the linear penalty
element if the penalty parameter does not have optimum value. For the optimal

penalty parameter the following relation is obtained
a~' = Ch, (7.7)

where h is the length of an element and C' is a constant. For the determination of

the optimum penalty parameter, no simple algorithm exists.

coarse mesh

error

fine
mesh

penalty parameter

Figure 7.1 Error as a function of penalty parameter.
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Figure 7.2 Convergence of bimoment. Computations are performed using three
values of the dimensionless parameter k = L+/GI;/FEI,, which characterizes the

torsional behaviour of the beam.
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8 SOLUTION PROCEDURES OF NONLINEAR
EQUILIBRIUM EQUATIONS

8.1 Continuation methods

8.1.1 Basic procedure

Discretization of nonlinear equations of a static equilibrium yields a n-dimensional

nonlinear algebraic equation system
F(qa A) =0, (8.1)

where q is a n-dimensional vector of displacement quantities, also called a state
variable vector, and A is a m-dimensional parameter vector. The parameter
vector can consist of loads, imperfections and/or material parameters. Solution
of the multidimensionally parametrized nonlinear equilibrium surface requires
complicated algorithms, Rheinboldt (1988). Thus it is not surprising that the
dimension of the parameter space is usually reduced to one. In structural and

solid mechanics, the system (8.1) is often written in the form

F(q,2) = AQ.(qa) — R(q) = 0, (8:2)

where R is the vector of internal resistance forces, Q. the reference load vector
and A the load parameter, which now alone characterizes the parametrization of

the problem.
Iterative methods have to be used to solve the nonlinear system (8.2). Usually

the (q, A) path is followed incrementally proceeding from a known equilibrium state
(*q,!)) to an adjacent configuration (q,?A). The incremental form of Equation

(8.2) is then
JF oF
—Aq+ =AM 1q,’2) = 0. .
3¢9 o +F("q,"A) (8.3)

The more familiar notation in structural applications 1is
'KAq=2Q - 'R, (8.4)

in which 'K is the tangent stiffness matrix at configuration 1

oF OR 9Q
K=-—=—-— :
64 94 0q’ \#:3)
2Q ~ Q(Yq) = *AQ.(}q) = (*A + ANQ.('q) = A1Q, is the approximation
of the load vector at configuration 2, and 'R = R('q) is the internal force
vector at configuration 1. The last term in Equation (8.5) 8Q/dq is the load

stiffness matrix (see Chapter 2). If external loads do not depend on the deformed
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configuration, the load vector *Q is uniquely determined by the value of the load
parameter ). In the incremental procedure two strategies have to be chosen:
how to proceed from configuration 1 to the next configuration 2 (prediction), and
how to improve the predicted solution (correction). The first question is crucial.
It has direct influence to the behaviour of the corrector algorithm and so to the
cost of computation. Also, depending on the kinematical assumptions made in the
formulation of Equation (8.4), the accuracy of the solution and the reliability of the
whole computation process is to a great extent determined by the prediction phase.
Thus, the construction of a reliable predictor algorithm is of primary interest and
it will be discussed in Section 8.1.4.

The simplest procedure is the Newton-Raphson or the modified Newton-
Raphson iteration, in which the load increment AX = 2X — 1)\ is kept constant,
and the choice of the load increment size is the primary question. The prediction

and the correction to the displacements are performed using the same scheme
Aq' ='KT'(*MQ, - 'R),

, . . . (8.6)
6 = (K 1PAQ T —R7Y), ©=2,3..,

where 8¢ is the correction to the previous estimate zqi_1 ie. Zqi =1lq+ Aq' =
2qi_1 + 6q’, and R*7! = R(zqi—l). Simplicity and the quadratic convergence
are the main advantages of the full Newton-Raphson iteration, but the cost of
the computation could be very high, due to the reforming and triangulation of
the tangent stiffness matrix at each iteration step. In the last decade a lot
of attention has been paid to the development of the so called quasi-Newton
methods. They have better convergence characteristics than the modified Newton
method and are, in principle, computationally more effective than the full Newton
method. However, in geometrically highly nonlinear problems the quasi-Newton
methods usually fail to converge, and so they cannot be regarded as robust
corrector algorihms, Kouhia (1986). An excellent survey of the mathematical
properties of different quasi-Newton methods can be found in Reference Dennis
and More (1977). Numerical experiments of the quasi-Newton methods in the
structural finite element applications can be found in References Matthies and
Strang (1979), Crisfield (1979,1982,1984). Eriksson (1987) has used the idea of
eigenvector projections to speed up the convergence of the corrector iteration.
The corrector iterations in the constant load incrementing methods fail to
converge near limit points, where the tangent stiffness matrix becomes singular.

A simple remedy is to add a constraint equation
c(Agq,AN) =0 (8.7)

relating displacement and load quantities, and to solve the changes of load and
displacements from the extended system, Haselgrove (1961), Wempner (1971),
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Riks (1972,1974,1977,1984)

8—FAq+ QEA)\ +F('q,'X) =0
Gan=4% 2 (8.8)
—Aq+ ——AX q,'A) =0

The Jacobian matrix of the extended system (8.8) is not necessarily symmetric
and the banded nature of the Jacobian of the mapping F is not preserved in
the Jacobian of G. Algorithms which take the special form of the system (8.8)
into account, should be used to solve the linearized equation system of n + 1
unknowns. Ramm (1980) and Crisfield (1981) solved the system (8.8) by splitting
the incremental displacement vector into two parts and using the Jacobian of
mapping F, i.e. the conventional tangent stiffness matrix to obtain these two

parts. The constraint equation (8.7) can be written briefly in the form
c(Aq,AN) =tTCn + 6. (8.9)

Different possibilities exist to choose the form of the tangent vector t, vector
n and scalar #, Ramm (1980), Crisfield (1981), Fried (1984), Schweizerhof and
Wriggers (1986), Forde and Stiemer (1987). A positive definite, or at least positive
semidefinite, diagonal weighting matrix is used to make the load parameter and
the different displacement quantities commensurable. It is in partitioned form

C = [W 2}, (8.10)

«

where the diagonal matrix W contains the weighting terms of displacements and
o is a scaling factor. Matrix W can also be updated, Tuomala and Kouhia (1986),
during the computation in order to adapt the solution algorithm to the particular
problem in question. For instance, the emergence of local instabilities could be
detected better by the continuation method if the procedure could control more
closely those degrees of freedom which change most rapidly. The choices of the
weighting terms and the updating process are described in Section 8.1.4.1.

The arc length As between configurations 1 and 2 is defined by equation
(As)* =47 C, (8.11)

where tT = [AqT AMX]. The prediction step to next configuration can be

determined from equations
Aqh =(K)'Q,,

A
AN = sign(*K) = ,
V(A4 TWAGY + o

Aq' = A)\IAqb,

(8127
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where the signum operation is defined

+1, if K positive definite;

Sl {—1, otherwise. (5. 153)

A family of corrector algoritms are expressed in the form: solve the iterative

changes 6q* and §\* from

Kz’—16qi _ 6)\’;fo1 . Fi—l,
c(Aq’, AN = ()T Cn’ + ¢ = 0,
6q' = §X'6q}, + 69}, (8.14)
dap = (K1) Qi
6q% — (Ki—l)—lFi—l.

In this study Fried’s orthogonal trajectory method, Fried (1984), is used. It is

simple and linear for solving the load parameter change. Vectors t,n and scalar ¢

are

i [6dy i_ | 6q’ i
e[ot], wo[f5], woo -

With a certain choice of the weighting matrix W, Equations (8.14) and (8.15) can
be identified with single displacement control method, Batoz and Dhatt (1979). If
the choice of the controlling displacement is determined independently at each step,
the method is similar to Rheinboldt’s continuation procedure, Rheinboldt (1986),
which also has proved to be reliable and effective, Eriksson (1989). Substituting
Equation (8.15) into Equations (8.14), the iterative change of load parameter is

computed from the equation

_ (6ah)"Wédqp
(6ai,)"Wéq), + o2

1

(8.16)

The geometrical interpretation of Fried’s orthogonal trajectory method is shown
in a one dimensional case in Figure 8.1. It should be noted that if the tangent
stiffness matrix is not updated in the corrective iteration process, Fried’s method
coincides with the normal plane method, suggested by Ramm (1980) and which is
similar to the original method proposed by Riks (1974).

8.1.2 Detection of singular points

The solution of Equation (8.14); can be achieved as long as the Jacobian K is

regular. When a critical point is attained, the condition
K¢=0 (8.17)
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q %q q

Figure 8.1 Orthogonal trajectory method.

is satisfied, where ¢ is the eigenvector belonging to the eigenvalue w = 0. By
symmetry of K ¢ also satisfies 7 K = 07. The solvability condition of Equation
(8.14); is then

ANGTQ, =0 (8.18)

(F = 0 at equilibrium configuration). If a simple critical point where
dim(kerK) =1 (8.19)

is in question, there are two possibilities to satisfy Equation (8.18), either AM =0
(limit point) or #7Q, = 0 (bifurcation point). In numerical computations, the
conditions (8.17) and (8.18) are never exactly satisfied. Also, near the singular
point the system of equations is ill conditioned and large round of errors can
deteriorate the accuracy of the computed equilibrium path. Then, it is preferable
to keep away from the singular point as far as possible, and the nearby existence
of the critical point should be estimated in the continuation method as early as
possible. On the other hand, the classification of limit and bifurcation points
is more reliable when small increments are used near the critical point. It
could be preferable to use a deflated decomposition method to solve the nearly
singular system (8.14); as pointed out by Rheinboldt (1977,1986). The deflated
decomposition algorithm and it’s use in the continuation procedure is discussed in
more detail in Section (8.1.4).

Possibly the most reliable way to estimate the forthcoming critical point, is to
extrapolate the zero point of the smallest eigenvalue (absolute value). Monitoring
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the evolution of the smallest eigenvalues of K as a function of the path parameter
G2 1 Z Asy, (8.20)
k=1

is quite expensive; especially in cases where one critical point is reached and
an unstable post-critical equilibrium path is followed. In this case at least two
lowest eigenvalues have to be determined. In most of the practical computations,
the determinant of the tangent stiffness matrix gives sufficient information. It
is an easy byproduct of the normal continuation process, so the additional
computational work is minimal. The only drawback is that the determinant is
a product of all eigenvalues and so the rate of change in its value can be high in
areas which are quite far from the critical point, see Figure 8.2. However, this
could indicate that some of the higher modes (at the present moment) will be the
critical ones after some subsequent steps, for instance in the case of example 4 by

Eriksson (1989).

Figure 8.2 Determinant and the smallest eigenvalue as a function of path
parameter.

The determinant of the Jacobian K can be computed from the triangular
decomposition of K = LDL”

detK = ﬁ Dii = ﬁw,’, (821)
i=1 i=1

where D;; is the i-th term of the diagonal matrix D and w; is the i-th eigenvalue

of matrix K. The signum function of the stiffness matrix (8.13) can be determined
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from D as 5
. ¥, 4 Ly >0 5
sigu(K) = { -1, if 3 Dy<o0. (3:22)

An alternative definition is also deduced from Equation (8.21)

sglK) = { j sy o . (8.23)
Change in the numbers of negative elements is considered as an evidence of the
existence of a critical point inside this step.

If the critical point is noticed during the step Aq,,, A\, Asy, the condition
of the existence of limit point is first checked, i.e. whether a point s¢, € (sp—1,5r)
exists with the property dA/ds = 0. This can be done by using an interpolation
polynomial for A = A(s) through the previous computed points. In this study
parabolic interpolation is used and so the data from three equilibrfum points is
needed. If the product AA,_1A\, is negative, it is clear that the limit point is
reached, see Figure 8.3a, but also if it is positive, a possibility of the existence of
limit point still exists, Figure 8.3b. In this case an estimate for the critical value

of s.. can be obtained from the interpolation polynomial.

Figure 8.3 Two possibilities which satisfy the limit point condition.

If the criteria for the existence of limit point is not satisfied, the critical
eigenvector is needed to verify the condition of bifurcation point, which is satisfied
if

¢" Q.
Q-

where TOL is a prescribed tolerance, the value of which 1072 is used in the

< TOL, (8.24)

numerical computations of this study. The critical load is computed by using

linear interpolation




Aew = Apy— il (8.25)

where d is the modified determinant value, dney = sign(K,,—1)| det Kn_1|,(fn =
sign(K,, )| det K,,|. The critical load value can also be interpolated from the critical
eigenvalue-load relationship, if the lowest eigenvalues are calculated during the
continuation process. If neither the bifurcation nor the limit point condition is not
satisfied, despite that a change in the number of negative terms in D is noticed,
the situation could be due to the round of errors in the triangulation algorithm or
it is due to the inconsistency of the tangent stiffness matrix with respect to the
internal force vector. In these situations special care should be paid to the decision
of the continuation of the computation. Bergan (1981) and Eriksson (1988) have
discussed the construction of some steering parameters for nonlinear computations

of equilibrium paths.

8.1.3 Branching onto the secondary path

When the bifurcation point (q.r, Ac) is determined, the direction of the branch
is needeed in order to follow the post critical equilibrium path. The solution of
Equation (8.14), is written as a sum of the particular solution p and an arbitrary

multiple of the eigenvector ¢ associated with the critical state

6q = np + £¢. (8.26)

The solution of the unknown scalar multipliers 7 and € can be determined using

the second order equation, Riks (1974), Rheinboldt (1977)

PF  Fdq  OF &) [ d OF dgq

s =y e () +(£8—F i
ds®  Oq ds? = O\ ds? ds dq "’ ds ds OA

| =0 (8.27)

At the bifurcation point the Jacobian JF/0q is singular and the term JF/J is
orthogonal to the critical eigenmode. Thus the last term in brackets multiplied

with the eigenmode should vanish. This leads to the scalar equation
a1 £* + 2a3én + azn® =0, (8.28)

where the abbreviations are

[ O*F

r=¢" (3 )qb],
[ O*F

a =7 (@P)ﬁb} ) (8.29)
r o2

az = ¢T (g—;r;“l))?]



If the particular solution p is chosen to be the tangent vector of the primary path,
the coeflicient a3 vanishes, Riks (1974).

Two different situations arise. In the case of symmetric bifurcation the
coefficient a; is zero, Thompson and Hunt (1973), Riks (1974), so n = 0 and
¢ can be chosen to be the next arc-length As ({|¢|| = 1). When antisymmetric
bifurcation is in question, a; # 0 and the unknown parameters  and £ can be
solved from Equation (8.28) by use of a suitable constraint equation.

When the dimension n of the mapping F is large, the direct evaluation of
the second order derivative 8°F/8q? is out of question. The computation of the
coefficients a; has to be carried out approximatively. Several ways to compute
these quantities are presented by Riks (1974), Rheinboldt (1977), Eriksson (1990).
The problem of the decision whether a; is zero or not is obvious. Therefore it
seems preferable to construct a procedure which does not require the estimation
of parameters a;. Rheinboldt (1978) has developed a refined branching algorithm
which does not need the coefficients @;. In this method a point onto the branch
is iterated from a perturbed state q = q.r + £¢, where £ is an a priori chosen
small parameter. Rheinboldt’s numerical experiments show that the procedure is
not very sensitive to the choise of £. Kouhia and Mikkola (1989) have developed
a similar algorithm where the parameter £ which multiplies the eigenvector is
concidered as an unknown. An initial value of ¢ is set to £, = As and an iteration
process with Crisfield’s elliptical constraint equation is adopted.

Probably the simplest and most reliable way to branch is to use Fried’s
orthogonal trajectory method from the perturbed critical state q = q.» + As¢.
Because this method does not require a known equilibrium point as a starting
value, the iteration onto the branch can be started from the perturbed state
which is not an equilibrium state. The branching procedure is illustrated in one

dimensional case in Figure 8.4.
8.1.4 Some computational aspects

8.1.4.1 Determination of the arc-length and weighting factors

The first value of the arc-length can be determined at the first iteration cycle of
the first load step by the formula

Asy = Adoy/(6ah, ) TWbah, + o?, (8.30)

where A); is given as an input data. Scaling parameter o is determined from

equation
(5qé';n)TW5Q1gl = a®(6))?, (8.31)

and it is then kept constant. Also other possibilities to determine the first arc-

length exist, Bathe and Dvorkin 1983. From the point of view of succesful and
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Figure 8.4 Branching onto the secondary path.

economical computation, the question of determining the arc-length for subsequent

steps is essential. Ramm (1980) proposed a simple formula to the arc-length control

Id

T
T

where I? is the number of desired iterations per load step and I,, the corresponding

Asn—{—l — AS.n_( (8.32)

number at step n. The damping parameter p is usually set to 1/2. This approach
could in some cases produce uneconomically small increments. To circumvent this

drawback the arc-length is modified only if

Ln € Ber O LunI0 .. (8.33)
The values between I = 3...4 and I{fpper = 4...10 are used in numerical

computations of this study.

Chaisomphob et al. (1988) have proposed an incrementing algorithm which
is based on the curvature changes of the equilibrium path. In their formulation
restriction As, < As; has been made and, practically, it’s use is limited only to
certain types of problems.

The initial values of the terms in the diagonal weighting matrix W in the
arc-length constraint equation (8.9) are determined after the first iteration cycle.

A simple choice is, Schweizerhof and Wriggers (1986)
Wik = [(8qqk)1] 7" (8.34)

Another possibility, which has proven to be more stable and efficient in the
numerical computations is presented by Kouhia and Mikkola (1989). Vector

91,1
bqg1 = (8.35)

6qQ1,TLP
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is partitioned to groups containing local degrees of freedom at each nodal point
(np is the total number of nodes). Then the vector qqi,; of the i-th node contains

elements
59@1 4,1

8qq1,i = : ; (8.36)
04Q1,i,ndof

where ndof is the number of degrees of freedom in the i-th node. Then
Wi = ave(8991,i,7) (8.37)

where the notation ave is the average over all nodes, and the global degree of
freedom k can be determined from the local degree of freedom j. Also the average
in Equation (8.37) can be determined based on different grouping of the nodal
values as in Equation (8.36). One possibility is to split the nodal degrees of
freedom to rotational and translational displacement groups and then take the
average over the mesh in these groups in Equation (8.37). De Borst (1987) used a
weighting matrix W with the diagonal terms either 1 or 0 in analysing the complex
behaviour of concrete structures.

Updating of the weighting matrix W is often advantageous in order to
maintain the ability to controll those degrees of freedom which change most rapidly.
For instance, the emergence of local instabilities will be better detected by the

continuation method. It is updated by the formula

(Wi )nt1 = ¢ M(Wkk)n; (8.38)
|(ve)n|

where the vector P "
e |
= 2 - (8.39)

The scalar parameter ¢ follows from the condition

v

tI‘(Wn_H[) — tr(Wn) (840)

8.1.4.2 Convergence estimation of corrector iterations

Full Newton-Raphson iteration has the quadratic convergence property, i.e.
la™™ —a*[l < élla’ — q"|I%, (8.41)

where q* is the exact solution, § positive real number and || - | some vector
norm, Ortega and Rheinboldt (1970). Watson and Holzer (1983) have proved

the quadratic convergence of Crisfield’s method. During the iterative process it
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could be preferable to try to estimate the number of subsequent iterations needeed
for the convergence. If the number of estimated iterations is too high, it is possible
to shorten the arc-length during an increment. Also, it could guide the decision
process of updating the stiffness matrix if modified or quasi-Newton methods are
used. In elasto-plastic problems it is usually more economical to use modified
versions of Newton iteration However, in strongly geometrically nonlinear problems
the full Newton method is essential in order to get converged solution. Denoting

¢ the ratio e
= 1
¢ = M (8.42)
lAaq’|
or some other measure which characterizes the residual, the estimate for the

convergence rate at some iteration stage 4 is

; log ¢*

p (8.43)

"~ logeit1’
and the estimate for subsequent iterations to get converged solution is

log TOL
o log( Olog €t )
= »

g ot (8.44)

where the notation T'O L means the required error tolerance. Different convergence

quality estimators has been presented by Rheinboldt (1986).

8.1.4.3 Solution of nearly singular equation system

Close to the limit- and bifurcation points the stiffness matrix is nearly singular
and the system of equations becomes ill conditioned. Near such a point the
solution of the system (8.14) may produce large relative errors, as pointed out by
Rheinboldt (1986). Chan (1984) has proposed deflation techniques for stabilizing

the algorithm. Considering the nearly singular symmetric system
Kq = b. (8.45)

It is preferable to compute the solution q decomposed in the form, Rheinboldt
(1977), Chan (1984)
a=y+vé, y ¢=0, (8.46)

where ¢ is the normalized singular vector corresponding to the smallest singular

value ¢ of K

K¢ = o¢ (8.47)

and v is a multiplier. Due to symmetry also the condition K¢ = ¢ holds. The

inverse iteration can be used to compute the singular vector rather efficiently, i.e.
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starting with an initial guess ¢y, t and iterating

~ 141 k.
K¢' :qb?
—it1
S+ = é
= gt 8.48
16" (8.48)
) 1
1+1
o = o
o |

For the deflated solution y the process

y°=0 j=0,1,2,..,
¢/ =b-Ky’,

K§’ =cl — (¢pTc?) o,

yit =yl 43 — (67570,

(8.49)

converges quickly to the deflated solution y of Equation (8.45). The corresponding

deflated decomposition is given by

T o
q=y+ ), (8.50)

8.2 Time integration methods

8.2.1 Central difference method
The semi discrete equations of motion (2.26)

M?’§=2Q-'R (8.51)

can be solved by a direct time integration method. The explicit central difference
method, based on the central difference formulas for the velocity ¢ and for the

acceleration q at time ¢,

Gn = (Qn+1 — Ga—1)/248,

N ) (8.52)
qn = (qn+1 — 2qn + qn—l)/At ,
gives
qn+1 = A7521\/:[71((211 - Rn) + 2qn —qn-1- (853)
T The initial vector ¢, could be taken as ¢y = #/[|E[,57 =1 1 ... 1]or

¢, = diag(K)/||diag(K)]|.




In Equation (8.53) there is an addition of the form O(1) + O(At?), which gives
unfavourable rounding errors when At is small, Dahlquist and Bjérck (1974). Tt

is preferable to use the summed form of the method, where

(.ln—F-% = (qn+1 - Qn)/At (8.54)

Noticing that
Uty — Gn—1 = (Ant1 = 29n + qn-1)/ At

gives the summed form of the central difference (CD) formulas

qn—i—% = éin—% + Até‘inv
gn+1 — qn —+ Alffln_i_% 5 (8.55)
dnt1 = MY (Qns1 — Ruta),

in which ¢, 1 =1, + (At)/2.
The central difference method is only conditionally stable, and the time step

is limited to

At < Aty = —2 (8.56)

wma,:c

where wmq, 1s the highest natural frequency of the structure.

8.2.2 Newmark family

For implicit methods the equation of motion (2.24) is written in the form

KiL6q, , + MGy = Qs —R (8.57)

where 6q¢ +1 = Aq, 41 = Aqit__:l. In Newmark method the difference formulas

used are

: iz 1 " :
Un+1 = qn + Atg, + Atz[(ﬁ - ﬁ)Qn + ﬁqn-}—]]: (8 58)

(‘ln-l-l = éln + At[(l - 7)&n + 'Tiin+]]=
where 8 and y are parameters. Substituting Equations (8.58) into Equation (8.57)

yields
K8y g =Fs (8.59)
Here
&:KFhwiﬁM
ntl T gAR T
(8.60)

. T s 1 . lg=8)s
F3:Qn+1_Rn+11+M Hm(qn_:l?qn)"'ﬁatqn%" zﬁ qn|

are the effective stiffness matrix and the effective load vector, respectively. For
the choise ¥ = 1/2 and 8 = 1/4 the implicit average acceleration method, or as
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also known by the name trapezoidal rule, is obtained. Also the central difference
method (8.53) is obtained from Equations (8.59) and (8.60) if y = 1/2 and 8 = 0.

In a midpoint version of the trapezoidal rule, the effective load vector can be
written in the form, Mikkola and Tuomala (1989)

F, =2(Quny1 - i+%) - *;?M [(dns1 — Gn) — Atdn], (8.61)
where
Qniz =Qty1),
R,IHL% = R(war%)a
Goys = (dnps +n)/2,
tnp1 = (tng1 +8a)/2.

(8.62)

In nonlinear problems the midpoint rule is more stable than the trapezoidal rule.

8.2.3 Energy balance

In materially nonlinear cases an energy balance check is essential. If T,U and W
denote the kinetic, internal and external energies, the energy balance check can
be stated as

AE =AU + AT - AW <TOLE(U + T), (8.63)

where the notation TOLF is a tolerance. The energy increments can be calculated

by using the trapezoidal integration, Mikkola and Tuomala (1989),

AU = Aq"(Ry + Rny1)/2,
AT = AG"M(Gn + dni1)/2, (8.64)
AW = Aq"(Q. + Qut1)/2,

where Aq is the incremental displacement vector between steps n + 1 and n.

Denoting £, by the cumulating energy error at time ¢,

n

AE;
B, = Z TR, (8.65)

=1

the solution is feasible if F,, is smaller than the value of 107°% — 102,



9 NUMERICAL EXAMPLES

9.1 Torsional behaviour of elasto-plastic beams

A cantilever beam with a square cross-section under a consentrated torque in
it’s free end is analysed. The J,-flow theory is used for modelling the plastic
material properties. Results obtained are shown in Figures 9.1 and 9.2. When
the 4x4 Gaussian integration rule over the cross-sectional area is used, the onset
of plasticity is noticed at so high load level as 1.35 times the exact yield load.
However, the error compared to calculations with higher order quadratures, is
diminishing when yielding continues. Also Simpson’s integration rule is used, see

Figure 9.1.

1.8

14 ==

12 s

xy

M /M

06 | E/E;=20%3

04 | Er/0y=9.64
0.2 |

0 1 1 1 J 1 I 1
0 1 2 3 4

v/l o,

Figure 9.1 Elasto-plastic torsional behaviour of a beam with a square cross-section.
Dashed lines correspond to the ADINA calculations. About 50 load increments are
used in the computations. The 4x4 Gaussian and the 7x7 Simpson’s rules are used
to integrate over the cross-sectional area. Solid curves indicate calculations with
present formulation, in which the 4x4 and the 9x9 Gaussian rules are used.

Reference calculations, dashed lines in Figure 9.1, are performed with the
general purpose finite element code ApiNa, with both the 4x4 Gaussian and
the 7x7 Simpson’s integration rules over the cross-sectional area. Elasto-plastic
isotropically hardening material model is used and the equilibrium equations are
solved by ADINA’s automatic load incrementation procedure. Surprisingly, the
ADINA computations show a limit point behaviour, i.e. the load is decreasing after
reaching the value ¢/¢, = 3.2, in which ¢, = My L/GI;,Myy = 7,Wo, 7y =
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cry/\/?: and W, = 0.2085° where b is the side length of the cross-section. In the
present computations the length of the beam is ten times the side length of the
cross-section. One linear element is used to model the structure. The problem has

also been analysed by Bathe and Chaundhary (1982).
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Figure 9.2 Elasto-plastic torsional behaviour of a beam with a square cross-section.
Solid curve indicates calculation with the 9x9 Gaussian rule, dashed line the 7x7
Simpson’s rule and dotted line the 4x4 Gaussian rule. Fourty increments were
used in the computation. The plastic area of the cross-section is shown at load
levels M, /M., = 1.4,1.55 and 1.6 in the case when the 9x9 Gaussian rule is used.

Also a beam with a solid cross-section with section proportion h/b = 2 is
analysed using elastic perfectly plastic material model. The fully plastic torque

M., predicted by the Nadai’s sand heap analogy is

zpy

2

b 5
My =g, W Wiy = E(Sh —b) = Ebs.

Present formulation for the warping of the beam gives fairly good results compared
to the analytical, Smith and Sidebottom (1965), and numerical solutions made by
a cellular analogy method, Johnson (1988). The computed maximum load was
1.03 M,, after 30 load increments at the point where the angle of twist per unit
lenght has the value ¢' = 2M,,/GI,. Calculations with ADINA program failed to
converge at the point where ¢' = M,,/GI, after the load has decreased for some
increments. Calculated load displacement curves are shown in Figure 9.3.
Elasto-plastic torsional behaviour of a cantilever beam with a thin-walled I-

section is also studied. When there are no warping restraints, the torque is carried
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Figure 9.3 Elasto-plastic torsional response of a beam with a rectangular cross-
section. Solid curve indicates computations with the 9x9 Gaussian integration,
dotted line the 9x9 Simpson’s rule and dashed line ADINA computation with

the 7x7 Simpson’s rule. The plastic areas are shown at load levels M, My =
0.7,0.8,0.9 and 0.98.

by the St. Venant shear stresses, and the fully plastic solution is given by the sand
heap analogy. For a thin-walled I-beam a close approximation to the fully plastic
sand heap torque is

2 2

t
Mep = 22(3h — tw) + —31(35 — ¥, (9.1)

where t,, and t; are the web and flange thicknesses, h the depth of a beam between
flange centroids and b the breadth of flanges. However, in most structures in which
torsion is significant, there are warping restraints at the ends of the members. It is
known that the maximum load carrying capacity of a twisted I-beam with warping
restraints is higher than the sand heap value, but there is no exact theoretical

solution. An upper bound for the total torque M,, at plastic collapse is given by
Mxo = zp =+ th:

where @) ¢ is the flange shear force, Dinno and Merchant (1965). The flange bending

moment M cannot exceed the plastic hinge moment
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so the shear force Q¢ cannot exceed the value

Qp = Mg /L,
where L is the length of the cantilever. The total torque is

h ;b

Mmc, = sz + Edy T (92)
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Figure 9.4 Elasto plastic behaviour of a cantilever I-beam. Solid curve corresponds

to the pure St. Venant’s torsional behaviour and dashed line indicates the load-

deflection curve computed with elements containing warping degrees of freedom.

The 4x4 Gaussian integration rule in every cross-section part is used. Dotted

line is the result of computation with the 2x2 Gaussian rule at each cross-
section part.

The cantilever beam shown in Figure 9.4 is analysed using a four element mesh
where the nodal point coordinates z; have been graded polynomially according to
the grading function

I(z;) = 2, (9.3)

]

where § = 3, see Appendix A2, Babuska and Szabo (1983). The cross-section is
constructed of five rectangular parts in which the 4x4 Gaussian integration rule
is used in each part, separately. The calculated load-deflection curve is shown in
Figure 9.4. The maximum torque obtained in the present calculation was 1.33
M,, which is slightly greater than Dinno’s and Merchant’s upper bound value
1.31 M.,. The spread of plastic arca is shown in Figure 9.5. At the clamped

64




clamped ' free

B Fght 13 [ 3 3 P3N

b+ +4 -+ -+ F-+d

4 ARE -+ -+

3 3 I I I S S { I

e+ bt 4 -4

[ 5 3 S e » [N 2N NG S £ S S 2
}++ b4 -4 e,
sl -+ w My
L -
T T Y o T Im T

| mariasm el 2 5 e | B ee——
- . L L]
o .. 2 L4
i B = N~ u

Figure 9.5 Spread of plasticity in cantilevered I-beam, subjected to twisting end
moment. The places of figures from up to down correspond to the values of

M./M,,=09,1.0,1.1,1.2 and 1.3.
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end on the left hand side of the beam, the spread of plasticity can be seen to be
governed by warping i.e. flange bending. At the free end (on the right hand side)
the effects of St. Venant torsional stresses dominate. The problem is also analysed
using the element which does not contain the warping degrees of freedom. The
corresponding load-deflection curve is shown in Figure 9.4 by solid line and the
collapse torque obtained is 1.12 M, when the 4x4 Gaussian rule is used in each
part of the cross-section. The same problem has also been analysed by Bathe and
Wiener (1983). They have constructed the web and flanges from nine 4 noded
isoparametric beam elements with 6 degrees of freedom at each node and used
constraint equations to tie the parts together. The results obtained in the present

study are in good agreement with the results obtained by Bathe and Wiener (1983).

9.2 Large deflection analysis of a circular bend

The response of a cantilever 45-degree bend subjected to a concentrated end load
is calculated. The bend is modelled with eight straight linear elements and the
total force, 7.2 EI/R?, is divided into 10, 20 or 60 equal load increments. The
pure load controlled Newton method is used to solve the nonlinear equations of
equilibrium. The load-tip deflection curves are shown in Figure 9.6, when 20 equal
load increments are used. In the figure also the results from calculation with 8
beam-column elements, Virtanen and Mikkola (1985), is presented. They agree
well with the present results. Calculated tip deflections are compared to those
reported in Bathe and Bolourchi (1979), Simo and Vu-Quoc (1986), Dvorkin et al.
(1988), Surana and Sorem (1989) and Sandhu et al. (1990) in Table 9.1.
Performance of the convergence of the iterative solution procedure is
significantly improved when the nonlinear shear terms are omitted, which is usually
done in the nonlinear analyses of planar frames. In 3-D problems the nonlinear
shear terms are required especially in lateral buckling problems. When the load is
divided into 10 increments the solution diverge after the first converged load step
if the nonlinear shear terms are included, but if they are omitted 4 to 8 stiffness
matrix evaluations per increment are needeed to obtain converged solution. In
the analysis with the smallest load increment (60 steps) 3 to 4 stiffness matrix
evaluations per load step are needed when the nonlinear shear terms are included

and only 3 when they are omitted

9.3 Instability analysis of a shallow hexagonal frame

Snap-through instability characterizes the large deformation behaviour of a shallow
hexagonal dome under a point load shown in Figure 9.7a. The experimental
limit load from a plexiglas model frame is 251 N, Chu and Rampetsreiter (1973).

The same frame has also been analysed in References Connor et al. (1968),
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Table 9.1 Comparison of tip deflections of a circular bend.

NEL  shapef. NINC -u/R —v/R w/R

present 8 linear 10 0.135 0.231 0.533
present 8 linear 20 0.137 0.230 0.533
present 8 linear 60 0.137  0.229 0.532

Bathe and Bolourchi 8 cubic 60 0.134 0.235 0.534
Simo and Vu-Quoc 8 linear 3 0.135 0.235 0.534
Cardona and Geradin 8 linear 6 0.138  0.237 0.535
Dvorkin et al. 5 parabolic 10 0.136  0.235 0.533
Surana and Sorem 8 parabolic F 0.133  0.230 0.530
Sandhu et al. 8 linear 3 0.134 0.234 0.533

NEL : number of elements
NINC : number of load steps

el 3

-o— 8 lin. elem. 20 load steps
--- 8 elem. of Virtanen and Mikkola (1985)

o s 1 H L . 1 s ! s 1
0.0 01 0.2 0.3 04 0.5 0.6

non—dimensiond tip deflection

Figure 9.6 Large deflection analysis of a circular bend.

Papadrakakis (1981), Meek and Tan (1984), Virtanen and Mikkola (1985), Nee
and Haldar (1988) and Chan (1988). Comparisons with other results have been
made in Table 9.2.

If the vertical supports are not free to move in the horizontal direction,

bifurcation occurs in the equilibrium path before the limit point. Due to the
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symmetry the multiplicity of the critical point is two. In order to follow the post-
critical equilibrium path, a symmetry condition has to be chosen. In the present
calculations the rotation of the apex about the direction of the point load and
one horizontal displacement component are restrained. In figure 9.7b the load-
deflection curves are shown. Using four elements per a member and the initial
load step of 50 kN, the bifurcation load, 358 kN, is reached after 14 load steps. If
the horizontal deflections and the rotation about the vertical axis are restrained,
the symmetric deformation mode has a fold point at load level 373 kN This is
considerably lower value than the one obtained by Meek and Tan 415 kN, but
is quite close to the result obtained by Hasegawa et al. (1987a), 365 kN, or by
Nee and Haldar 380 kN. Hasegawa et al. have used 16 elements for one sixth of
the dome. This problem is not particularly tricky for the continuation algorithm.
When analysing the symmetric deformation mode the modified Newfon—Ra.phson
scheme (2-3 corrector iterations per load increment) can be used through the whole
equilibrium path shown in the Figures 9.7a and 9.7b. Only near the bifurcation

point in the post buckling regime the full Newton method was required to archive

convergernce.
Table 9.2 Comparison of limit loads.
NEL element type AP, fUJPcr /kN

experimental 251

present anal. 4 linear Tim. 50 260

present anal. 8 linear Tim. 50 253

present anal. 4 cubic E-B 50 253

Chu and Rampetsreiter BC-element 270
Papadrakakis 4 BC-element 253 (™)
Meek and Tan 1 cubic E-B 207 (™)

Virtanen and Mikkola 1 BC-element 50 25}3’ 5

Nee and Haldar - cubic E-B 50 247 (*)
Chan 2 BC-element 264 (*)

NEL : number of elements per a member

NINC : number of load steps

(*) measured from figure

9.4 Instability analysis of a framed dome

The static responce of a framed dome shown in Figure 9.8 is analysed. Two
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Figure 9.7 Load-vertical deflection of the apex of a shallow dome.

different loading conditions are considered. The first loading system consists of
concentrated vertical loads of equal magnitude placed at the crown and at the
end points of the horizontal members, while the second loading type is a single
concentrated load at the crown point. This dome has been analysed also by Chu
and Rampetsreiter (1972), Remseth (1979) and Shi and Atluri (1988). The dome
is modelled using 90 linear Timoshenko beam elements i.e. five elements for each

member. No symmetry conditions are used.

In the first loading case bifurcation occurs at the load level of 18.2 MN,
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Figure 9.8 Framed dome.

which is quite close to the value (18.0 MN) given by Chu and Rampersreiter.
The buckling mode is a rotational mode about z-axis, see Figure 9.9. Shi and
Atluri have possibly used some symmetry conditions or their finite element mesh
is too crude to describe the lowest buckling mode. In their calculations only one
element per a member has been used, and so the vertical displacement of the crown
point starts to increase rapidly after reaching the load value 55 MN. The resulting

load-displacement curve from the present calculation is in Figure 9.9.

(o]
m

B 20 26
T

P/ MN

10

w/m

Figure 9.9 Framed dome, vertical displacement of the apex vs. load and the
rotational buckling mode.

In the second loading case a branching point with the rotational buckling
mode is noticed at the load value of 78.6 MN. Remseth has also studied this
loading type but his results differ significantly from the present ones. The results
of the present calculations are quite similar to the results obtained by Shi and

Atluri, however, they have not noticed the bifurcation point. Load deflection
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curve from the unstable symmetric deformation mode is drawn with dashed line
in Figure 9.10. The result from the computation of the symmetric deformation

mode is in good agreement with Shi’s and Atluri’s result.

P/ MN
40 60 80 100

20

L 1 i 1 f i
0 2 4 8 8
w/m

Figure 9.10 Load-displacement curve of a framed dome when a concentrated load
alone acts at the crown point.

9.5 Tezcan’s frame

A high frame, shown in Figure 9.11 is analysed. The behaviour of the same frame
has also been studied by Tezcan and Mahapatra (1969) and Virtanen and Mikkola
(1985). The frame is modelled using 72 linear Timoshenko beam elements (eight
elements for a column and four for a beam). The values of 206 GPa and 0.25 for
Young’s modulus and Poisson’s ratio are used.

In the present computation a bifurcation point occurred at the load level of
1235 kN, which is not noticed in the other studies. The post buckling behaviour
contains the rotational mode about the vertical axis (z-axis) and also small
horizontal deflections in the z-axis direction, however, the determination of the
post-buckling behaviour did not succeed. Preventing the displacement in y-axis
direction and the rotation about z-axis, the equilibrium path shown in Figure 9.12
is computed. During the load step between the load values of 1348 kN and 1507 kN
two eigenvalues became negative. The bifurcation condition (8.24) is not satisfied
and the computation is continued onto the basic path. Despite of the existence
of negative eigenvalues the load-deflection curve is increasing. The load-deflection
curve deviates significantly from the one obtained by Tezcan and Mahapatra but
is qualitatively similar to the result presented by Virtanen and Mikkola. In those
analyses a coarse mesh in which only one element per a member is used. If the
problem is analysed using two elements per a member (Virtanen and Mikkola

beam-column element) the result seems to converge to that of present analysis.
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Figure 9.11 Geometry and loadings of the Tezcan’s frame: (a) unsymmetric loading

case analysed in the present study and by Tezcan and Mahapatra (1969) and

Virtanen and Mikkola (1985), (b) symmetric loading case analysed in the present
study.

The deflected shape of the frame at the load level of 1960 kN is shown in Figure
9.12. It can be seen from the figure that the two colums bearing the vertical loads
P buckle.

In the case of symmetric loading, a bifurcation occurred at the load level of
1035 kN, and the post buckling deformation shape was the rotational mode about
the vertical axis. The deflected shape of the frame is shown at the load level
of 1550 kN in the post buckling regime in Figure 9.13. In this case there is no
difficulty in branching onto the secondary path.

9.6 Lateral buckling analysis of cantilever beams

In this section various analyses concerning the behaviour of cantilever beams

.have been made. First example is a long beam with a narrow solid cross-section

(h/b = 16.129, L/h = 40). This example has been studied both theoretically and
experimentally by Woolcock and Trahair (1974). The lateral displacement-load
curves shown in Figure 9.14 are in close agreement with the results of Woolcock

and Trahair. The beam is modelled by ten equal Timoshenko beam elements
and the initial load increment used is APy, = O.SN/EIyGIt/LZ. The obtained
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Figure 9.13 Deformed shape at load level P=1550 kN in the symmetric loading

case. The rotation of the top point with respect to the vertical axis is 23 degrees.

bifurcation loads are P., = 4.085\/m/L2 without the effect of the selfweight
and Py = 3.159\/Jm/152 including it. As a classical result, without selfweight,
the load factor is 4.13, Timoshenko and Gere (1963). The exact critical load
including the effect of in plane deformations is 4.036 and when the effect of the
selfweight is included it is 3.091, Woolcock and Trahair (1974). {

Elasto-plastic behaviour of a cantilever beam shown in Figure 9.15 is studied.
A graded mesh with four elements is used. Polynomial grading is chosen and
the parameter § has the value 7 = 1.4. The calculations with layered material
model description are compared to the results obtained by using different kind
of stress-resultant yield functions. Two different values of the yield stress have
been used, resulting in different types of post-buckling behaviour. In the first case
the yield stress is so high that the yielding starts in the post-buckling regime. In
the other one the yield stress is lower and the yielding starts at the pre-buckling

T There are some discrepancies between the data given in Reference Woolcock
and Trahair (1974) at page 160 in Tables 1 and 2. If the value of the expression
\/ﬁyG—I; /L? is calculated from the information given in the section property
table, it will be 1.76229 1bf and if it is calculated from the value given to the
classical critical load 7.01 Ibf (self weight excluded) in the member detail table, it
is 7.01 1bf/4.013 = 1.74682 1bf.
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Figure 9.14 Lateral tip deflections of a narrow rectangular cantilever

state so lowering the buckling load. In the computations with layered model
seven quadrature points are used in the height direction of the cross-section, and
the effect of the number of integration points used over the width direction is
investigated. From Figure 9.15 it can be concluded that the Simpson’s rule with
three points in the width direction yields considerably different result compared
to the use of higherorder quadratures. The result obtained from calculation where
the 7x3 Gauss quadrature is used has reasonably good accuracy in the plastic
post-buckling region. The use of the 7x4 Gauss or the 7x5 Simpson’s rules, or
higher ones, yield almost identical results. The use of the hypercube yield function
differs greatly from the other calculations when the smaller yield stress value is
used. In this case there are no excess of lateral displacements, so the collapse
enters before lateral buckling.

Figure 9.16 shows a load-deflection curve is shown from an analysis of a
cantilever beam loaded by a concentrated load at the free end. The load is placed
either on the top or on the bottom point of the cross-section. Timoshenko and

Gere (1963) give the approximative formula for calculating the critical load
EIGI, a [EI
P, = 4013 ——(1F —¢/ =) 4
. AFpvan) (9.4)

In this formula a denotes the distance of the point of application of the load
vertically from the centroid. If the point of application of the load is above the
centroid the minus sign is chosen. Table 9.3 shows the bifurcation loads obtained

from an analysis using ten equal Timoshenko beam elements. The length of the
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Figure 9.15 Lateral tip deflections vs. load of a cantilever beam when elasto-plastic
material model is used. The material constants used are £ = 210 GPa, v = 0.3,

E; =0 and o, = 250 MPa in (a) and (b), o, = 150 MPa in (c) and (d).
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Figure 9.16 Lateral deflection vs. load of a cantilever beam.

Table 9.3 Critical load parameter A., for a cantilever beam.

Per = Aern/EL,GIL,/ L?

load position  Equation (9.4) 10 Tim. elem.

above a = h/2 3.846 3.913
a=10 4.013 4.124
below a = h/2 4.180 4.294

beam is L=100 mm, height =10 mm and width =1 mm. The in plane tip
displacement prior buckling is about 16-17 % of the height of the beam.

Lateral buckling analysis of a cantilever right-angle frame under end load is
performed. This problem has also been analyzed by Argyris et al. (1979) and
Simo et Vu-Quoc (1986). The geometric characteristics of the beam and the
lateral displacement vs. load are shown in Figure 9.17. A constant perturbation
load of 1073 N has been used in computing the post buckling behaviour. The
buckling load in the present calculation seems to be about 5 % lower than the

values obtained by the references mentioned above.

9.7 Elastic lateral buckling analysis of a simply supported beam

The lateral buckling load of a simply supported beam in pure bending is calculated.
The accuracy of the critical load obtained with different finite elements is studied.
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The expression for the critical moment

EI,GI,
VELGL (9.5)

Me = = T/L)0 - GLJ/BL)

is given by Trahair and Woolcock (1973) and by Van Erp (1989). This formula

includes the effects of moderate pre-buckling deflections of the magnitude of beam

height.
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Figure 9.18 Convergence of the critical moment, a) Timoshenko- b) Euler-Bernoulli
beam elements. Note the diffrent scale in the vertical axis.

The Timoshenko beam elements compared are a linear isoparametric one,
a subparametric parabolic and a cubic element, which have two, three or four
nodes, respectively. In the subparametric elements the geometry of an element
is interpolated by linear shape functions. Figure 9.18a shows the convergence
of the critical load as a function of computational work W = nm, where n is
the number of degrees of freedom and my is the half bandwidth (including the
diagonal term) of the stiffness matrix. The load parameter value 1 corresponds
to the critical moment M... The increment of load parameter used has been
AX = 0.2. The critical moments obtained using different elements converge to
smaller values than the value M., defined in Equation (9.5). This is due to the
effect of shear deformations which are not allowed for in Equation (9.5).

Results from a convergence study using the Euler-Bernoulli beam element are

shown in Figure 9.18b. Also in these calculations the critical moment converges to
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Figure 9.19 Lateral deflections of the midpoint of the beam vs. load from a large

deflection post-buckling analysis of a simply supported beam in pure bending.

Solid curve indicates the calculation when thirty equal Timoshenko beam elements

is used. Dotted line indicates result from the calculation when the Euler-Bernoulli
beam theory element is used (almost identical).

a smaller value (100 elements A.. = 0.9979) compared to the value obtained from
Equation (9.5).

In addition, the post-buckling behaviour is determined. The computed
equilibrium paths are shown in Figure 9.19, where the out of plane displacement

of the midpoint of the beam are drawn.

9.8 Lateral buckling analysis of redundant beams

Masur and Milbrandt (1957) studied the post-buckling behaviour of elastic
redundant beams both theoretically and experimentally. They have used theory
of moderately large deflections which is analogous to the von Karman theory
of plates, where the curvatures are approximated by. linear expressions, but a
second-order term in the axial strain is included. The behaviour of redundant
and statically determinate beams in the post-buckling state is different due to the
moment redistribution. Masur and Milbrandt found, that the redistribution of
bending moments is accompanied by an increase in the external load magnitude,
which approaches a limiting value as the lateral deformation increases.

Finite element analyses of simple redundant beams have been made. In the

first example a doubly redundant beam is analysed. The ends are pinned in the
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Figure 9.20 Lateral buckling analysis of a doubly redundant beam. The rotation
about the axis of the beam (on the left hand side) and the lateral deflection at the
midspan (on the right hand side) vs. load are shown.

lateral direction but fixed in the vertical plane. A concentrated load acts at the
midspan. A finite element mesh with ten equal Timoshenko beam elements is used
for a half of the beam. The buckling load obtained is 42.67 \/ETI@/LZ, and the
post-buckling behaviour is qualitatively in agreement with the results of Masur and
Milbrandt. About 80 load steps are used in the computation of the deformation
path, shown in Figure 9.20. The initial load step has the value 5 \/m/]}z.
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Figure 9.21 Lateral buckling analysis of a clamped beam. The rotation about the

axis of the beam (on the left hand side) and the lateral deflection at the midpoint

vs. load {on the right hand side) are shown. Dashed line indicates calculation of
a beam with fully fixed ends.
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Also a beam with clamped ends in both principal directions is analysed.
Bifurcation occurs at the load value of 47.83 \/M/Lz, and the behaviour
is similar compared to the one of the doubly redundant beam. Starting with
load increment 10 \/ETyG’Tt /L*, 100 steps are required to follow the equilibrium
path shown in Figure 9.21. An analysis of a beam with fully built in ends, 1.e.
with prevented axial displacement, is also performed. In the analysis the critical
load obtained is 54.61 W/Lz. The corresponding load deflection curves are
marked in Figure 9.21 by dashed lines.

9.9 Lateral buckling of a space truss

Lateral buckling of a roof truss with a span of 20 m is studied. The geometry and
loading conditions are shown in Figure 9.22. The behaviour of the truss with two
different types of lateral supports and boundary conditions have been compared.
The lateral supports consist of slender beams the ends of which are free to move in
the vertical direction but constrained in the z — y plane. The slope of the buckling
supports in the z-axis direction is also prevented (boundary conditions I). In the
other set of boundary conditions the lateral supports are constrained only in y-axis
direction (boundary conditions II). The first model has lateral supports only in
the upper chord of the truss and the other (model 2) one lateral support at the
midpoint of the lower chord. Linear Timoshenko beam elements are used to model

the structure and the meshes consist of 245 and 255 elements, respectively.
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Figure 9.22 Geometry and loading of a roof truss.
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As expected, the lateral support in the lower chord has practically no influence
to the behaviour of the truss. The buckling loads obtained are 3.44 P, (model 1),
3.45 Py (model 2) and the post-buckling behaviour 1s stable for both models. In
analysing the second model, a load increment of very small size is needeed to get
converged solution in the post-buckling regime, and the equilibrium path shown
in Figure 9.23 is followed using about 80 load steps. In the case of boundary
conditions II, the buckling load is 2.80 F, for both models. The initial load
step is 0.5P; and the solution diverges after 14 load steps at the load value of
3.23 Py. In the first model, the buckling mode is dominated by the rigid body
rotation of the truss, since the lateral bracing does not give good resistance for
the rotation mode. However, in the post buckling region the deformations due to
the upper chord buckling dominate. In Figure 9.23 the load-displacement curves
and in Figure 9.24 the buckling modes for both model 1 and model 2 are shown.

Deformed shapes in the post buckling regime are shown in Figure 9.25.

P/P,

2.6 ' 1 i | L
0.00 0.05 0.10 0.15

w/m

Figure 9.23 Lateral displacement at the midpoint of the upper chord. Results from
the computations of model 1 are indicated by solid lines. Dashed lines correspond
to model 2. (a) boundary conditions I, (b) boundary conditions II.

9.10 Elasto-plastic lateral buckling analysis of simply supported I-beams

Kitipornchai and Trahair (1975b) have made an experimental investigation of the
inelastic flexural-torsional buckling of rolled steel I-beams. Their tests were carried

out on full-scale simply supported 261 x151 UB 43 beams with central concentrated
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Figure 9.24 Buckling modes, (a) model 1, (b) model 2.

loads applied with a gravity load simulator. The 261x151 UB 43 section has a low
ratio between the width and thickness of the flanges and so the beam’s behaviour
inhibits local buckling and allows lateral buckling to predominate. The end cross-
sections of each beam were free to rotate about the major and minor axes and
to warp. They tested six beams, four as-rolled and two annealed beams. The
effect of residual stresses was not found to be significant which was also confirmed
by the theoretical predictions made by Kitipornchai and Trahair (1975a) and by
numerical computations in the present study. The reason is in high tensile residual
stresses which inhibit the spread of plasticity in the compression flange, see Figure
9.28. The geometrical imperfections were found to be significant in decreasing
the load carrying capasity compared to the predictions of the bifurcation loads of
perfect structures.

Calculated test beams are chosen to be those which buckled in the inelastic
range, i.e. beams 52-10, $3-12 and S4-8 (S = simply supported). The imperfection
are included in the loading conditions so, that the point load was situated at a
small distance from the middle plane of the beam. The cross-section of the beam
261x151 UB 43, the finite element discretizations used and the residual stress
patterns are shown in Figure 9.26. Calculated load-deflection curves are shown in

Figure 9.27, and the maximum loads obtained are tabulated in Table 9.4.

9.11 Elasto-plastic lateral buckling analysis of continuous I-beams

Poowannachaikul and Trahair (1975) have made an experimental investigation

of the elastic and inelastic lateral buckling of unbraced two-span steel I-beams
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Figure 9.25 Deformed shape, magnified by a factor of 5, in the post buckling
regime. (a) at the load value of 3.5 Py, boundary conditions I. (b) at the load
value 3.23 Py, boundary conditions II.
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Figure 9.26 Finite element meshes used and the cross-section 261 x 151 UB
43 data: A = 248.7 mm, b = 151.5 mm, ¢, = 7.67 mm, ty = 12.3 mm and
d = 219 mm. Residual stress distribution (quartic polynomials) are the same as
by Kitipornchai and Trahair (1975b) (Fig. 7, pp. 1340). E = 203 GPa, E, = E/35
(except one calculation for S4-8 beam with E; = 0), oy = 320 MPa, v = 0.3.

Table 9.4 Comparison of limit loads

S$3-12 S3-12-R. S2-10 S2-10-R 54-8

experimental 145.1 140.2 185.1 194.0 235.0
FEM e=0.25 mm 147.9 281.3
FEM e=0.5 mm - 144.4 277.8

FEM e=1 mm 139.6 271.4

FEM e=2 mm 134.1 134.9 184.5 185.4 260.4

FEM e=4 mm 126.1 244.1

FEM e=8 mm 114.7 222.3

FEM e=4 mm, F; =0 241.8

e means the excentrisity of the load position
all the tabulated values are in kN
R in the beam identification indicates the annealed beams,

i.e. there were no residual stresses in the computations

with concentrated loads at midspans. In this study four of the eight beam tests
are simulated, i.e. the beams C2-8-12, C3-8-12A, C4-8-12A and C4-8-12B. These
beams have the same geometry of the cross-section, material characteristics and
residual stress distribution as the beams analysed in the previous chapter.
Theoretical buckling predictions have been presented by Yoshida et al. (1977)
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Figure 9.27 Lateral buckling analysis of simply supported beams. Dashed lines
indicate calculations without residual stresses and the dotted line (beam S54-
8) is the case with no strain hardening (E; = 0, in all other calculations
E, = E/35) Calculations with residual stresses are marked with solid lines. Black
markers which are not connected correspond to the experimental measurements.
Imperfections in the FE calculations in the figure on the left hand side are: 54-8
e = 4 mm, S2-10 and S3-12 ¢ = 2 mm; and in the figure on the right hand side:
S4-8 e = 0.25,1,2,4,8 mm and S3-12 e = 0.25, 2 mm.
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Figure 9.28 Plastic area of the cross-section at the integration point nearest the
symmetry plane, beam 54-8 (e = 4 mm) at load level 240 kN.
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Figure 9.29 Imperfection sensitivity of simply supported elasto-plastic beams.

and Trahair (1983). The experimental results of the buckling load are much lower,
for some beams over 20 %, compared to the theoretical buckling predictions. As
mentioned by Trahair (1983) no satisfactory explanation have been advanced for

those discrepancies.

Table 9.5 Summary of loadings.

load beam
C2-8-12 (C3-8-12 (C4-8-12A (C4-8-12B
Py P 0 P P
P, 0 & P 2/5P

In the present study a large deflection elasto-plastic finite element analysis
of these two-span continuous beams have been made. The finite element mesh
consist of 24 elements including two short elements (length ~ 100 mm) around
points A, B and at the midsupport. Computations have been performed with
different imperfections in the loading conditions shown in Figure 9.30 and the
calculated maximum loads are tabulated in Table 9.6. The imprefection sensitivity
of the beams C2-8-12 and C4-8-12A are shown in Figure 9.29. In Figure 9.31 the
lateral deflections of the midspans vs. load are shown. It can be seen from the

imperfection sensitivity diagrams in Figures 9.29 and 9.32, that for beams S4-
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8 and C2-8-12 the bifurcation load (zero imperfection) is much higher than the
maximum load obtained from the experiments. For those beams considerable
plastic deformations occur before the lateral buckling, so it is possible that the
'plastic buckling paradox’, Hutchinson (1974), between flow- and deformation
theory predictions takes place. It has been pointed out in many connections
and by various researchers that the experimental plastic buckling observations
fit quite well to the results of the deformation theory, whereas the flow theory
yields much higher values for the buckling load. Calculations with deformation

theory of plasticity have not been done in the present study.

Table 9.6 Comparison of limit loads

beam experimental present FEM analysis

a=01° a=05" a=1° a=2° aa=4°

C2-8-12 259.9 323.2 304.2 278.5 238.1
C3-8-12 173.6 1789 166.4 153.0
C4-8-12A 197.6 204.6 182.7 168.8 153.6
C4-8-12B 293.3 336.7 312.2 278.2

o means the imperfection on the load direction
all the tabulated values are in kN

Table 9.7 Computed elastic bifurcation loads.

C2-8-12 (©3-8-12 C4-812A (C4-8-12B
542.2 3211 217.9 455.4

all the tabulated values are in kN

9.12 Post-buckling analysis of hybrid beams

In hybrid beams, the web is made of material which has considerably lower yield
stress than that of the flanges. The effect of the weaker material of the web to
the lateral plastic buckling behaviour is studied. A simply supported I-beam is
analysed. The only difference to the analysis of the beams in chapter 9.10 is that
the yield stress of the web is 80 %, 60 % or 40 % of the yield stress of the flanges.
It can be concluded from the results, that the post-buckling behaviour of hybrid

beams is similar to the ordinary one. The slope of the load-deflection curve in the
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Figure 9.30 Continuous beam, geometry and loading.

post buckling regime seems to be almost unaffected from the yield stress variations

of the web. The lateral deflection curves are shown in Figure 9.34.

9.13 Thermo-elasto-plastic analysis of steel frames

Applications of thermally loaded steel frames are chosen mainly to permit
comparisons with the experimental data. Due to the lack of test results of three
dimensional cases, only plane frames are analyzed. Two different models for the
temperature dependency of material parameters are compared. First model is
based on the European recommendations for the fire safety of steel structures
(1983). For this model the temperature dependency of Young’s modulus £ and
the yield stress o, are shown in Figure 9.35. Poisson’s ratio v and the tangent
modulus F, are assumed to be independent of temperature. In the second model,
similar to the material model of Rubert and Schaumann (1985), a trilinear stress-
strain curve is assumed. In that model the variation of Young’s modulus, the lower
yield stress o, and the upper yield stress o, are shown in Figure 9.6.

In all subsequent calculations of the present study a value of 12-:107% 1/°C for
the thermal expansion is used. Some calculations for a more accurate description
of the thermal expansion coeflicient show neglible effect in comparison to the use of
its constant value. The thermal expansion has variation from the value of 1.2-107°
1/°Ct01.7-107° 1/°C between the range of 20 - 600 °C according to the European
recommendations for the fire safety of steel structures.

The only loading effect is due to temperature change. The temperature

increment for the following step is adjusted by requiring the estimated norm of
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Figure 9.31 Lateral deflections at the midpoints of the spans. The circular
shaded markers connected with dotted line are the experimental results. Solid
curves indicate the calculated results with different values of imperfection. The
blanked circle show the load level at which yield is noticed first. Imperfections
in the FE computations: ©2-8-12 (P = P,P, = 0) a = 1°,2°,4°; C3-8-12A
(P, = 0,P, = P) and C4-8-12B (P, = P,P; = 2/5P) a = 0.5°,1°,2°, C4-8-12A
(P, = P, = P) a = 0.1°,0.5°,1°. Deflections at point A are positive and at B
negative, see Figure 9.30.
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Figure 9.33 Interaction diagram for the continuous beams.

the displacement increment to be constant. Denoting

_ Au_r-t_ Un — Un-1
A8’ Ag

where Af is the temperature increment, the requirement for the next step is

Un = ”Aun”': Un an =

1
Unt+1 — UnA9n+1 + ian(A9n+1)2 = Un,

which yields
Un

Al = —(

an

2u,
gy Bt gy

2
Ua
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Figure 9.34 Post-buckling behaviour of hybrid beams, lateral deflection at the
midspan vs. load. Dashed lines denote results from analyses of hybrid beams and
solid line of an ordinary beam, respectively. The yield stress of the web is (a) 80

%, (b) 60 % and (c) 40 % of the yield stress of the flanges.

If a, = 0 the equality Af,41 = A8, holds. However, in numerical computations
the temperature increment for the next step is determined from the approximate

expression

). (9.6)

Rubert and Schaumann (1985) have made experimental and computational
analyses of simply supported IPE-80 beams with a concentrated load at the
midspan. Four different load magnitudes are used, P = 24 kN, 23 kN, 16kN and
6 kN for beams WK1-4. Corresponding utilization factors are P/ P, = 0.85, 0.70,
0.50, 0.20, respectively. Present results of quasi static calculations are compared to
the experimental results where the lowest value of the heating rate T =2.67 K/min
is used. According to the experimental results the effect of heating rate, which
were between the values of 2.67 - 32 K /min in the experiments, is not significant to
the behaviour of the beams WK1 and WK2. For beam WK4, which has the lowest
load, the effect of heating rate results in 10 % difference in the critical temperature.
A half of the beam is modelled with five linear elements using two short elements
near the symmetry line. Five point and nine point Gaussian quadratures are used
in the integration of the stiffness matrix and the internal force vector for flanges
and web, respectively. The initial temperature increment used is 20 °C (as in

all other examples in this chapter) and it was automatically reduced during the
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Figure 9.35 Uniaxial stress-strain relationship which is used in accordance with (a)

ECCS model (model 1) and (b) the model developed by Rubert and Schaumann

(model 2).
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Figure 9.36 Modulus of elasticity and yield stress as a function of temperature.

heating process according to Equation (9.6).

TinC

The results of the computations where the material parameters of the second

model are used, fits very well to the experimental results in this particular example.

Especially, the infuence of the slow decrease interval of the lower yield stress

between the temperatures 300-500 °C is clearly seen in the deflection-temperature

curves for beams WK1 and WK2, see Figure 9.37. This slow increase interval of

the dispacement has also been noticed in the calculations made by Rubert and

Schaumann but it is not visible in the results obtained by Bock and Wernersson
(1986) in their calculations using the ADINA program.

A two bay test frame ZSR1, Rubert and Schaumann (1985),is analysed.
The problem definition and the calculated temperature-displacement curves are
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shown in Figure 9.38. In this example the analyses yield almost the same critical
temperature for both material models, although model 2 gives larger and model
1 correspondingly smaller displacements than the experimental measurements at
the temperature range between 200-450 °C. The computed value for the collapse
temperature is about 10 % lower than obtained from the experiments. The frame
is modelled using 25 linear Timoshenko beam elements i.e. five elements of equal
length per a member. In the integration of the stiffness matrix and the internal
force vector, two point and five point Gaussian quadratures are used in the flanges

and the web, respectively.
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Figure 9.38 Two bay frame. Geometry and temperature-displacement curves.

An analysis of an ECCS calibrating frame, Vogel (1985), subjected to a local
fire in the bottom bay on the right hand side, is performed, see Figure 9.39. In
the omputations only the material model 1 (ECCS) are used. The finite element
mesh consists of 162 linear Timoshenko beam elements and 153 nodal points. The
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load intensities are one half of the values shown in Figure 9.39, i.e. the load factor
mpz=lf 2,

The first yield occurred at the temperature 320 °C and the calculated
temperature at collapse is 480 °C. Bending moment distributions and deflected
shapes are shown in Figure 9.40. The start of yielding at the top of the column
in the right hand side in the ground floor is greatly influenced by the bending
moments due to the thermal expansion. When the temperature increases the
bending moment capacity decreases rapidly in the two heated colums and the
resistance of the structure to the horizontal loads is carried almost by the column
on the left hand side. Finally the plastic deformations in the bottom column on
the left hand side lead to the collapse in the sway mode, see Figure 9.40.
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Figure 9.39 Multistorey frame.

9.14 Dynamic plastic bifurcation of a pin-ended beam

The behaviour of a pin-ended beam subjected to uniform transverse loading
applied as a short pulse is studied. The deflection history depends, in an extremely
sensitive manner, on the interplay between momentum transfer, geometry changes
and energy dissipation in plastic flow as pointed out by Symonds et al. (1986).
Symonds and Yu (1985) give results of computations using ten different FE codes.
An agreement to the prediction of the first peak deflection for all codes is obtained

but the permanant displacements differ significantly. The unexpected result of
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Figure 9.40 Horizontal deflections of points 1 and 2 and deformed shapes magnified

by a factor of 30 at temperatures 320 (first yield) 460,470,480 °C. Bending moment
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collapse).
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those computations was the negative permanent displacement, implying that the
final rest displacement is in the opposite direction to that of the load.

In the present analysis a half of the beam is modelled by ten linear Timoshenko
beam elements. The central difference scheme with a diagonal mass matrix and
the time step of 1.5 us gives permanent deflection in the direction of the load.
Also the trapezoidal rule with the time step of 25 us time step and a consistent
mass matrix yields qualitatively the same result, but the time-midpoint deflection
curve starts to differ significantly after 1 ms. When the trapezoidal rule with a
diagonal mass matrix and the time steps of 25 pus and 35 ps are used, negative
permanent deflections occur. Those four completely different deflection histories
are shown in Figure 9.41.

The determinant of the effective stiffness matrix is plotted in Figure 9.42.
At the time, about 0.5 ms, the determinat is zero indicating nonuniciuenes in the
solution of the incremental equations of motion. That time period corresponds to
the phase of plastic extension of the beam. So, small deviations in the elongation
of the beam’s axis can cause significantly different compressive stresses in the

elastic recovery phase, which can in certain circumstances lead to the snap through

instability.
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Figure 9.41 Response history of a pin-ended beam to pulse loading. Solid curve:

the central difference method (CD), At = 1.5 ps; dashed line: the trapezoidal

rule (TRAP), At = 25 us; dotted line: TRAP, At = 35 us and all these

three computations with a diagonal mass matrix. The dash-dotted line indicates

computation with the trapezoidal rule using a consistent mass matrix and the time
step of 25 ps.
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Figure 9.42 Normalized determinant of the effective stiffness matrix as a function

of time in a problem of a pin-ended beam. Solid curve corresponds to the

computation with the trapezoidal rule using the time step of 25 us and the dotted

line corresponds to the computation with the time step of 35 us. In both cases a
diagonal mass matrix have been used.

9.15 Dynamic analysis of an elasto-plastic cantilever beam

The responses of a cantilever I-section beam under both static and dynamic step

loading are studied. The geometrical data and loading are given in Figure 9.43.

0 51 8

A
— B BT Th ;
7 -
- "L é—l M L=1000mm
h=931
1,/1,=3 E=210 GPa Py=3 3yWyp /L b=100
szlMyp=2.24 3Y: 300 MPa Pz'—'%—Bszpu’L ff=505
g=7800kg/m® P13, A t,=5.0

Figure 9.43 Geometry and loading of a cantilever beam.

The static responces are shown in Figure 9.44 when different representations
to the yield function are used in the computation. Using the spherical yield surface
expressed in terms of stress resultants, Equation (6.30), gives quite satisfactory
results compared to the use of the layered model. In the computations with the

yield surface, expressed in Equation (6.31), the plastic collapse occurred not until
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the moment in the primary bending plane reaches the fully plastic moment, so
overestimating the load carrying capasity about 35 %.

In Figure 9.45 the results from the analyses of the dynamic response of the
cantilever beam under the step load are shown. Rao and Raghavan (1987) have also
investigated the same problem. The type of modelling the plastic behaviour of the
material has a great influence in the results. The use of approximate yield surfaces
expressed in terms of stress resultants, give considerably smaller displacement
values compared to the use of the layered model. The result is obvious, since the
plastic deformations when the layered model is used start to develop earlier. As
an extreme case, when the yield surface expressed in Equation (6.31) is used, no
plastic deformations occur, see Figure 9.45. Warping has only a small effect on
the behaviour of the beam when the layered model is used and neglible when the
approximate expression to the yield surface are used. The results in Figure 9.45
differ from those obtained by Rao and Raghavan (curve 3 in Figure 3). One reason
for that could be in the inaccurate integration over the cross-sectional area. Rao
and Raghavan have used six integration points in the flanges and four in the web.
In the present calculation both flanges and web are integrated using 12 points

(2x6).
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Figure 9.44 Static elasto-plastic response of a cantilever I-section beam, using (a)

the layered model, (b) the approximate yield surface of spherical form, Equation

(6.30). Solid lines correspond to the computations where the effect of warping is
neglected and dashed lines where it is included.
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Figure 9.45 Dynamic elasto-plastic response of a cantilever I-section beam, using

(a) the layered model, (b) the approximate yield surface, sphere, Equation (6.30)

and (c) cube, Equation (6.31). Solid lines correspond to the computations where
the effect of warping is neglected and dashed lines where it is included.

9.16 Dynamic elasto-plastic behaviour of a portal frame

A portal frame, clamped at its supports, with a mass fixed in the midspan of the
horizontal beam, is subjected to an impact load perpendicular to the plane of the
frame by a 0.22 lead bullet. Experimental results have been reported by Messmer
(1987), and Messmer and Sayir (1988). The loading time have been between the
range of 40 to 60 ks, and the measured shape of the load pulse is almost triangle,
Figure 4 in Reference Messmer and Sayir (1988). However, the shape and the
loading time variations (40-60 us) have a little influence to the response of the
frame. In the present calculations the rectangular pulse, shown in Figure 9.47
(duration 60 us and impulse 0.72 Ns), is used. One half of the frame is modelled
by using twenty equal elements. In Figure 9.47 the lateral displacements of the
impacted point are shown when the linear Timoshenko beam element is used in
the computation. Both elasto-plastic and visco-plastic material models are used
in the analyses. When the layered models are used the 7 x 7 Gaussian quadrature
is adopted. Two versions of the Perzyna’s viscoplastic material is used. In the

first one the viscoplastic part of the strain rate has the form

EP =3 Bo{Z - 1) af', (9.7)




and in the second one 5
JG
=2yl
7 O‘y 80’1'3'

(9.8)

where the parameters used are v = 40 1/s and p=5. In equations (9.7) and (9.8)

the notations

fJe ‘\! —0'130'”,

1
‘ r— O — — ..
o-ij =5 0-1] 30kk613

are used. Perzyna has determined the material constants B, from the experiments
made by Clark and Duwez, Perzyna (1966). They are given in Table 9.7. The

yield stress as a function of strain rate for both models (9.7) and (9.8) are shown

in Figure 9.46.

Table 9.7 Material parameters B, in Equation (9.7).

«Q 1 2 3 4 h
B, (1/s) 337.53 -1470.56 3271.71 -3339.98 1280.06

\/3J2 / o,

0 50 100 150 200
strain rate (1/s)

Figure 9.46 Yield stress as a function of strain rate.

Also computations with the element based on the Euler-Bernoulli beam theory
are performed. Results of the computation using Euler-Bernoulli elements are
shown in Figure 9.48. Obviously, the displacements are smaller when compared
to the results obtained by using the Timoshenko beam theory.

It can be concluded that in this particular model the stress resultant
representation of the yield surface gives results which are in good agreement with

the computations of layered models. The permanent deflections of the mass point
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Figure 9.47 Displacement of the mass. Twenty equal linear Timoshenko beam

elements. Solid lines correspond to the layered model computations with the 7x7

Gaussian quadrature. Dashed and dotted lines indicate computations where the

sphere or the cube yield surface are used. The permanent experimental deflection

was 20.7 mm. Notations; EP: elasto-plastic, VP: visco-plastic model (9.7), VP5:
visco-plastic model (9.8).
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Figure 9.48 Displacement of the mass. Twenty equal cubic Euler-Bernoulli beam
elements. The meaning of the different line types are the same as in Figure 9.47.
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fit quite well to the experimental measurements, Messmer (1987), for the elasto-
plastic material models. The viscoplastic model (9.8) gives considerably too small
deflections, but the amplitude of the elastic vibration phase is in a satisfactory
agreement with the experimental result (about 21 mm), while in the case of elasto-
plastic models the amplitudes are too small (about 12 mm). Computed maximum

and permanent deflections are tabulated in Table 9.8.

Table 9.8 Computed maximumn and permanent deflections

element material model maximum defl. permanent defl.
lin. Tim. EP-L 28.1 22
lin. Tim. EP-S 27.6 2
lin. Tim. EP-C 27.6 21
lin. Tim. VP-L 21.1 12
lin. Tim. VP-S 21.0 12
lin. Tim. VP5-L 25.8 19
lin. Tim. VP5-5 26.1 20
cubic E-B EP-L 28.7 23
cubic E-B EP-S 26.9 21
cubic E-B EP-C 26.3 21

all the tabulated values are in mm

EP = elasto plastic

VP = visco-plastic model (9.7)

VP5 = visco-plastic model (9.8)

L = layered model 7x7 Gaussian integration
S = yield surface (6.30)

C = yield surface (6.31)

In the computation with the yield surface (6.30) the first plastic hinge appears
at the impacted point after the time of 29 us and it disappears at the time of 120
us for a while. The bending moment reach again the fully plastic moment at the
time 160 ps for duration time of 60 ps. There are also plastic deformations in
the horizontal beam between the struck and corner points in distance 50-80 mm
from the struck point, see Figure 9.49. It is also confirmed in the experiments,
Messmer (1987). At the time of 420 ps the plastic hinges in bending appear at the
clampings for a time period of 90 ps and reappears again at the time of 840 us.
The frame swings out elastically after the time 3.59 ms when the plastic hinges
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Figure 9.49 Bending moments in the horizontal beam, (a) 2.5 mm (b) 60 mm from
the midspan. The meaning of the different line types are the same as in Figure

9.47.
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Figure 9.50 Twisting moment in the vertical beam at the point placed 20 mm from
the clamping. The meaning of the different line types are the same as in Figure
9.47.
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disappears at the clampings. There are also small periods of plastic deformation
at the time 5.6 ms and between the period 6.4 to 6.8 ms. The computed bending
moment histories, shown in Figure 9.49, and the twisting moment history, Figure

9.50, are in agreement with Messmer’s theoretical calculations.

9.17 An I-beam impacted by a mass

A steel beam of wide flange W12x40 cross-section impacted by a mass at the
center of the beam is considered. One a half of the beam is modelled with ten
linear Timoshenko beam elements including one short element (length 25 mm)
close the impacted point. The total length of the whole beam is 18.288 m. The
loading is given by the initial velocity v, = 81.26984 m/s at the impacted node.
For the ratio Hm /G a value 1.1065 has been chosen (H = height of the beam, m
= mass per unit length of the beam, G’ mass of the impacting particle). A similar
beam has been analysed by Jones and Gomes de Oliveira (1979).

Also analyses of the case where the impact is not in the primary bending plane
of the beam are performed. The initial velocity components are v, = 80.03517
m/s and v, = 14.11236 m/s, corresponding the inclination of 10 degrees from the
primary bending plane. The calculations where the effect of warping is included
result in about 5 % smaller deflections in the simply supported case, but the

corresponding difference is smaller in the case of clamped boundaries.
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Figure 9.51 I-beam hit centrally by a mass. Deflection history of the midpoint. The
three upper curves correspond to the analyses of a beam with simply supported
boundaries and the three lowest to the case of a beam with clamped boundaries.
Solid lines indicate the calculations where the impact is in the primary bending
plane. Dotted lines (warping neglected) and dashed lines (warping included)
correspond to the calculations where the impact has an inclination angle of 10 °

to the primary bending plane.
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10 DISCUSSION AND CONCLUSIONS

The numerical methods for analysing the nonlinear behaviour of space frames with
either solid or thin-walled open non-deformable cross-sections have been developed.
An updated incremental Lagrangian approach is used in formulating the nonlinear
equilibrium equations. The material models adopted are elasto-plastic, viscoplastic
and temperature dependent elasto-plastic. The stiffness matrices and internal
force vectors are derived for elements based on Timoshenko beam theory and on
the classical Euler-Bernoulli theory of a thin beam. In numerical computations
performed in this study, the elements developed, have worked well. However,
minor discrepancies between some solutions found in literature have been noticed.
These deviations are possibly due to the inaccurate modelling of the stucture
under consideration in the references. Particularly, in the plastic range the linear
Timoshenko beam element has proved it’s effecience and reliability.- In the case
of beams with thin-walled open cross-section a theory which takes into account
the average warping shear stresses has been developed. The conventional theory
of torsion by Vlasov can be obtained from the presented theory using a simple
constraint. The penalty finite element method is used in the constrained version
of the element.

Special attention is paid to the determination of singular points and branching
onto the secondary equilibrium path. Reliability is the primary consern in
developing solution procedures of the nonlinear equilibrium equations. The
orthogonal trajectory method, proposed by Fried, has been used in this study.
It has proved to be a robust continuation algorithm.

Further developments should be focused to the modelling of the behaviour
of joints, especially when a thin-walled beam element with the warping degree
of freedom is in question. Also a curved isoparametric formulation is a natural
extension to the presented method. However, the linear isoparametric element
could be practically accurate enough in elasto-plastic cases if an adaptive mesh
refinement strategy is used. The accuracy of the presented theory, which takes
the average shear strains due to torsion into account, should be investigated in
particularly in the plastic range.

The simple description of plastic material behaviour by means of yield
functions expressed in terms of stress resultants is fascinating, due to it’s simplicity
and computational economy. However, the use of the yield functions described
in this study can result in considerably erroneous solutions. For a remedy of
that shortcoming an approximative Ramberg and Osgood type relationship to the

generalized strain and the corresponding stress resultant should be developed.
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APPENDIX 1
Differential equations for shear deformable torsion bar

The differential equations in terms of the displacement quantities ¢ and ¥ can be

obtained from the equilibrium conditions
“(Mw + Mmf),:c = Mg,
B,:c = Mw:

where m, is the distributed torque along the axis of the bar. Bimoment B, warping

(41.1)

torsion M, and St. Venant’s torque M, ¢ are defined by the equations
q f ¥ q

B =—ELJ,,,
M, = Gl (¢, — ), (A1.2)
My = Gl 4,

where I, is the warping rigidity, I, the warping shear rigidity and I; the St. Venant
torsional rigidity. Substituting Equations (A1.2) into the system (A1.1) gives

— G, d’ zz GIS qﬂ,wz - 19,1: = Mg,
yes — GL( ) s
—EI,0 zn — Gl (¢, — ) =0.
Eliminating ¢ ., from the upper equation, yields a third order ordinary differential
equation in ¥

E
Bl 4+ }i)ﬁ,m ~ GLY, = my. : (A1.4)

As an example, a clamped beam with a concentrated torque M, at the

midspan 1s analysed. The resulting angle of twist ¢ and bimoment B have the

following expressions

M, L 1 coshk — 1 kz o ke
= ((= ~ — 1) - —
=) 2GI, {(k)l + L/I, [ sinh & (cosh. L ) — sinh L 4 :n} ’
L 1 kx 1—coshk ka
B =M, (z)———(sinh— + ———— —),
(2) ( k )1 + I/1, (i L ¥ sinh k o8 L )
(A1.5)
where
. GI,
k = L ;
\/ EL(L+IjL) " (41.6)

and L is the length of the beam. The corresponding solutions according to the
Vlasov’s theory are

M, L |[coshk -1 kx kz
— o e i ] § e
=)= 3¢, {(k)l TR e A SmhL]”}’

(AL.7)

L.,. . kr 1—coshk kx
B(z)= Mo(z)(smh I + bk cosh 7 )s

GI,
k= ‘/E—L,L' (A1.8)
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APPENDIX 2

Grading functions

A grading function I'(z) establishes one to one correspondence between the
uniform meshes characterized by the number of elements IV and the graded meshes
generated by the grading function, Babuska and Szabo (1983). It is a continuous

increasing function on an interval I = (a,b), defined such that

1 (42.1)

I(e;)= 54y 3=0,1,..,N.

Typical grading functions are, defined in unit interval I = (0,1):

I(z) = z?, (A42.2)

B [Hogl(i)l} : G

which are called polynomial and logarithmic grading functions,respectively and in
which 3 is a parameter. Grading the element lengths in a geometric proportion g,

yields the following equation for nodal point coordinates

1-~q 7—1

N ' A2.4
T ? 0 I=0Le (A2.4)

T; =

For example, in Section 9.1 the nodal points are graded according to the polynomial
grading function (A2.2) where the parameter § = 3, yielding the following

coordinates for a five noded mesh (finer mesh at the left clamped end)
=2 — 0.0, 0.0914, 0.2063, 0.37, 1.0.
With 8 = 1.4 Equation (A2.2) gives

27 —0.0, 0.186, 0.391, 0.629, 1.0.



