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On the direct solution of critical equilibrium states
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Summary. Determination of a critical point is the primary problem in structural stability analysis.
Mathematically it means solution of a non-linear eigenvalue problem together with the equilibrium equa-
tions. Several techniques exist to compute the critical equilibrium states and the corresponding modes.
In this paper direct algorithms to solve the critical equilibrium state are discussed and a hybrid algorithm
is proposed, which hopefully has enlarged domain of convergence.
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Introduction

Proper stability analysis of structures, or other systems in various physical disciplines, requires
the computation of the critical point and its sensitivity analysis, which in structural stability
analysis is called as imperfection sensitivity analysis. In practice, the stability analysis is most
often performed with the following two-step procedure. First, the linearized stability eigenvalue
problem is computed, where the linearization is performed with respect to the unloaded, un-
deformed state. Second, a full non-linear analysis is performed, with an imperfect structure
through some continuation (path-following) algorithm. The imperfection is usually taken as a
combination of the lowest critical modes. Success of such an approach is very much depending
on the proper choice of the perturbation. In most commercial finite element (FE) codes, this is
the only possible approach for stability analysis.

The non-linear stability eigenvalue problem consists of solving the equilibrium equations
simultaneously with the criticality condition. The first appearance of this idea seems to be from
1973 by Keener and Keller [1]. In their approach the criticality condition is augmented as an
eigenvalue equation. Similar approaches have been used also in Refs. [2, 3, 4, 5]. Another
approach uses a scalar equation indicating the criticality [6, 7] or expansion to a higher order
polynomial eigenvalue problem [8, 9]. In the context of parametric investigations of instability
behavior, several methods for defining and handling criticality have been discussed in [10, 11].

Stability eigenvalue problem

The problem of finding a critical point along an equilibrium path can be stated as: find the
critical values of q , λ and the corresponding eigenvector φ such that{

f (q , λ) = 0
f ′(q , λ)φ = 0

(1)
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where f is a vector defining the equilibrium equations and f ′ denotes the Gateaux derivative
(Jacobian matrix) with respect to the state variables q , i.e. the stiffness matrix. At the critical
point the equilibrium equations (1)1 has to be satisfied together with the criticality condition
(1)2, which states the zero stiffness in the direction of the critical eigenmode φ. Such a system
is considered in Refs. [3, 12, 5].

The equilibrium equation (1)1 constitutes the balance of internal forces r and external loads
p, which is usually parameterized by a single variable λ, the load parameter, defining the
intensity of the load vector:

f (q , λ) ≡ r(q) − λpr(q). (2)

If the loads do not depend on the deformations, like in dead-weight loading, the reference load
vector pr is independent of the displacement field q . A more general case, with p = p(λ, q) is an
obvious expansion of the above expressions. A discussion on different loading control variables,
and their effects on stability conclusions is given in [13].

The system (1) consists of 2n+1 unknowns, the displacement vector q , the eigenmode φ and
the load parameter value λ at the critical state. Since the eigenvector φ is defined uniquely up to
a constant, a normalizing condition can be added to the system (1). In addition, some stabilizing
conditions might also be needed. In general, the full augmented system can be written as

g(q ,φ,λ) =


f̂ (q ,λ) ≡ f (q , λ) + f 0(q ,λ) = 0

h(q ,φ,λ) ≡ f ′(q ,λ)φ + h0(φ,λ) = 0

c(q ,φ,λ) = 0 ,

(3)

where λ is a vector of control and auxiliary parameters and c is a vector of constraint or
stabilizing equations: the dimension of these vectors is p ≥ 1. The additional functions f 0 and
h0 are chosen such that f 0 = h0 = 0 at the solution point. A Newton step for the approximate
solution of (2) can thereby be written as K f 0 P

Z K h N
C q C φ C λ


δq
δφ
δλ

 = −

 f̂
h
c

 , (4)

where

Z =
[
f ′φ

]′
, C q = c′ =

∂c

∂q
, C φ =

∂c

∂φ
, C λ =

∂c

∂λ
. (5)

K f = K + f ′
0, K h = K +

∂h0

∂φ
, P =

∂f

∂λ
and N =

∂h

∂λ
(6)

Computation of the matrix Z requires second order derivatives of the residual. In the literature,
these are usually obtained by numerical differentiation. For the geometrically exact Reissner’s
beam model, an analytical derivation of the Z -matrix is given in [14].

For the eigenvector normalization different constraint equations can be used, [5, 14, 15].
The system (4) is usually solved by a block elimination scheme together with direct linear

solvers. Utilization of iterative linear solvers has been discussed in [15].
The key problem in solving the extended system (3) with the Newton’s method starting

from the unloaded undeformed equilibrium state is that the Newton’s method is only locally
convergent. Therefore the domain of attraction can be small and it is likely that the initial state
does not belong to it.

Hybrid algorithm

A simple way to circumvent the problem related to the small convergence domain is to use a
continuation algorithm to get closer to the domain of attraction of the extended system. A
single “continuation step algorithm” for critical point computation could be constructed in the
following way.
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1. Compute a crude approximation to the lowest critical load and the corresponding eigen-
vector.

2. Use that point as a starting point of the orthogonal trajectory method [16, 17, 18] to get
a nearby point on the equilibrium path.

3. From the computed equilibrium state, use the extended system (3) for computing the
critical point.

It is believed that such an algorithm is more robust, but not computationally more demanding
than the pure direct procedure.
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a direct procedure for critical point computations using preconditioned iterative solvers.
Computers and Structures 108–109, 110–117 (2012).

[16] Haselgrove, C. The solution of non-linear equations and of differential equations with two
point boundary conditions. Computer Journal 4, 225–259 (1961).

[17] Fried, I. Orthogonal trajectory accession to the equilibrium curve. Computer Methods in
Applied Mechanics and Engineering 47, 283–297 (1984).

[18] Allgower, E. & Georg, K. Numerical Continuation Methods - An Introduction (Springer-
Verlag, 1990).

247




