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PREFACE

Digital images are produced by a variety of physical devices, includ-
ing still and video cameras, x-ray devices, electron microscopes, radar, and
ultrasound, and used for a variety of purposes, including entertainment,
medical, business (e.g. documents), industrial, military, civil (e.g. traffic),
security, and scientific. In today’s computer networks, the amount of cir-
culated digital images increases rapidly and enormously. However, images
maybe distorted through different types of natural, say blurring, changing
in illumination, movement, and processing causes, such as histogram equal-
ization, quantization, smoothing, compression, noise corruption, geometric
transformation. It is imperative in each case for an observer, human or ma-
chine, to extract useful information about the scene being imaged. Often
the raw image is not directly suitable for this purpose and must be processed
in some way. Such processing is called image enhancement or/and image
reconstruction.

Roughly speaking the following problems are basic in image reconstruc-
tion techniques:

• Denoising;
• Edge detection and segmentation;
• Interpolation;
• Deblurring.

Image denoising is applied when an image degradation can be interpreted
(modelled) as an additive usually random noise. This noise can be originated
in physical properties of vision and registration devices as well as in exploited
signal processing. Denoising means image filtering with a major intention
separate the noise and the image.

Edge detection concerns the localization of significant variations of the
image intensity and the identification phenomenon that originated them.
The problem and the definition of what is known as edge detection have
been extensively studied and analyzed, yielding an overwhelmingly amount
of solutions. The problem is so important due to the one of the fundamental
properties of the human visual system which automatically and firstly recog-
nizes edges, and only after that can discriminate objects from background,
creates assumptions about the physical composition of the elements in a
scene and their direct and subjective interrelations. Segmentation means
a separation of the image in a number of sub-images usually blundered by
edges. It can be different in a number of aspects and used for image en-
hancement as well as for further image interpretation.
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Image interpolation has many applications in digital image processing. It
addresses the problem of generating a high-resolution image from its low res-
olution version. Image resizing, rotation, scaling all these operation require
the interpolation of image intensity function. The interpolation is widely
used in the medical imaging as well as in digital photography especially as
consumer digital photography is becoming ever more popular. From enlarg-
ing consumer images to creating large artistic prints, interpolation is at the
heart of it all.

Image deconvolution refers to the problem of recovering an image from
its blurred and noisy observations. Focusing and auto-focusing are problems
from this field. They are of a great importance in many scientific, technical
and consumer areas. Under the names deblurring, blind deblurring, as well
as deconvolution, blind deconvolution, or in more general terms as the in-
verse problem all these problems are studied during decades. While there is
a definite progress in this direction the problem continues to be quite chal-
lenging in particular because it belongs to the class of the so-called ill-posed
problems.

There is an extensive literature on the digital image processing cover-
ing a huge world of different concepts, mathematical models and methods
developed for the above mentioned signal processing problems.

This book is devoted to quite a recent original approach to the image
processing based on two fruitful and independent ideas: the local polynomial
approximation (LPA) and the intersection of confidence intervals (ICI)
rule. This new approach and developed techniques are applicable to all
above mentioned signal processing problems.

The LPA is a nonparametric technique which is applied for a linear
filter design using a parametric polynomial data fit in a sliding window. The
window size of this fit is one of the key-parameters of the LPA estimator.
It is shown that the window size of the LPA can be interpreted as a scale
parameter of estimation. In what follows we use the terms ”window size”
and ”scale” as interchangeable. The LPA nonparametric estimators are well
known and popular in statistics and signal processing. However, they never
have been applied and studied in detail for image processing problems.

The LPA estimators are combined with an adaptive data-driven scale
procedure called the ICI rule. The idea of this ICI adaptation is simple.
The algorithm searches for a largest local vicinity of the point of estimation
where the LPA assumption fits well to the data. The estimates of the im-
age are calculated for a grid of window sizes and compared. The adaptive
window size is defined as the largest of those windows in the grid for which
the estimate does not differ significantly from the estimators corresponding
to the smaller window sizes. Overall the adaptive estimator is always non-
linear even for the linear LPA filter as the non-linearity of the method is
incorporated by an ICI adaptive choice of the window size. It is proved that
the ICI adaptive LPA filters are allowing to get a near optimal quality of
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image and edge recovery.
The LPA − ICI technique is a powerful tool for image processing and

first of all for denoising and differentiation. Let us remind that derivative
estimation is a starting key-point of many edge detection procedures.

A further development of the LPA and the ICI produced for interpola-
tion and deconvolution problems demonstrates that the scale adaptive LPA
gives an strong and efficient background for all basic digital image processing
problems.

The principal objectives of the book are to provide an introduction to
basic concepts, methodology and theory of the LPA filter design and the
ICI adaptive varying scale selection. In order to achieve these objectives,
we focused on material that we believe is fundamental and has a scope of
applications that is not limited to solutions of specialized problems.

The mathematical complexity of the book remains at a level well within
the grasp of college seniors and first-year graduate students, who have intro-
ductory preparation in mathematical analysis, vectors, matrices, probability,
statistics, and rudimentary computer programming.

Chapters I and II are focussed on the fundamentals of the LPA and the
ICI statistics. The basic ideas are introduced and explained in details. The
properties of the LPA estimates are given for discrete as well as integral
versions. The filtering ability of the LPA − ICI adaptive estimates are
demonstrated on examples of image denoising.

The ICI adaptive estimation allows to introduce a new concept of the
edge of image. The point is that the ICI rule gives a very small adaptive
scale in the area where image intensity (or/and its derivatives) has a rapidly
varying curvature, discontinuity or singularity. As a result the varying adap-
tive window sizes given as an image delineate very accurately all essential
variations in the image. Thus, the adaptive varying scale can be used as an
indicator of some singularities in image and applied as the corresponding
edge detector.

Multiple denoising experiments are discussed in Chapter III.
In Chapter IV we introduce the ICI scale adaptive median estimates.

It illustrates one of the important points concerning the used adaptation
technique. The ICI based adaptation is quite universal and can be exploited
with a number of quite different estimates not restricted to the class of the
LPA estimators.

The deblurring is a subject of Chapter V. The proposed algorithm is
based on direct pointwise estimation of the image intensity function. The
estimator is derived from the LPA of the image in the adaptive size sliding
window. The non-linearity of this method is incorporated by the ICI adap-
tive choice of the scale allowing to get a near optimal quality of image and
edge recovery. The accuracy analysis shows that this estimator possesses
the best possible ability for the pointwise adaptive estimation.

This book is a reflection of the significant progress, which is achieved in
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this field of the image processing using the proposed nonparametric LPA
estimates and the ICI rule as independent tools as well as in a combination
with more traditional methods and algorithms.

The concepts of the local approximation and the adaptive varying win-
dow are quite of universal nature. In particular, basis functions, different
from polynomials, can be used for the local fitting and, in this way, the
estimators can be yield which are different from the LPA and have different
properties. In its turn the ICI statistics can be applied with estimators
different from the LPA, say with sine/cosine transforms, wavelets, etc. It
can be efficient for any methods using the series data fit of image segments
when the size of the segment can be a subject of optimization.

The approach and methods presented in this book have natural links with
the mathematical statistics, namely, the adaptive nonparametric estimation
methods. In recent years a significant progress can be seen in this area of
the mathematical statistics concerning both new ideas, methods and new
technical mathematical achievements. In this book we try to minimize a
necessary mathematical stuff to the level, which is sufficient for understand-
ing of motivations and proposed algorithms. Nevertheless, the extensive list
of the relevant statistical publications is included in Bibliography.
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Chapter 1

LOCAL POLYNOMIAL
APPROXIMATION

1.1 Introduction: image denoising

One typical problem of image analysis is a reconstruction of image from
noisy data. It has been studied intensively within the last years (e.g. see
books [107], [111], [7], [75]). Linear filtering techniques have been used in
many image processing applications. The popularity of the linear methods
stems from their mathematical simplicity and their efficiency in the presence
of additive Gaussian noise. Linear filters, however, tend to blur sharp edges,
destroy lines and other fine image details. This led to a search for nonlinear
filtering alternatives. In particular, the development of nonlinear median-
based filters in recent years has resulted in promising results and has high-
lighted some new promising research avenues. On account of its simplicity,
edge preservation property, and robustness to impulsive noise, the standard
median filter remains the quite popular for image processing applications [3].
The median filter, however, often tends to remove fine details in the image,
such as thin lines and corners [3]. In recent years, a variety of median-type
filters such as stack filters [93], multistage median [2], weighted median [94],
and relaxed median [42] have been developed to overcome this drawback.

In many cases the image can be modelled by two dimensional (2D) func-
tion y(x), x ∈ R2 , often composed of several regions with rather sharp edges.
Within each region the image preserves a certain degree of uniformity while
on the boundaries between the regions it has considerable changes. This
leads to the edge estimation problem.

A large variety of methods has been proposed in the mathematical statis-
tics for solving the image and edge estimation problem in different nonpara-
metric context. The most popular methods of image estimation are based
on the Bayesian or Markov random field approach, see [43], [26], [110], [124]
among others. Nonparametric methods based on penalization and regular-
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ization have been developed in [118], [87] and [31]. Edge detection methods
mostly do not assume any underlying parametric model. Methods based
on kernel smoothing with a special choice of kernels have been discussed in
[107], [77], [49], [86].

There is a number of proposals for nonparametric smoothing of images,
which allow for preserving the sharp edge structure. We mention modal
regression, see e.g. [113], the nonlinear Gaussian filter, see [33], the M-
smoother [29], the adaptive weights smoother [104] and different proposals
based on wavelets, see e.g. [98], [19] and [16] with references there.

Adaptation is now commonly considered as a crucial element of curve
estimation procedures, in particular in nonparametric statistical methods.
These adaptation methods are finalized in nonlinear estimators even for an
originally linear method. The adaptation is a way to design nonlinear fil-
ters, which are at least in their derivation and initial motivation, are quite
different from the mentioned above nonlinear filters mainly defined by the
statistical models of noisy data. The literature on adaptive estimation sug-
gests various methods, starting from classical cross-validation, Cp criterion
and more recent techniques such as wavelet shrinkage [15] and the method
of Lepski [78], [80], [81], which mainly we follow for in this book. A more
complete review of the existing approaches and further references can be
found in [15], [82], [46], [97], [5], [121], [105].

The adaptation used in this book is based on the direct nonparamet-
ric pointwise image estimation without any preliminary edge recovering. A
linear estimator is applied, which is derived from the local polynomial ap-
proximation (LPA) of the image in a window selected by a data-driven way.
The non-linearity of the method is incorporated by an adaptive choice of an
estimation window allowing to get a near optimal quality of image and edge
recovering. The idea of the used adaptation method is simple. The algo-
rithm searches for a largest local vicinity of the point of estimation where
the LPA assumption fits well to the data. The estimates of the image are
calculated for a grid of window sizes and compared. The adaptive win-
dow size is defined as the largest of those windows in the grid, which the
estimate does not differ significantly from the estimators corresponding to
the smaller window sizes. This idea is common for Lepski’s approach on
the whole. However, the statistics used for comparison of the estimates of
different window sizes are defined differently by different authors.

The presented approach can be viewed as one more application of the
idea of pointwise adaptive estimation, see [78], [81], [82], [114]. The first
three mentioned papers consider the problem of an adaptive choice of 1D
estimator from a family of estimators which can be ordered by their vari-
ances. A typical example is given by kernel estimators with a fixed kernel
and different window sizes. [114] discussed an adaptive choice of an asym-
metric averaging window for local polynomial estimation including different
nonsymmetric one-sided windows. The corresponding family is only par-
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tially ordered (i.e. there could be many estimators with the same or similar
variance) and the original idea from Lepski [78] does not apply.

Further this idea have been applied to image estimation [105]. It is
assumed that the image is composed of a finite number of regions and the
image value is constant within each region. The number of regions, the
difference between values of the image function for different regions and the
regularity of edges are unknown and may be different for different parts of
the image.

Among other approaches to this problem the LPA can be treated as
probably one of the most theoretically justified and well studied ones. Orig-
inally LPA was proposed and developed in statistics for processing scalar
and multidimensional noisy data. It is a powerful nonparametric technique,
which provides estimates in a point-wise manner based on a mean square
polynomial fitting in a sliding window (e.g. [55], [56], [58], [57], [14], [20],
[46], [47], [59], [83]). In terms of the signal and image processing the LPA
is a flexible tool to design 2D transforms having prescribed reproductive
properties with respect to polynomial (smooth) components of signals. The
invariant and variant optimal scale selection have been studied thoroughly
by many authors. These optimal, in particular, varying data-driven scale
methods are of special interest for the problems where the piece-wise smooth
approximations are the most natural and relevant ones. Some image denois-
ing problems provide good examples of these cases.

A crucial difference between the nonparametric LPA estimates and the
more traditional parametric ones, say the polynomial mean squared esti-
mates, is that the latter are formed as unbiased ones while the nonpara-
metric former are biased on the definition and the reasonable choice of the
biasedness controlled by the value of the scale is of importance. It can be
emphasized that the problem of the optimal scale selection admits an ac-
curate mathematical formulation in terms of the nonparametric approach,
where the optimal scale is defined by a compromise between the bias and
the variance of estimation.

Two main ideas are exploited for adaptive (data-driven) scale selection.
The first one is based on estimation of the biasedness and the variance of
the estimates of the signal with the corresponding optimal scale calculation
based on theoretical formulas. However, the bias depends on the derivatives
of a given signal. Thus, we need to estimate these derivatives and for this
purpose to select auxiliary window sizes. Actually these methods, known
as “pilot estimates”, are quite complex in implementation and have quite a
few design parameters.

The second alternative idea does not have to deal with the bias of estima-
tion. This group of methods is based on the quality-of-fit statistics such as
the cross-validation, generalized cross-validation, Cp , Akaike criteria, etc.,
which are applied for direct optimization of the accuracy.

A number of publications concerning the scale selection problem is very
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large and growing quickly. A review on the field or even its brief analysis is
far beyond of the goal of this chapter. Here we give only a few references
illustrating the basic progress in different directions.

A successful implementation of the first approach based on the pilot
estimates has been reported by several authors. An automatic local scale
selector with estimation of the higher order derivatives of y(x), which are
plugged into the local risk expression, was developed in [20]. The empirical-
bias scale selection [112] uses the estimates at several window sizes in order
to approximate the bias, and results in quite an efficient adaptive smoother
for estimation of the function and its derivative. The similar ideas have been
exploited in the adaptive smoothers described in [91].

Most of publications concerning the second approach are related to a
data-based global (constant) scale selection (e.g. [47], [53], [59]). The linear
LPA with the varying scale, found by minimization “pseudo-mean squared
error”, is considered in [85]. The target point is left out of the averaging in
the pseudo-mean squared error what differs this method from the standard
mean square methods. It is reported that the proposed pseudo-mean squared
error works better then the local cross-validation [85].

This book exploits a quite recent new development. The intersection
of confidence intervals (ICI) rule originally was proposed and developed in
[37], [38] and [60] for denoising of 1D observations and shown to be quite
efficient in particular for many distinct applications (e.g. [71], [72], [69]).

A generalization to two dimensional signals is proved to be efficient for
gray-scale image denoising. In particular, in [63] and [62]. the image denois-
ing problem is considered for quite a general observation model including
image dependent noise. The denoising and scale selection are combined
into one algorithm where the adaptive windows and signal denoising are
produced on the basis of the same observation model.

In this chapter we present fundamentals, algorithms and analysis of the
LPA method.
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1.2 Observation model

The following model, commonly used for image processing, is assumed:

z(xs) = y(xs) + ε(xs), s = 1, ..., n, (1.1)

where an intensity y(x) of the underlying image is defined as a function of
two variables, y ∈ R1, x ∈ R2, ε(xs) is an additive noise, and n is a number
of observations. It is assumed that all functions in (1.1) are defined on 2D
rectangular regular grid with pixel’s (grid node’s) coordinates

xs = (x1,s, x2,s).

In this notation image pixels are numbered by s taking values from 1 through
n. The coordinates of the pixels can be given also explicitly:

xs = (k1∆1, k2∆2), k1 = 1, ..., n1, k2 = 1, ..., n2, (1.2)

n = n1n2, s = 1, ...n,

where ∆1,∆2 are sampling intervals on the coordinates x1,s and x2,s, re-
spectively.

The noise is assumed to be random Gaussian, zero mean independent
for different s with E{ε(xs)} = 0, E{ε2(xs)} = σ2.

The basic aim is to reconstruct (estimate) y(x) from the observations
{z(xs)} with the point-wise mean squared error (MSE) risk which is as
small as possible.

It is assumed that y(x) is unknown deterministic. In comparison with
stochastic models of y(x) it means that the main intention is to obtain the
best result for every realization of y(x) even if they are generated by a
probabilistic phenomenon.

Different hypotheses on y(x) can be applied for derivation and analysis
of image processing algorithms. Here we follow the nonparametric approach
assuming that a parametric representation of y(x), say in the form of a series
or function with reasonably small number of parameters, does not exist or
unknown. Thus, y(x) can be quite arbitrary, say with discontinuities and
varying curvature. However, a piecewise smoothness of y(x) is assumed,
i.e. the grid, where y(x) is defined, can be separated into M regions Am,
m = 1, ...,M , each of them is a connected set with an edge (boundary Gm).
The function y(x) is assumed to be smooth differentiable within each region
Am:

y(x) =
MX
m=1

ym(x)1[x ∈ Am], (1.3)

where 1[x ∈ Am] is an indicator of the region Am, 1[x ∈ Am] = 1 if x ∈ Am
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and zero otherwise, and ym(x) is a smooth function belonging to a class of
nonparametric continuous r−differentiable functions:

Fr(L̄r) = { max
r1+r2=r

¯̄̄
D(r1,r2)y(x)

¯̄̄
= Lr(x) ≤ L̄r, ∀ r1 + r2 = r}, (1.4)

where D(r1,r2) = ∂r1+r2

∂x
r1
1 ∂x

r2
2

is a differentiation operator and L̄r is finite in-

variant. The parameters r and L̄r can be different for different ym(x) in
(1.3).

The piecewise constant y(x)

y(x) =
MX
m=1

am1[x ∈ Am], (1.5)

is a particular case of (1.3) with constant values within each region Am.
In the models (1.3) and (1.5) ym(x), am as well as the regions Am are

unknown. The boundaries Gm define change points of the piecewise smooth
y(x) in (1.3). The estimation of y(x) can be produced in two different ways.
One of the possible approaches deals with a two-stage procedure including
estimation of boundaries Gm on the first stage, which defining the regions
Am. The second stage is a parametric or nonparametric fitting ym(x) on
Am. Another approach is connected with the concept of spatially adaptive
estimation. In this context, change points or, more generally, cusps in the
curves can be viewed as a sort of inhomogeneous behavior of the estimated
function. One may therefore apply the same procedure, for instance non-
linear wavelet, ridgelet, curvlet estimators, and the analysis focuses on the
quality estimation when change-points are incorporated in the model. Under
this approach, the main intention is to estimate the function not location of
change-points which are treated as elements of the function surface.

In this book we follow the second approach. The aim is to develop a
method, which simultaneously adapts to inhomogeneous smoothness of the
estimated curve and which is sensitive to discontinuities of the curves and
its derivatives.
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1.3 Local polynomial approximation

The idea of the LPA is simple and natural. It is assumed that the function
y(x) is well approximated by a polynomial in some neighborhood of the
point of interest x. We find the coefficients of the polynomial fit by the
weight least square method and use this approximation in order to calculate
the estimate for the point of interest x called also ”center” of the LPA. In
fact, the local expansion is applied in order to calculate the estimate for
this point of interest only. For the next point the calculations should be
repeated. This pointwise procedure determines a nonparametric character
of the LPA estimation.

1.3.1 Discrete LPA estimator

Let x be a ”center” (desired point) of the LPA then the estimate for the
point xs in the neighborhood of the center x is looked for in the form

y(x, xs) = C
Tφ(x− xs), (1.6)

φ(x) = (φ1(x),φ2(x), ...,φM(x))
T ,

C = (C1, C2, ..., CM)
T , x = (x1, x2), xs = (x1,s, x2,s),

where φ(x) ∈ RM is a vector of linear independent 2D polynomials of the
powers from 0 till m, C ∈ RM is a vector of parameters of this model. A
total number of the polynomials and parameters is equal to

M =
(m+ 2)!

2 ·m! = (m+ 2)(m+ 1)/2.

For m = 3 a complete set of the 2D linear independent polynomials can
be given in the form

φ1 = 1, for m = 0; (1.7)

φ2 = x1, φ3 = x2, for m = 1;

φ4 = x
2
1/2, φ5 = x

2
2/2, φ6 = x1x2, for m = 2;

φ7 = x
3
1/6, φ8 = x

3
2/6, φ9 = x

2
1x2/2, φ10 = x1x

2
2/2, for m = 3;

with M = (2+m)!
2·m! = 10.

Note that the name center does not mean a central position of x in the
neighborhood. Even more, x may not belong to the neighborhood. The
center means that the LPA is applied in order to obtain the estimate of the
function in this particular point.

The following criteria function is applied in the LPA in order find the
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coefficient C in (1.6) (e.g. [14], [20], [47], [59], [83]):

Jh(x) =
X
s

wh(x− xs)(z(xs))− y(x, xs))2, (1.8)

where the window
wh(x) = w(x/h)/h

2 (1.9)

formalizes the localization of fitting with respect to the centre x, while the
scale parameter h > 0 determines the size of the window. The window w(x)
is a function satisfying the conventional properties:

w(x) ≥ 0, w(0) = max
x
w(x),

Z Z
w(x1, x2)dx1dx2 = 1. (1.10)

A multiplicative window

w(x) = w1(x1)w2(x2), (1.11)

where w1(x1) and w2(x2) are functions of scalar arguments, is commonly
used. If the window is rectangular all observations enter in the criteria
function with equal weights . Nonrectangular windows such as triangular,
quadratic, Epanechnikov and so on (see [55], [56], [57], [14], [20], [47], [59],
[83]) usually prescribe higher weights to observations which are closer to the
centre x.

Here we can see some typical 1D window functions used in nonparametric
estimates:

Table 1.1

NAME w(x)

Rectangular symmetric 1, |x| ≤ 1/2,
Rectangular nonsymmetric 1, 0 ≤ x ≤ 1,
Exponential 1

2 exp(− |x|),
Gaussian 1√

2π
exp(−x2/2),

Epanechnikov 3
4(1− x2), |x| ≤ 1,

Bisquare window (1− x2)2, |x| ≤ 1,
Tricube (1− |x|3)3, |x| ≤ 1,
Triweight window (1− x2)3, |x| ≤ 1.

There is a simple way to generate nontrivial two-dimensional windows
different from the multiplicative ones (1.11). Let us replace the argument x
in the formulas given the above Table 1.1 by the norm ||x||, where x is a vec-
tor and the norm is not exclusively Euclidian. Then after the corresponding
normalization we obtain two-dimensional window functions satisfying (1.10).
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Let ŷh(x) be the LPA estimate of y(x), where the subindex h shows a
dependence of the estimate on the scale parameter. This LPA estimate of
y(x) is defined according to (1.6) as ŷh(x) = y(x, xs)|xs=x = y(x, x), i.e. the
expansion (1.6) is used for estimate calculation for xs = x only. Actually, it
is one of the key ideas of the pointwise nonparametric estimate design.

We introduce the estimate as some expansion in some neighborhood of
the point x, we estimate the coefficients of this expansion, and finally we
use this expansion only in order to estimate the function at this argument
value x. Then, it follows from (1.6) that

ŷh(x) = y(x, xs)|xs=x = CTφ(0) (1.12)

and for the polynomials (1.7) it yields

ŷh(x) = y(x, xs)|xs=x = C1. (1.13)

The LPA is applied also in order to design derivative estimators.

Let ŷ(k)h (x) be the estimator of a k − th derivative of y(x). Here and in
what follows

k = (k1, k2) (1.14)

is a multi-index, k1, k2 nonnegative integer and |k| = k1 + k2. In particular,
in this notation xk = xk11 x

k2
2 and ŷ(k)h (x) is the estimate of the derivative

∂k1+k2y(x)/∂xk11 ∂xk22 = Dky(x) = ∂|k|y(x)/∂xk.

The LPA model (1.6) of the power m can be used for estimation of any
derivative of the order k, |k| ≤ m. According to the idea of the pointwise
estimation we derive these estimates in the form

ŷ
(k)
h (x) =

∂y(x, xs)|xs=x
∂xk11,s∂x

k2
2,s

= (−1)k1+k2CT ∂φ(0)

∂xk11,s∂x
k2
2,s

. (1.15)

This definition of the derivative estimator assumes that differentiation in
(1.15) is done with respect to xs as y(x, xs) is an approximation considered
as a function of xs provided that the LPA center x is fixed and after that
we assume that xs = x.

For the polynomials (1.7) the derivative estimates (1.15) are simple:

ŷ
(1,0)
h (x) = −C2, ŷ(0,1)h (x) = −C3, ŷ(2,0)h (x) = C4, (1.16)

ŷ
(0,2)
h (x) = C5, ŷ

(1,1)
h (x) = C6, etc.

Thus, the coefficients of the LPA model (1.6) gives the estimates of the
function and of the corresponding derivatives. Sometimes this clear link of
the coefficients C with the function and derivative estimation is important
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for accurate formulation of the estimation problems.
The idea of the local approximation is applicable not only for the poly-

nomials in the form (1.7) but also for different polynomials as well as for
any basis functions φ(x) in (1.6) reasonable for the local fit. In this case,
the estimates of the function and the derivatives are defined by the general
formulas (1.12) and (1.15) and each estimate (function and derivative) can
depend on all items of the vector C. The correspondence of the function and
derivative estimates shown in (1.13)-(1.16) is valid only for the polynomials
(1.7).

It deserves to be mentioned that (1.15) is not a unique definition of the
derivative estimate. The estimate of the derivative ∂ky(x)/∂xk11 ∂xk22 can be
defined as the corresponding derivative of the function-estimate ŷh(x). Then

ŷ
(k)
h (x) =

∂k1+k2

∂xk11 ∂xk22
ŷh(x). (1.17)

It can be verified that the estimates (1.15) and (1.17) are very different
at least the derivatives of the window function w(x) appear in (1.17) while
do not appear in (1.15) [59].

Minimizing Jh(x) (1.8) with respect to C,

Ĉ(x, h) = arg min
C∈RM

Jh(x), (1.18)

gives, provided detΦh 6= 0

Ĉ(x, h) = Φ−1h
X
s

wh(x− xs)φ(x− xs)z(xs), (1.19)

Φh =
X
s

wh(x− xs)φ(x− xs)φT (x− xs),

Ĉ(x, h) = (Ĉ1(x, h), ..., ĈM(x, h))
T .

Substituting the coefficient estimates Ĉ(x, h) (1.19) in (1.13) and (1.15)
instead of C we have the function and the derivative estimates in the form:

ŷh(x) = y(x, x) = φT (0)Ĉ(x, h), (1.20)

ŷ
(k)
h (x) = (−1)|k|[D(k1,k2)φT (0)] · Ĉ(x, h), (1.21)

where

D(k1,k2)φT (0) =
∂

∂xk11 ∂xk22
φT (x)|x=0.

The pointwise LPA estimates, as it is in (1.20) and (1.21), insure the
reproduction properties of the estimate with respect to the polynomial com-
ponents of y(x).

But it should be emphasized that the LPA estimate of y(x) is not a poly-
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nomial function. This is a principal difference between the nonparametric
LPA and the corresponding parametric models.

For the polynomials (1.7)

φT (0) = [1, 0..., 0, ..., 0] (1.22)

is a zero vector-row M × 1 with only 1st element equal to 1, and

[D(k1,k2)φT (0)] = [0, ..., 0, 1|{z}
k1,k2−th

, 0, ..., 0] (1.23)

is also a zero vector-row M × 1 with the element corresponding to the poly-
nomial xk11 x

k2
2 /k1!k2! equal to 1.

Then, we yield that ŷh(x) , Ĉ1(x, h) is the estimate of the function,
and Ĉl(x, h), l = 2, ..., 10, are the estimates of the derivatives of y(1,0)(x),
y(0,1)(x), y(2,0)(x), y(0,2)(x), y(1,1)(x), etc., respectively, i.e.

ŷh(x) = Ĉ1(x, h), ŷ
(1,0)
h (x) = −Ĉ2(x, h),ŷ(0,1)h (x, h) = −Ĉ3(x, h),

ŷ
(2,0)
h (x) = Ĉ4(x, h), ŷ

(0,2)
h (x, h) = Ĉ5(x, h),ŷ

(1,1)
h (x, h) = Ĉ6(x, h),

ŷ
(3,0)
h (x, h) = −Ĉ7(x, h), ŷ(0,3)h (x, h) = −Ĉ8(x, h), ŷ(2,1)h (x, h) = −Ĉ9(x, h),
ŷ
(1,2)
h (x, h) = −Ĉ10(x, h).

Thus, the estimate of the function is given only by the first item of the
vector Ĉ(x, h) and other items of Ĉ(x, h) give the estimates of the derivatives
ordered according the order of the 2D polynomials in the vector φ(x).

Substituting Ĉ(x, h) from (1.19) into (1.20) and (1.21) we obtain these
estimates in the form of convolutions, i.e. linear filters

ŷ
(k)
h (x, h) =

X
s

g
(k)
h (x, xs)z(xs), (1.24)

g
(k)
h (x, xs) = wh(x− xs)[D(k)φT (0)]Φ−1h φ(x− xs),
Φh =

X
s

wh(x− xs)φ(x− xs)φT (x− xs).

Here g(k)h (x, xs) is a kernel function of the differentiation 2D filter.

For the estimate of the function we use the above notation of the kernel
function of the filter without indices k1, k2

ŷh(x) =
X
s

gh(x, xs)z(xs), (1.25)

where
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gh(x, xs) = wh(x− xs)φT (0)Φ−1h φ(x− xs), (1.26)

Φh =
X
s

wh(x− xs)φ(x− xs)φT (x− xs).

As the coefficients Ĉ are obtained by the least square methods it can be
verified that

X
s

gh(x, xs)φ(xs) = φ(x), (1.27)X
s

g
(k1,k2)
h (x, xs)φ(xs) = (−1)k1+k2D(k1,k2)φ(x).

These conditions means that for any polynomials with power equal or
less m, y(x) ∈ Pm, the estimates of the function and the derivatives are
accurate: X

s

gh(x, xs)y(xs) = y(x),X
s

g
(k1,k2)
h (x, xs)y(xs) = D

(k1,k2)y(x).

Thus, the filters designed according to the LPA method way give ac-
curate values of the function and its derivatives (orders k ≤ m) for any
polynomials of the powers up to the value m.

The designed linear filters can be applied to data given on any regular
or irregular grids, in particular, to data with lost observations and for data
interpolation problem when the center x of the LPA does not belong to
the regular grid. It is assumed in the above formulas that the summation is
always performed within boundaries of the image frame.

Concerning the terminology we wish to note that in statistics the weights
gh(x, xs) and g

(k1,k2)
h (x, xs) are named ”kernels” and the estimates (1.25) and

(1.24) are ”kernel estimates”. The term ”bandwidth” is used in statistics for
the window-size (window-scale) parameter h. We will treat all these terms
as the corresponding synonymies and apply all of them.

In image processing the term ”mask” is used for the weights gh(x, xs)
and g(k1,k2)h (x, xs).

Further we mainly consider the case when the window function w(x) in
(1.8) has a finite support. For example w(x) = 0 if ||x|| = p

x21 + x
2
2 > 1.

Then wh(x) = 0 if ||x|| > h. Thus, the parameter h defines a scale as well
as a size of the support of the masks g(k1,k2)h (x, xs) and gh(x, xs). A mask
with a finite support is called finite and the corresponding filter is a finite
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impulse response (FIR) filter.
For a regular grid, when all xs and x belong to the grid, and the image

is unbounded (infinite) the weights gh(x, xs) and g
(k1,k2)
h (x, xs) depend on

the difference of the arguments x and xs only

gh(x, xs) = gh(x− xs)
g
(k1,k2)
h (x, xs) = g

(k1,k2)
h (x− xs).

This conclusion immediately follows from the formulas (1.26) (1.24). Then
the estimates (1.24) and (1.25) can be represented in the form of the homo-
geneous (shift invariant) convolutions with the invariant on x (independent
on x) weights:

ŷ
(k1,k2)
h (x) =

X
s

g
(k1,k2)
h (us)z(x− us), (1.28)

g
(k1,k2)
h (us) = wh(us)[D

(k1,k2)φT (0)]Φ−1h φ(us),

Φh =
X
s

wh(us)φ(us)φ
T (us)

and

ŷh(x) =
X
s

gh(us)z(x− us), (1.29)

gh(us) = wh(us)φ
T (0)Φ−1h φ(us).

In this representation the variables

us = x− xs
are relative coordinates of the grid nodes with respect to the estimation
point x.

Practically, the nonhomogeneous and homogeneous weights are close to
each other provided that the estimation points x are far enough from the
image boundaries.

The reproduction properties (1.27) are simplified for the homogeneous
weights to the form

X
s

gh(us)φ(us) = φ(0), (1.30)X
s

g
(k1,k2)
h (us)φ(us) = (−1)k1+k2D(k1,k2)φ(0).

The linear estimators (1.20)-(1.21) and (1.28)-(1.29) have a very long
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prehistory (e.g. [57], [14], [20], [46], [47], [59], [83]). They are a very popular
tool in statistics and signal processing with application to a wide variety of
the fields for smoothing, filtering, differentiation, interpolation and extrap-
olation.

1.3.2 Nadaray-Watson estimators

Historically first nonparametric estimates of the kernel type have been pro-
posed in 1964 by Nadaray [88] and Watson [123] based on quite different
concepts.

The Nadaray estimator has been proposed in the form of the weighted
sum of the observations

ŷh(x) =
1P

swh(x− xs)
X
s

wh(x− xs)z(xs), (1.31)

where a nonnegative window wh(x − xs) defines a measure of a distance
between the observation xs and the target point x.

These distances being normalized define the estimate (1.31) in the form
(1.29)

ŷh(x) =
X
s

gh(x− xs)z(xs), (1.32)

gh(u) =
wh(u)P
swh(us)

, us = x− xs,

with the kernel gh(u).
The Watson estimator again in the form (1.31) has been derived (not

just proposed heuristically) using statistical concepts.
Let x and z in (1.1) be random Gaussian. Then the conditional expec-

tation of z gives y as

y(x) = E{Z/X = x} =
Z
zf(z, x)dz/

Z
f(z, x)dz, (1.33)

where E{Z/X = x} is the conditional expectation of the random Z provided
that the random X = x. The integrals in (1.33), which can be multivariable,
define corresponding calculations using the joint probability density f(z, x)
of the random Z and X.

Let f̂h(z, x) be the Parzen kernel estimator of the probability density
f(z, x) [102]

f̂h(z, x) =
1

# · h2
X
s

ρ(
z − z(xs)

h
,
x− xs
h

), (1.34)Z
ρ(z, x)dxdz = 1,

Z
zρ(z, x)dz = 0.
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The kernel ρ ≥ 0 is even on the both arguments, ρ(z, x) = ρ(−z, x), ρ(z, x) =
ρ(z,−x).

Substituting (1.34) in (1.33) gives (1.31) with

w(u) =

Z
ρ(x, u)dx, wh(u) =

1

h
w(
u

h
)

Thus, we arrive to the estimator (1.31) from quite a different starting
point using the ideas of the statistically optimal estimation.

Now let us go to the Nadaray-Watson estimator from minimization of
the quadratic lost function (1.8) and define the estimate as a solution of the
problem

ŷh(x) = Ĉ(x, h) = argmin
C
(
X

wh(x− xs)[z(xs)− C]2). (1.35)

It immediately gives the formula (1.31) for the estimate ŷh(x).
Thus, we derive the same estimator (1.31) starting from three quite

different concepts: the heuristic idea of Nadaray, the statistical estimator of
Watson and the LPA estimation.

In the terms of the LPA the Nadaray-Watson estimator can be inter-
preted as the LPA with the power m = 0. The Nadaray-Watson estimator
actually assumes that the estimated function is locally constant while in
general we use a more general assumption that the estimated function can
be fitted locally by some given functions φk(x), k = 1, ...,M , which, in
particular, can be polynomials of some power m.

1.3.3 Constrained LPA estimation

Different hypotheses on y(x) can be exploited in image processing. One
of the most usual is an assumption that y(x) is an arbitrary nonnegative
function normalized to the interval [0, 1], i.e.

0 ≤ y(x) ≤ 1, (1.36)

with possible discontinuities and varying curvature.
Let us discuss some issues concerning estimation of y(x) subject to the

constrain (1.36). This inequality can be naturally incorporated in (1.18)
and result in the following constrained optimization problem for estimation
of C:

Ĉ(x, h) = arg min
0≤C1≤1
C̃∈RM−1

Jh(x). (1.37)

Here C̃ = (C2, ..., CM)T is the vector C with the excluded first item C1. The
restriction (1.36) according to (1.13) is imposed only on C1 while all other
items of C continue to be unrestricted. When the estimates of the coeffi-
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cients are found from (1.37) the intensity and the derivatives are calculated
according to the formulas (1.13)-(1.15).

Thus, the constrained estimate of the image intensity always satisfy the
conditions (1.36) while it cannot be guaranteed for the linear estimates (1.20)
and (1.21) following from (1.18).

Concerning the estimates (1.37) we wish to note a number of interesting
moments. First, in general, these estimates are nonlinear with respect to
the observations and their calculation is a much more complex problem as
compared with the case of the linear estimates and unconstrained optimiza-
tion. However, if the linear estimate Ĉ1(x, h) found from (1.18) belongs to
the interval [0, 1] then the solutions of (1.18) and (1.37) are indentical. It
gives a simple logic to deal with this nonlinear problem. We start from the
calculation of the linear estimates for all x and test them on the restrictions
(1.36). In this way we identify the pixels violating the conditions (1.36)
and the nonlinear constrained estimates (1.37) are calculated only to these
pixels.

Second, if the linear estimate does not satisfy the conditions (1.36) the
solutions of the unconstrained and constrained optimizations can be quite
different by all elements of the vector C not only by C1. The constrained
optimization (1.37) enables one to yield both the more accurate estimate of
the image intensity as well as its derivatives. The constrain on the intensity
function influences the estimates of the derivatives.

The following compromise can be used in order to avoid the complex-
ity of the constrained problem (1.37). The estimates are obtained in two
independent steps. The first step is a solution of the unconstrained prob-
lem ignoring the restrictions on C1. The second step defines the estimates
according to the equations:

ŷh(x) = [(gh ~ z)(x)]+, (1.38)

ŷ
(k)
h (x) = (g

(k)
h ~ z)(x), (1.39)

where [·]+ stays for the projection on the segment [0, 1], which means [x]+ =
x for 0 ≤ x ≤ 1, [x]+ = 0 for x < 0 and [x]+ = 1 for x > 1. Thus, the
estimate of C1 obtained from the unconstrained optimization is replaced by
its projection on the interval [0, 1]. All others elements of the vector C are
assumed to be equal to the corresponding items of the vector Ĉ(x, h).

The estimate built in this way can be treated as an approximation of the
accurate nonlinear constrained estimate obtained from (1.18).

Note that it is a conventional practice in image processing and image
filter design to ignore the nonnegativity and upper bound of the intensity
function. The LPA approach allows to involve the restrictions on y(x) in
quite a simple way with the optimization problem where the constrained
imposed on one of the variables only.
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It can be mentioned also that mainly the linear estimates leaving the seg-
ment [0, 1] can happened only for estimation nearly the minimum/maximum
bounds of y(x) or at the discontinuous of y(x) when the high-order (m ≥ 1)
LPA is applied. In what follows for the sake of simplicity we use for the
analysis the linear estimate given as the convolutions (1.29)-(1.29).
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1.4 Regular grid estimators

Using regular grid’s coordinates in the form (1.2) we can rewrite the ho-
mogeneous estimates (1.28) and (1.29) in the form of the double-sum 2D
convolutions

ŷh(x) =
X
l1

X
l2

gh(l1∆1, l2∆2)z(x1 − l1∆1, x2 − l2∆2), (1.40)

gh(l1∆1, l2∆2) = wh(l1∆1, l2∆2)φ
T (0, 0)Φ−1h φ(l1∆1, l2∆2),

Φh =
X
l1

X
l2

wh(l1∆1, l2∆2)φ(l1∆1, l2∆2)φ
T (l1∆1, l2∆2), (1.41)

and

ŷ
(k)
h (x) =

X
l1

X
l2

g
(k)
h (l1∆1, l2∆2)z(x1 − l1∆1, x2 − l2∆2), (1.42)

g
(k)
h (l1∆1, l2∆2) = wh(l1∆1, l2∆2)[D

(k)φT (0, 0)]Φ−1h φ(l1∆1, l2∆2),

Φh =
X
l1

X
l2

wh(l1∆1, l2∆2)φ(l1∆1, l2∆2)φ
T (l1∆1, l2∆2), (1.43)

where k is a multiple index (1.14) and φ (1.6) is a vector of 2D variable
functions

φ(l1∆1, l2∆2) = [φ1(l1∆1, l2∆2), φ2(l1∆1, l2∆2), ...,φM(l1∆1, l2∆2)]
T .

Using the standard notation for the 2D convolutions, the estimates
(1.40)-(1.42) can be represented in the following compact form

ŷh(x) = (gh ~ z)(x), (1.44)

ŷ
(k)
h (x) = (g

(k)
h ~ z)(x).

A dependence of the weights gh and g
(k)
h on the scale h can be made

explicit. It is convenient also to introduce different scale parameters h1 and
h2 for the arguments x1 and x2 respectively. In the following transformations
we assume that the polynomials φ(x) are defined according to (1.7).

The weights gh of the estimates can be represented in the forms

gh(l1∆1, l2∆2) =
1

h1h2
w(
l1∆1
h1

,
l2∆2
h2

)φT (0, 0)Φ−1φ(l1∆1, l2∆2) =

1

h1h2
w(
l1∆1
h1

,
l2∆2
h2

)φT (0, 0)Φ−1φ(h1
l1∆1
h1

, h2
l2∆2
h2

). (1.45)
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Introduce a diagonal matrix Td(h1, h2) composed from the items of the
vector φ(h1, h2)

Td(h1, h2) = diag{φ(h1, h2)} (1.46)

and the variables

n1 =
h1
∆1
, n2 =

h2
∆2
,

defining the scale calculated in number of samples in the window. These
variables n1, n2 can be integer or non-integer.

Using (1.46) and variables n1, n2 we have

φ(h1
l1∆1
h1

, h2
l2∆2
h2

) = Td(h1, h2)φ(
l1
n1
,
l2
n2
)

and gh(l1∆1, l2∆2) in (1.45) can be rewritten as as

gh(l1∆1, l2∆2) = (1.47)
1

h1h2
w(
l1
n1
,
l2
n2
)φT (0, 0)Φ−1Td(h1, h2)φ(

l1
n1
,
l2
n2
).

In a similar way, the matrix Φ (1.43) is of the form

Φh = (1.48)
1

h1h2

X
l1

X
l2

w(
l1∆1
h1

,
l2∆2
h2

)φ(l1∆1, l2∆2)φ
T (l1∆1, l2∆2) =

1

h1h2
Td(h1, h2)[

X
l1

X
l2

w(
l1
n1
,
l2
n2
)φ(

l1
n1
,
l2
n2
)φT (

l1
n1
,
l2
n2
)]Td(h1, h2) =

1

h1h2
Td(h1, h2)ΨTd(h1, h2)

Ψ =
X
l1

X
l2

w(
l1
n1
,
l2
n2
)φ(

l1
n1
,
l2
n2
)φT (

l1
n1
,
l2
n2
) (1.49)

Substituting (1.47) and (1.48) in (1.45) gives the weights gh(l1∆1, l2∆2)
in a new form:

gh(l1∆1, l2∆2) = g(l1, l2),

g(l1, l2) = w(
l1
n1
,
l2
n2
)φT (0, 0)Ψ−1φ(

l1
n1
,
l2
n2
) (1.50)

Ψ =
X
l1

X
l2

w(
l1
n1
,
l2
n2
)φ(

l1
n1
,
l2
n2
)φT (

l1
n1
,
l2
n2
).

Similar calculations for the differentiation kernel g(k)h (l1∆1, l2∆2) in
(1.42)
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g
(k)
h (l1∆1, l2∆2) = g

(k)(l1, l2),

g(k)(l1, l2) = (−1)|k|w( l1
n1
,
l2
n2
)[D(k1,k2)φT (0, 0)]T−1d (h1, h2)×

Ψ−1φ(
l1
n1
,
l2
n2
) =

1

hk11 h
k2
2

(−1)|k|w( l1
n1
,
l2
n2
)[D(k1,k2)φT (0, 0)]Ψ−1φ(

l1
n1
,
l2
n2
). (1.51)

It is used in this derivation that

[D(k1,k2)φT (0, 0)]T−1d (h1, h2) =
1

hk11 h
k2
2

D(k1,k2)φT (0, 0).

Thus, we obtain the kernels of the estimates (1.44) in the new form
(1.50)-(1.51) which is more convenient for analytical as well as for numerical
calculations.

Let n1 and n2 be fixed then the smoothing kernel does not depends on
the sampling interval and can be universally used for all sampling intervals.

For the differentiation kernel the similar situation is valid as the kernel
(1.51) is a product of two factors. The first main factor-function defined as

(−1)k1+k2w( l1
n1
,
l2
n2
)[D(k1,k2)φT (0, 0)]Ψ−1φ(

l1
n1
,
l2
n2
)

is again invariant to values of the sampling intervals. The second factor is
a scalar h−k11 h−k22 = (n1∆1)

−k1(n2∆2)−k2 , a clear analytical function of the
sampling interval values. It defines the corresponding normalization of the
derivative estimates.

Actually the new introduced kernels use instead of the original scale
parameter h1 and h2 the new scale parameters normalized by the sampling
interval values n1 and n2. Thus, of course, the new kernels depend on the
scale.

The dependence of the estimates on the scale is of importance and we
emphasize this dependence by using h as a subscript of the kernels and the
estimates. In what follows we will continue to use the subscript h even
for the kernels and the estimates given in the new forms (1.50) and (1.51)
just in order to emphasize that the estimator and estimates depends on this
key-parameter.
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1.4.1 Analytical regular grid kernels

The equations (1.40) and (1.42) define the regular grid estimates for a general
case. If ∆1 = ∆2 = 1 the homogeneous kernels of these estimates coincide
with (1.50) and (1.51) and can be given as:

gh(l1, l2) = wh(l1, l2)φ
T (0, 0)Φ−1h φ(l1, l2) (1.52)

and

g
(k)
h (l1, l2) = (−1)|k|wh(l1, l2)[D(k)φT (0, 0)]Φ−1h φ(l1, l2), (1.53)

with
Φh =

X
l1

X
l2

wh(l1, l2)φ(l1, l2)φ
T (l1, l2), (1.54)

for smoothing and differentiation respectively.
Here we are going to consider some particular cases when formulas for

the kernels can be obtained in order to demonstrate what kind of kernel
functions we can have for these estimates.

Let start from the 1D case when the above formulas are simplified to

gh(l1) = wh(l1)φ
T (0)Φ−1h φ(l1) (1.55)

and

g
(k1)
h (l1) = (−1)k1wh(l1)[D(k1)φT (0)]Φ−1h φ(l1), (1.56)

Φh =
X
l1

wh(l1)φ(l1)φ
T (l1). (1.57)

The formulas (1.52)-(1.57) are valid for any polynomials φk(l1) even they
are given in a form different from (1.7) and for any window function wh(l1).

Here we are going to consider some particular cases of the window func-
tion w in order to demonstrate what kind of kernels we obtain for these
estimates. We begin from the 1D case as a more simple one.

1D KERNELS

Let us assume that the discrete variable polynomials φ(l1) are orthogonal
with the window wh(l1). It means that

Φh = IM×M .

In the scalar form this orthonormality condition gives the equationsX
l1

wh(l1)φr(l1)φs(l1) = δr,s, r, s = 1, ..., M .



28

Then, the expressions (1.55) and (1.56) are simplified to

gh(l1) = wh(l1)φ
T (0)φ(l1), (1.58)

g
(k1)
h (l1) = (−1)k1wh(l1)[D(k1)φT (0)]φ(l1), (1.59)

and analytical formulas can be given for the kernels gh(l1) and g
(k1)
h (l1).

Let us present some special cases.

(I) Rectangular symmetric window

wh(l1) =
1

2h+ 1
, |l1| ≤ h, (1.60)

where the parameter h is nonnegative integer, h ≥ 0.

The discrete Lagrange polynomials of the power m ≤ 2

φ1(l1) = 1, φ2(l1) =

s
3

h(h+ 1)
l1, (1.61)

φ3(l1) =

s
5

h(h+ 1)(2h+ 3)(2h− 1) ×

×(3l21 − h(h+ 1)).

are orthogonal with the window (1.60)

The elementary calculations give the formulas of the kernels for the
smoothing and differentiation operators (1.58) and (1.59):

(a) For m = 0, h ≥ 0,

gh(l1) =
1

2h+ 1
, |l1| ≤ h, (1.62)

(b) For m = 1, h ≥ 1,

gh(l1) =
1

2h+ 1
, |l1| ≤ h, (1.63)

g
(1)
h (l1) =

−3l1
h(h+ 1)(2h+ 1)

, |l1| ≤ h,
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(c) For m = 2, h ≥ 1,

gh(l1) = (1 + 5
h(h+ 1)− 3l21
(2h+ 3)(2h− 1))

1

2h+ 1
, |l1| ≤ h, (1.64)

g
(1)
h (l1) =

−3l1
h(h+ 1)(2h+ 1)

, |l1| ≤ h,

g
(2)
h (l1) =

30(3l21 − h(h+ 1))
h(h+ 1)(2h+ 3)(2h− 1)(2h+ 1) , |l1| ≤ h.

It can be verified that the moment equation (1.30) for these kernels are
satisfied in the form: for gh(l1)

hX
l1=−h

gh(l1) = 1, (1.65)

for g(1)h (l1)

hX
l1=−h

g
(1)
h (l1) = 0, (1.66)

hX
l1=−h

g
[1]
h (l1) · l1 = −1;

for g(2)h (l1)

hX
l1=−h

g
(2)
h (l1) = 0, (1.67)

hX
l1=−h

g
(2)
h (l1) · l1 = 0,

hX
l1=−h

g
(2)
h (l1) · l21/2 = 1.

It is interesting to note the fact that the kernels gh(l1) are the same for
m = 0 and m = 1 (formulas (1.62) and (1.63)) and the kernels g(1)h (l1) for
the first derivative estimation are the same for m = 1 and m = 2 (formulas
(1.63) and (1.64)).

It can be shown that this property follows from the symmetry of the
window wh(l1) (1.60). In general, we have the same smoothing kernels gh(l1)
for m = 2r and m = 2r+1, r = 0, 1, ..., and the same differentiation kernels
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g
(k)
h (l1) for m = k + 2r and m = k + 2r + 1.

(II) Rectangular nonsymmetric window

wh(l1) =
1

h+ 1
, 0 ≤ l1 ≤ h, (1.68)

where the parameter h is nonnegative integer, h ≥ 0.
The discrete Lagrange polynomials of the power m ≤ 2

φ1(l1) = 1, φ2(l1) =

s
3

h(h+ 1)
(2l1 − h), (1.69)

φ3(l1) =

s
5

h(h+ 2)(h+ 3)(h− 1) · (6l
2
1 − 6hl1 + h(h− 1)).

are orthonormal with the window (1.68)
The elementary calculations according to (1.58) and (1.59) give the for-

mulas for the smoothing and differentiation kernels:
(a) For m = 0, h ≥ 0,

gh(l1) =
1

h+ 1
, 0 ≤ l1 ≤ h, (1.70)

(b) For m = 1, h ≥ 1,

gh(l1) =
2

(h+ 2)(h+ 1)
[2h+ 1− 3l1], 0 ≤ l1 ≤ h, (1.71)

g
(1)
h (l1) =

−6(2l1 − h)
h(h+ 2)(h+ 1)

, 0 ≤ l1 ≤ h,

(c) For m = 2,

gh(l1) =
3(3h2 + 3h+ 2− 6(2h+ 1)l1 + 10l21)

(h+ 2)(h+ 3)(h+ 1)
, 0 ≤ l1 ≤ h, (1.72)

g
(1)
h (l1) =

18h(h− 1)(2h+ 1)− 6[(2h+ 1)(8h− 3)l1 + 30hl21]
h(h+ 1)2(h+ 3)(h− 1) , 0 ≤ l1 ≤ h,

g
(2)
h (l1) =

60(6l21 − 6hl1 + h(h− 1))
h(h+ 2)(h+ 3)(h2 − 1) , 0 ≤ l1 ≤ h.

The moment conditions (1.30) can be verified for the derived kernels
(1.70)-(1.72).

(III) Exponential nonsymmetric window function

w(l1) = (1− γ)γl1 , 0 ≤ l1 <∞, 0 < γ < 1.
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The corresponding orthogonal polynomials

φ1(l1) = 1, φ2(l1) =
1√
γ
[l1(1− γ)− γ], (1.73)

φ3(l1) =
1

2γ
[2γ2 − (1 + 3γ)(1− γ)l1 + (1 + γ)2l21].

Calculations give the formulas for the kernels of the smoothing operators
(1.58):

(a) For m = 0, h ≥ 0,

gh(l1) = w(l1), 0 ≤ l1 <∞,

(b) For m = 1, h ≥ 1,

gh(l1) = [1 + γ − (1− γ)l1]w(l1), 0 ≤ l1 <∞,

(c) For m = 2,

gh(l1) =
1

2
[2(1 + γ + γ2)− 3(1− γ2)l1 + (1− γ)2l21]w(l1), 0 ≤ l1 <∞.

We do not show here bulky kernels of the differentiation operators, which
also can be derived according to the described procedure.
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2D KERNELS

Let the 2D window wh be a multiplicative function of integers l1 and l2:

wh(l1, l2) = wh,1(l1)wh,2(l2), (1.75)

where wh,1(l1) and wh,2(l2) are 1D functions of integers l1 and l2.
Assume that φj,1(l1) and φj,2(l2), j = 1, 2, ...,m+1 be 1D polynomials of

the power j−1 orthogonal with the weights wh,1(l1) and wh,2(l2) respectively.
Then, the 2D polynomials orthogonal with the window wh(l1, l2) (1.75)

can be derived from these 1D polynomials. A set of these 2D polynomial
φ(l1, l2) of the power k−1 can be composed from 1D polynomials as a direct
product of the sets of the 1D orthogonal polynomials

φ(j1,j2)(l1, l2) = φj1,1(l1)φj2,2(l2), (1.76)

j1 = 1, ..., k − 1, j2 = 1, ..., k − 1, j1 + j2 = k − 1,

where positive integers j1 ≥ 1 and j2 ≥ 1 take all values satisfying the
equation j1 + j2 = k − 1.

These 2D polynomials built successively for k − 1 = 0, 1, ...,m form a
complete set of 2D polynomials of the power from 0 through m.

It can be verified that these 2D polynomials are orthogonal with the 2D
window wh(l1, l2) (1.75).

These 2D orthogonal polynomials can be ordered according to their pow-
ers similarly to (1.7)

φ1(l1, l2) = φ1,1(l1)φ1,2(l2), for m = 0; (1.77)

φ2(l1, l2) = φ2,1(l1)φ1,2(l2), φ3(l1, l2) = φ1,1(l1)φ2,2(l2), for m = 1;

φ4(l1, l2) = φ3,1(l1)φ1,2(l2), φ5 = φ1,1(l1)φ3,2(l2),

φ6(l1, l2) = φ2,1(l1)φ2,2(l2), for m = 2;

...,

with the total number of the polynomials equal to M = (2+m)!
2·m! .

In this way we design a complete set of the 2D polynomials of the power
less or equal to m and orthogonal with the window wh(l1, l2). The estima-
tor kernels can be obtained from the formulas (1.52) and (1.53), which are
general for the 2D case and where Φh is the identity matrix and omitted.
All calculations are similar to used above for the 1D case.

Let us present a few 2D kernels derived in this way using the 1D orthog-
onal polynomials applied above for the derivation of the kernels of the 1D
estimates. It is assumed in what follows that

wh1,h2(l1, l2) = wh1(l1)wh2(l2)
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with possibly different h1 and h2 for the variables l1 and l2.

(I) Rectangular symmetric windows with

whj (lj) =
1

2hj + 1
, |lj | ≤ hj , j = 1, 2.

and

wh1,h2(l1, l2) = wh1(l1)wh2(l2) =
1

(2h1 + 1)(2h2 + 1)
, |lj | ≤ hj , j = 1, 2,

Using the orthogonal polynomials (1.61) and the kernel formulas (1.52),
(1.53) we derive the kernels of the operators of function and first derivative
estimation for the different powers m.

(a) For m = 0, hj ≥ 0,

gh1,h2(l1, l2) = wh1,h2(l1, l2), 0 ≤ lj ≤ hj , j = 1, 2, (1.78)

(b) For m = 1, hj ≥ 1,

gh1,h2(l1, l2) = wh1,h2(l1, l2), 0 ≤ lj ≤ hj , (1.79)

g
(1,0)
h1,h2

(l1, l2) =
−3l1

h1(h1 + 1)
wh1,h2(l1, l2), 0 ≤ lj ≤ hj , (1.80)

g
(0,1)
h1,h2

(l1, l2) =
−3l2

h2(h2 + 1)
wh1,h2(l1, l2), 0 ≤ lj ≤ hj , (1.81)

(c) For m = 2, hj ≥ 1,

gh1,h2(l1, l2) = (1 + 5
2X
j=1

hj(hj + 1)− 3l2j
(2hj + 3)(2hj − 1)) · wh1,h2(l1, l2), (1.82)

0 ≤ lj ≤ hj ,
g
(1,0)
h1,h2

(l1, l2) =
−3l1

h1(h1 + 1)
wh1,h2(l1, l2), 0 ≤ lj ≤ hj , (1.83)

g
(0,1)
h1,h2

(l1, l2) =
−3l2

h2(h2 + 1)
wh1,h2(l1, l2), 0 ≤ lj ≤ hj . (1.84)

It deserves to be noted that the smoothing operators (1.78) and (1.79)
are identical to each other. A similar coincidence of (1.80) with (1.83) as
well as (1.81) with (1.84) have a place for first derivative estimation.

This coincidence of the kernels corresponding to different powers of the
polynomial approximation is a result of the window symmetry property,
wh1,h2(l1, l2) = wh1,h2(−l1,−l2), discussed above for the 1D case.
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(II) Rectangular nonsymmetric windows with

whj (lj) =
1

hj + 1
, 0 ≤ lj ≤ hj , j = 1, 2.

and

wh1,h2(l1, l2) = wh1(l1)wh2(l2) =
1

h1 + 1

1

h2 + 1
, 0 ≤ lj ≤ hj , j = 1, 2,

Using the orthogonal polynomials (1.69) and the kernel formulas (1.52),
(1.53) we derive the kernels of the operators of function and first derivative
estimation for powers m = 0, 1:.

(a) For m = 0, hj ≥ 0,

gh1,h2(l1, l2) = wh1,h2(l1, l2), 0 ≤ lj ≤ hj , j = 1, 2,

(b) For m = 1, hj ≥ 1,

gh1,h2(l1, l2) = (1 + 3
2X
s=1

hj − 2lj
hj + 2

)wh1,h2(l1, l2), 0 ≤ lj ≤ hj ,

j = 1, 2,

g
(1,0)
h1,h2

(l1, l2) = −6(2l1 − h1)
h1(h1 + 2)

wh1,h2(l1, l2), 0 ≤ lj ≤ hj , j = 1, 2,

g
(0,1)
h1,h2

(l1, l2) = −6(2l2 − h2)
h2(h2 + 2)

wh1,h2(l1, l2), 0 ≤ lj ≤ hj , j = 1, 2,

Many others multivariable kernel functions can be given in the analytical
form even for higher values of the power m (e.g. [59]). However, we are not
going to present these result here as the formulas become more complex for
m > 1. Actually, these analytical representations of the kernel are not very
useful as all necessary calculation can be produced numerically based on
the general formulas (1.40) and (1.42). Even the orthogonality of the poly-
nomials is not very helpful as finally the kernels can be given as numerical
matrixes of their values.

1.4.2 Numerical regular grid kernels

Here we present some examples of the homogeneous kernels for smoothing
and differentiation.

The formulas (1.40) and (1.42) with ∆1 = ∆2 = 1 are applied for cal-
culations. The results are given in two different forms. One is graphical
illustrative used for visualization of a distribution of numerical values of the
weights in the kernel (mask). In parallel, we present the mask weights also
in tables in order to show the weights in detail.
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We consider finite masks only. The masks can be symmetric or non-
symmetric with respect to the center of the LPA denoted by x. The sym-
metric mask has x as a center point. The non-symmetric masks are shown
in Figure 1.1 as quadrants with the corresponding vertex at the point x. All
mask are assumed to be square of the size h× h. We consider two types of
the window wh constant and Gaussian truncated to the size of the mask.

X�

I�
II�

III�
IV�

Figure 1.1: Graphical interpretation of the symmetric and non-symmetric
quadrant masks: 0x0 corresponds to the estimation pixel, I, II, III, IV show
the quadrant masks (Q = 1, 2, 3, 4). The symmetric mask (Q = 0) is cen-
tered with respect to 0x0.

The visualization of the symmetric masks is given in Figures 1.2 and
1.3, as well as in Figures 1.6 and 1.7, while the corresponding numerical
weights are shown in Figures 1.10 and 1.11, and in Figures 1.15 and 1.16,
respectively. Details of the masks and the parameters of the used LPA
models are specified in the comments to the figures.

The power m = 0 results in a trivial estimator since it leads to the
standard sample mean of the data in the window. We consider the powers
m ≥ 1 in order to obtain non-trivial weights and to have an ability to
estimate the derivatives.

In Figure 1.2 the smoothing kernel given for m = 1 is constant inside
the mask. The same kernel could be obtained by using the zero power
LPA with m = 0. The masks for the derivative estimation on X and on Y
(marked as ”DER ON X” and DER ON Y ”) have a clear linear structure
with the vertical and horizontal bands corresponding equal values of the
weights. It shows that the LPA gives a smoothed finite-difference estimate
of the derivatives. We wish to note that in this section we use X and Y in
order to mark a direction of differentiation.

The masks in Figure 1.3 are obtained for m = 2. They demonstrate a
more complex structure of the kernel values. The quadratic weights with a
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peak at the center of the mask are easily recognized in the first imaging of
the weights given for the smoothing estimator. It is interesting to note once
more that the weights for estimation of the derivatives ∂/∂X and ∂/∂Y are
exactly the same as those for these derivatives in Figure 1.2 where the power
m = 1 is used. Again this coincidence of the estimates of the different orders
follows from the symmetry of the used window function.

Masks shown in Figures 1.6 and 1.7 are different from those given in
Figures 1.2 and 1.3 by using the Gaussian window function instead of the
constant one. The Gaussian window function results in a larger variety of
the kernel values used in the mask. However, the symmetry of the weights
as well as the coincidence of the estimates obtained for m = 1 and m = 2
discussed above can be easily noticed.

A clear linear band structure of the weights for the derivatives ∂/∂X,
∂/∂Y , ∂2/∂X2, ∂2/∂Y 2 in the mask with the constant window function
corresponds to the conventional idea of using weighted finite differences for
derivative estimation. The LPA with the symmetric window function for-
malizes this idea. For the Gaussian windows the structure of the weights
becomes non-trivial and more complex. The numerical weights of the masks
shown in Figures 1.6 and 1.7 can be seen in Figures 1.15 and 1.16.

The nonsymmetric masks h × h are shown for Quadrant 1 (Q1 mask)
in Figures 1.4, 1.5, and in Figures 1.8, 1.9 as blocks of the square larger
size masks (2h − 1) × (2h − 1). This larger size square can be treated as
an extended mask of the estimator. The LPA reference point x is at the
center of this extended mask. Zero values are assumed for the weights of
the extended mask beyond the considered Quadrant 1. These zero values
are visualized in a grey color.

Actually, there are two motivations behind using these larger size masks.
The first one is an intention to emphasize the non-symmetric nature of the
quadrant estimators. The second one is more pragmatic and important
concerning the implementation of the estimator. The MATLAB program
conv2.m with the symmetric central location of the reference point x of
the mask fits perfectly to the correct implementation of the LPA estimators
using the convolution operation.

The numerical weights of the masks shown in Figures 1.4, 1.5, 1.8, 1.9
can be seen in Figures 1.12, 1.13, 1.14, 1.17 and 1.18, 1.19, respectively.

The most of the classical differentiation and smoothing masks can be
treated as the LPA derived masks for some LPA parameters. Let us con-
sider well know examples.

(a) The Roberts (2× 2) differentiation mask

PRoberts =

·
0 1
−1 0

¸
(1.85)

can be treated as a non-symmetric mask with the kernel matrix
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PLPA = g
[1,0]
h + g

[0,1]
h ,

where g[1,0]h and g[0,1]h are derived for m = 1 and h = 2.

Then, the matrices g[1,0]h , g[0,1]h and PLPA are as follows

PLPA = g
[1,0]
2 + g

[0,1]
2 =

 −0.5 0.5 0
−0.5 0.5 0
0 0 0

+
 0.5 0.5 0
−0.5 −0.5 0
0 0 0


PLPA =

 0 1 0
−1 0 0
0 0 0

 . (1.86)

The 2×2 sub-matrix in the left upper corner of the matrix PLPA is equal
to the matrix PRoberts. Thus, we install a link between the Roberts0 mask
and the LPA differentiation masks. It shows that the PRoberts mask gives
the estimate of the sum of the derivatives on X and on Y, i.e. the estimate
of ∂y(x)/∂X + ∂y(x)/∂Y .

Note, that the Roberts0 mask, being of the size (2 × 2), defines the
estimate as a finite difference of the image intensity however the reference
point of this estimate is not specified. Here we have a clear advantage of the
LPA with a non-symmetric mask which actually makes a difference between
reference point and ordinary point of the mask and enables one to obtain a
clear interpretation of any sort of finite difference schemes.

(b) The Prewitt’s mask

PPrewitt =

 −1 −1 −10 0 0
1 1 1


within a scalar factor coincides with the LPA mask obtained for the sym-
metric window (3× 3) and m = 1

g
[0,1]
3 =

 0.1667 0.1667 0.1667
0 0 0

−0.1667 −0.1667 −0.1667

 .
Thus,

PPrewitt = −6g[0,1]h .
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(c) The Sobel’s differentiation mask

PSobel =

 −1 −2 −10 0 0
1 2 1


can be presented as the sum

PSobel =

 −1 −1 −10 0 0
1 1 1

+
 0 −1 0
0 0 0
0 1 0

 ,

where the mask

 0 −1 0
0 0 0
0 1 0

 corresponds to 1D differentiation on Y .

The last mask can be derived by use of 1D LPA differentiator. In this
way the Sobel’s differentiation mask can be presented in the form of the
linear combination of two LPA masks: one for 2D differentiation g[0,1]3 , and
another one for 1D differentiation.
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SMOOTHING

DER ON X

LPA-MASKS, Q0, CONST. WINDOW WEIGHT,  m=1, h=5

DER ON Y

Figure 1.2: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight w is constant, the power m = 1. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the square.
Black and white define a scale between smaller and larger values of the
kernel values.
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SMOOTHING DER ON X

DER ON Y DER ON XY

DER ON X 2

LPA-MASKS, Q0, CONST. WINDOW WEIGHT,  m=2, h=5

DER ON Y2

Figure 1.3: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight w is constant, the power m = 2. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the mask.
Black and white define a scale between smaller and larger values of the
kernel values.
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SMOOTHING

DER ON X

LPA-MASKS, Q1, CONST. WINDOW WEIGHT,  m=1, h=5

DER ON Y

Figure 1.4: Non-symmetric LPA masks for estimation (smoothing) and dif-
ferentiation. The LPA window weight w is constant, the first quadrant.
The reference LPA pixel is at the right down corner of the estimation mask
depicted into the extended mask (larger size grey square 11×11). This grey
color corresponds to zero values of the weights of the extended mask. The
LPA power m = 1. The estimation mask size is 5 × 5, h = 5. Black and
white define a scale between smaller and larger values of the kernel values.
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SMOOTHING DER ON X

DER ON Y DER ON XY

DER ON X 2

LPA-MASKS, Q1, CONST. WINDOW WEIGHT,  m=2, h=5

DER ON Y2

Figure 1.5: Non-symmetric LPA masks for estimation (smoothing) and dif-
ferentiation. The LPA window weight w is constant, the first quadrant, the
power m = 2. The reference (estimation) pixel is at the right down corner
of mask depicted into the larger extended mask (grey square 11× 11). This
grey color corresponds to zero values of the mask values. The estimation
mask size is 5 × 5, h = 5. Black and white define a scale between smaller
and larger values of the kernel weight values respectively.
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SMOOTHING

DER ON X

LPA-MASKS, Q0, GAUSS WINDOW,  m=1, h=5

DER ON Y

Figure 1.6: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight w is Gaussian, the power m = 1. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the mask.
Black and white define a scale between smaller and larger values of the
kernel values.
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SMOOTHING DER ON X

DER ON Y DER ON XY

DER ON X2

LPA-MASKS, Q0, GAUSS WINDOW,  m=2, h=5

DER ON Y2

Figure 1.7: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight w is Gaussian, the power m = 2. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the mask.
Black and white define a scale between smaller and larger values of the
kernel values.
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SMOOTHING

DER ON X

LPA-MASKS, Q1, GAUSS WINDOW,  m=1, h=5

DER ON Y

Figure 1.8: Non-symmetric LPA masks for estimation (smoothing) and dif-
ferentiation. The LPA window weight w is Gaussian, the first quadrant.
The reference pixel is at the right down corner of mask depicted into the
larger extended mask (grey square 11× 11). The grey color corresponds to
zero values of the mask values. The LPA power m = 1. The estimation
mask size is 5 × 5, h = 5. Black and white define a scale between smaller
and larger values of the kernel values.
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SMOOTHING DER ON X

DER ON Y DER ON XY

DER ON X2

LPA-MASKS, Q1, GAUSS WINDOW,  m=2, h=5

DER ON Y2

Figure 1.9: Non-symmetric LPA masks for estimation (smoothing) and dif-
ferentiation. The LPA window weight w is Gaussian, the first quadrant.
The reference pixel is at the right down corner of the mask depicted into the
larger grey extended mask (square 11× 11). This grey color corresponds to
zero values of the mask weights. The LPA power m = 1. The estimation
mask size is 5 × 5, h = 5. Black and white define a scale between smaller
and larger values of the kernel values.
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                     m=1, h=5, Constant window weight, Q0  
 
 

gh = 
 

    0.0400    0.0400    0.0400    0.0400    0.0400 
    0.0400    0.0400    0.0400    0.0400    0.0400 
    0.0400    0.0400    0.0400    0.0400    0.0400 
    0.0400    0.0400    0.0400    0.0400    0.0400 
    0.0400    0.0400    0.0400    0.0400    0.0400 

 
 

gh
[1,0] = 
 

   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 

 
 

gh
[0,1] = 
 

    0.0400    0.0400    0.0400    0.0400    0.0400 
    0.0200    0.0200    0.0200    0.0200    0.0200 
         0         0         0         0         0 
   -0.0200   -0.0200   -0.0200   -0.0200   -0.0200 
   -0.0400   -0.0400   -0.0400   -0.0400   -0.0400 

Figure 1.10: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight is constant, the power m = 1. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the square.
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m=2, h=5, Constant window weight, Q0 
 
 

gh = 
 

   -0.0743    0.0114    0.0400    0.0114   -0.0743 
    0.0114    0.0971    0.1257    0.0971    0.0114 
    0.0400    0.1257    0.1543    0.1257    0.0400 
    0.0114    0.0971    0.1257    0.0971    0.0114 
   -0.0743    0.0114    0.0400    0.0114   -0.0743 

 
 

gh
[1,0] = 
 

   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0400   -0.0200         0    0.0200    0.0400 

 
 
 

gh
[0,1] = 
 

    0.0400    0.0400    0.0400    0.0400    0.0400 
    0.0200    0.0200    0.0200    0.0200    0.0200 
         0         0         0         0         0 
   -0.0200   -0.0200   -0.0200   -0.0200   -0.0200 
   -0.0400   -0.0400   -0.0400   -0.0400   -0.0400 

 
 

gh
[1,1] = 
 

   -0.0400   -0.0200         0    0.0200    0.0400 
   -0.0200   -0.0100         0    0.0100    0.0200 
         0         0         0         0         0 
    0.0200    0.0100         0   -0.0100   -0.0200 
    0.0400    0.0200         0   -0.0200   -0.0400 

 
 

gh
[2,0] = 
 

    0.0571   -0.0286   -0.0571   -0.0286    0.0571 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571 

 
 

gh
[0,2] = 
 

    0.0571    0.0571    0.0571    0.0571    0.0571 
   -0.0286   -0.0286   -0.0286   -0.0286   -0.0286 
   -0.0571   -0.0571   -0.0571   -0.0571   -0.0571 
   -0.0286   -0.0286   -0.0286   -0.0286   -0.0286 
    0.0571    0.0571    0.0571    0.0571    0.0571 

 
 
 

Figure 1.11: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight w is constant, the power m = 2. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the mask.
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    m=1, h=5, Constamt window weight, Q1 

 
 

gh = 
 

   -0.1200   -0.0800   -0.0400         0    0.0400         0         0         0 
   -0.0800   -0.0400         0    0.0400    0.0800        0         0         0 
   -0.0400    0.0000    0.0400    0.0800    0.1200         0         0        0 
    0.0000    0.0400    0.0800    0.1200    0.1600        0         0         0 
    0.0400    0.0800    0.1200    0.1600    0.2000        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 

 
 
 

gh
[1,0] = 
 

   -0.0400   -0.0200         0    0.0200    0.0400        0         0         0 
   -0.0400   -0.0200         0    0.0200    0.0400        0         0         0 
   -0.0400   -0.0200         0    0.0200    0.0400        0         0         0 
   -0.0400   -0.0200         0    0.0200    0.0400        0         0         0 
   -0.0400   -0.0200         0    0.0200    0.0400         0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0        0         0 
         0         0         0         0         0        0         0         0 

        
 
 

gh
[0,1] = 
 

    0.0400    0.0400    0.0400    0.0400    0.0400        0         0         0 
    0.0200    0.0200    0.0200    0.0200    0.0200         0        0         0 
         0         0         0         0         0        0         0         0 
   -0.0200   -0.0200   -0.0200   -0.0200   -0.0200        0         0         0 
   -0.0400   -0.0400   -0.0400   -0.0400   -0.0400        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 

 

Figure 1.12: Non-symmetric LPA masks for estimation (smoothing) and
differentiation. The LPA window weight w is constant, the first quadrant.
The reference pixel is at the right down corner of the non-zero estimation
mask.
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m=2, h=5, Constant window weight, Q1,  
Smoothing and derivatives d/dx, d/dy 

 
gh = 
 

    0.1543    0.0286   -0.0400   -0.0514   -0.0057        0         0         0 
    0.0286   -0.0571   -0.0857   -0.0571    0.0286        0         0         0 
   -0.0400   -0.0857   -0.0743   -0.0057    0.1200        0         0         0 
   -0.0514   -0.0571   -0.0057    0.1029    0.2686         0         0         0 
   -0.0057    0.0286    0.1200    0.2686    0.4743        0         0         0 
         0         0         0         0         0         0         0         0
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0 

 
 
 
 
 
 

gh
[1,0]= 
 

    0.1543   -0.0371   -0.1143   -0.0771    0.0743        0         0         0 
    0.1143   -0.0571   -0.1143   -0.0571    0.1143        0         0         0 
    0.0743   -0.0771   -0.1143   -0.0371    0.1543        0         0         0 
    0.0343   -0.0971   -0.1143   -0.0171    0.1943        0         0         0 
   -0.0057   -0.1171   -0.1143    0.0029    0.2343        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0 
         0         0         0         0         0         0         0         0 

 
 

gh
[0,1]= 
 

   -0.1543   -0.1143   -0.0743   -0.0343    0.0057        0         0         0 
    0.0371    0.0571    0.0771    0.0971    0.1171        0         0         0 
    0.1143    0.1143    0.1143    0.1143    0.1143        0         0         0 
    0.0771    0.0571    0.0371    0.0171   -0.0029        0         0         0 
   -0.0743   -0.1143   -0.1543   -0.1943   -0.2343         0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 

 

Figure 1.13: Non-symmetric LPA masks for estimation (smoothing) and
differentiation. The LPA window weight w is square constant, the first
quadrant. The reference (estimation) pixel is at the left down corner of the
non-zero mask.
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(Continuation) 
m=2, h=5, Constant window weight, Q1,  

Derivatives d2/dxdy, d2/dxdx, d2/dydy 
 
 
 

gh
[1,1]= 
 

   -0.0400   -0.0200    0.0000    0.0200    0.0400        0         0         0 
   -0.0200   -0.0100   -0.0000    0.0100    0.0200        0         0         0 
   -0.0000   -0.0000   -0.0000   -0.0000   -0.0000        0         0         0 
    0.0200    0.0100   -0.0000   -0.0100   -0.0200        0         0         0 
    0.0400    0.0200    0.0000   -0.0200   -0.0400        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0 

 
 
 
 
 
 

gh
[2,0]= 
 

    0.0571   -0.0286   -0.0571   -0.0286    0.0571        0         0         0 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571         0        0         0 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571        0         0         0 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571        0         0         0 
    0.0571   -0.0286   -0.0571   -0.0286    0.0571        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 

 
 
 
 
 
 
 
 
 
 
 

gh
[0,2]= 
 

    0.0571    0.0571    0.0571    0.0571    0.0571        0         0         0 
   -0.0286   -0.0286   -0.0286   -0.0286   -0.0286        0         0         0 
   -0.0571   -0.0571   -0.0571   -0.0571   -0.0571         0         0         0 
   -0.0286   -0.0286   -0.0286   -0.0286   -0.0286        0         0         0 
    0.0571    0.0571    0.0571    0.0571    0.0571        0         0         0 
         0         0         0         0         0         0        0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 

 
 
 

Figure 1.14: Non-symmetric LPA masks for differentiation. The LPA win-
dow weight w is constant, the first quadrant, m = 2. The reference (estima-
tion) pixel is at right down corner of the non-zero mask.
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m=1, h=5, Gaussian window weight, Q0 
 
 

gh = 
 

    0.0014    0.0090    0.0168    0.0090    0.0014 
    0.0090    0.0576    0.1067    0.0576    0.0090 
    0.0168    0.1067    0.1979    0.1067    0.0168 
    0.0090    0.0576    0.1067    0.0576    0.0090 
    0.0014    0.0090    0.0168    0.0090    0.0014 

 
 

gh
[1,0] = 
 

   -0.0036   -0.0116   -0.0000    0.0116    0.0036 
   -0.0231   -0.0737   -0.0000    0.0737    0.0231 
   -0.0429   -0.1366   -0.0000    0.1366    0.0429 
   -0.0231   -0.0737   -0.0000    0.0737    0.0231 
   -0.0036   -0.0116   -0.0000    0.0116    0.0036 

 
 

gh
[0,1] = 
 

    0.0036    0.0231    0.0429    0.0231    0.0036 
    0.0116    0.0737    0.1366    0.0737    0.0116 
   -0.0000   -0.0000   -0.0000   -0.0000   -0.0000 
   -0.0116   -0.0737   -0.1366   -0.0737   -0.0116 
   -0.0036   -0.0231   -0.0429   -0.0231   -0.0036 

Figure 1.15: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight w is Gaussian, the power m = 1. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the mask.
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m=2, h=5, Gaussian window weight, Q0 
 

gh = 
 

   -0.0052   -0.0135   -0.0129   -0.0135   -0.0052 
   -0.0135    0.0393    0.1503    0.0393   -0.0135 
   -0.0129    0.1503    0.4225    0.1503   -0.0129 
   -0.0135    0.0393    0.1503    0.0393   -0.0135 
   -0.0052   -0.0135   -0.0129   -0.0135   -0.0052 

 
 
 

gh
[1,0] = 
 

   -0.0036   -0.0116   -0.0000    0.0116    0.0036 
   -0.0231   -0.0737   -0.0000    0.0737    0.0231 
   -0.0429   -0.1366   -0.0000    0.1366    0.0429 
   -0.0231   -0.0737   -0.0000    0.0737    0.0231 
   -0.0036   -0.0116   -0.0000    0.0116    0.0036 

 
gh

[0,1] = 
 

    0.0036    0.0231    0.0429    0.0231    0.0036 
    0.0116    0.0737    0.1366    0.0737    0.0116 
   -0.0000   -0.0000   -0.0000   -0.0000   -0.0000 
   -0.0116   -0.0737   -0.1366   -0.0737   -0.0116 
   -0.0036   -0.0231   -0.0429   -0.0231   -0.0036 

 
 

gh
[1,1] = 
 

   -0.0093   -0.0296   -0.0000    0.0296    0.0093 
   -0.0296   -0.0944   -0.0000    0.0944    0.0296 
   -0.0000    0.0000    0.0000   -0.0000   -0.0000 
    0.0296    0.0944    0.0000   -0.0944   -0.0296 
    0.0093    0.0296    0.0000   -0.0296   -0.0093 

 
gh

[2,0] = 
 

    0.0085    0.0037   -0.0243    0.0037    0.0085 
    0.0541    0.0234   -0.1551    0.0234    0.0541 
    0.1003    0.0435   -0.2876    0.0435    0.1003 
    0.0541    0.0234   -0.1551    0.0234    0.0541 
    0.0085    0.0037   -0.0243    0.0037    0.0085 

 
 

gh
[0,2] = 
 

    0.0085    0.0541    0.1003    0.0541    0.0085 
    0.0037    0.0234    0.0435    0.0234    0.0037 
   -0.0243   -0.1551   -0.2876   -0.1551   -0.0243 
    0.0037    0.0234    0.0435    0.0234    0.0037 
    0.0085    0.0541    0.1003    0.0541    0.0085 

 
 

Figure 1.16: Symmetric LPA masks for estimation (smoothing) and differ-
entiation. The LPA window weight w is Gaussian, the power m = 2. The
mask size is 5× 5, h = 5. The reference pixel is at the center of the mask.
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m=1, h=5, Gaussian window weight, Q1 

 
gh = 

 
   -0.0007   -0.0028   -0.0065   -0.0086   -0.0058        0         0         0 
   -0.0028   -0.0101   -0.0210   -0.0221   -0.0041        0         0         0 
   -0.0065   -0.0210   -0.0345   -0.0100    0.0589        0         0         0 
   -0.0086   -0.0221   -0.0100    0.0918    0.2537         0         0         0
   -0.0058   -0.0041    0.0589    0.2537    0.4905        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 

        
 
 

gh
[1,0]  = 

 
   -0.0005   -0.0016   -0.0025   -0.0004    0.0050        0         0         0 
   -0.0023   -0.0074   -0.0118   -0.0020    0.0235        0         0         0 
-0.0070      -0.0225   -0.0357   -0.0062    0.0714        0         0         0 
   -0.0136   -0.0438   -0.0696   -0.0121    0.1390        0         0         0 
   -0.0170   -0.0546   -0.0869   -0.0151    0.1736        0         0         0 
         0         0         0         0         0         0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0

 
 

gh
[0,1] = 

 
    0.0005    0.0023    0.0070    0.0136    0.0170        0         0         0 
    0.0016    0.0074    0.0225    0.0438    0.0546        0         0         0 
    0.0025    0.0118    0.0357    0.0696    0.0869        0         0         0 
    0.0004    0.0020    0.0062    0.0121    0.0151        0         0         0 
   -0.0050   -0.0235   -0.0714   -0.1390   -0.1736         0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0 
         0         0         0         0         0        0         0         0 

 
 

Figure 1.17: Non-symmetric LPA masks for estimation (smoothing) and
differentiation. The LPA window weight w is Gaussian, the first quadrant.
The reference (estimation) pixel is at the right down corner of the non-zero
mask.
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m=2, h=5, Gaussian window weight, Q1 
 
     
 

gh  = 
 
    0.0016    0.0045    0.0066    0.0041   -0.0002         0        0         0 
    0.0045    0.0097    0.0063   -0.0112   -0.0158        0         0         0 
    0.0066    0.0063   -0.0229   -0.0597   -0.0101        0         0         0 
    0.0041   -0.0112   -0.0597   -0.0365    0.2161        0         0         0 
   -0.0002   -0.0158   -0.0101    0.2161    0.7669        0         0         0 
         0         0         0         0         0         0         0         0
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
 
 

 
 

gh
[1,0]  = 

 
    0.0029    0.0057    0.0019   -0.0082   -0.0024        0         0         0 
    0.0116    0.0198   -0.0025   -0.0408    0.0119        0         0         0 
    0.0284    0.0382   -0.0426   -0.1301    0.1060        0         0         0 
    0.0420    0.0315   -0.1512   -0.2651    0.3427        0         0         0 
    0.0358   -0.0142   -0.2739   -0.3459    0.5982        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0 
         0         0         0         0         0        0         0         0 
 
 

gh
[0,1]  = 

 
   -0.0029   -0.0116   -0.0284   -0.0420   -0.0358        0         0         0 
   -0.0057   -0.0198   -0.0382   -0.0315    0.0142         0        0         0 
   -0.0019    0.0025    0.0426    0.1512    0.2739        0         0         0 
    0.0082    0.0408    0.1301    0.2651    0.3459        0         0         0 
    0.0024   -0.0119   -0.1060   -0.3427   -0.5982        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
 

Figure 1.18: Non-symmetric LPA masks for estimation (smoothing) and
differentiation. The LPA window weight w is Gaussian, the first quadrant.
The reference (estimation) pixel is right down corner of the non-mask.
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m=2, h=5, Gaussian window weight, Q1 
(Continuation) 

 
 

gh
[1,1]  = 

 
   -0.0016   -0.0053   -0.0084   -0.0015    0.0167         0         0         0
   -0.0053   -0.0169   -0.0268   -0.0047    0.0536        0         0         0 
   -0.0084   -0.0268   -0.0426   -0.0074    0.0851        0         0         0 
   -0.0015   -0.0047   -0.0074   -0.0013    0.0148         0         0         0 
    0.0167    0.0536    0.0851    0.0148   -0.1702        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0         0         0 
 
 

  
gh

[2,0]  = 
 
    0.0014    0.0019   -0.0024   -0.0068    0.0058        0         0         0 
    0.0069    0.0090   -0.0111   -0.0321    0.0274        0         0         0 
    0.0208    0.0273   -0.0339   -0.0975    0.0832         0         0         0 
    0.0406    0.0531   -0.0659   -0.1899    0.1621        0         0         0 
    0.0507    0.0663   -0.0823   -0.2372    0.2025        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
 
 
 
 

gh
[0,2]  = 

 
    0.0014    0.0069    0.0208    0.0406    0.0507        0         0         0 
    0.0019    0.0090    0.0273    0.0531    0.0663         0         0         0
   -0.0024   -0.0111   -0.0339   -0.0659   -0.0823        0         0         0 
   -0.0068   -0.0321   -0.0975   -0.1899   -0.2372         0         0         0 
    0.0058    0.0274    0.0832    0.1621    0.2025         0         0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0         0        0         0 
         0         0         0         0         0        0         0         0 
         0         0         0         0         0        0         0         0 
 

Figure 1.19: Non-symmetric LPA masks for differentiation. The LPA win-
dow weight is Gaussian, the first quadrant. The reference (estimation) pixel
is left down corner of the non-mask.
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1.5 Directional regular grid estimators

1.5.1 Directional LPA

The estimators defined by the formulas (1.40)-(1.42) for ∆1 = ∆2 = 1 have
a form

ŷh(x) =
X
l1

X
l2

gh(l1, l2)z(x1 − l1, x2 − l2), (1.87)

ŷ
(k)
h (x) =

X
l1

X
l2

g
(k)
h (l1, l2)z(x1 − l1, x2 − l2), (1.88)

where the homogeneous kernels of the estimators are given as

gh(l1, l2) = wh(l1, l2)φ
T (0, 0)Φ−1h φ(l1, l2), (1.89)

g
(k)
h (l1, l2) = wh(l1, l2)[Dk1,k2φ

T (0, 0)]Φ−1h φ(l1, l2), (1.90)

Φh =
X
l1

X
l2

wh(l1, l2)φ(l1, l2)φ
T (l1, l2). (1.91)

When the polynomial approximation is in use we apply the formulas
(1.7) for the items of the vectors φ(l1, l2) of the variables l1 and l2. These
polynomials enable the polynomial fit of the image intensity in the directions
of the horizontal and vertical rectangular coordinate axes X, Y .

By default, this standard approximation assumes that the axes X and Y
are treated as main directions with the best approximation of the image in-
tensity variations along these directions. In this case the intensity variations
in a different direction, say in diagonal of a quadrant, require use of higher
order polynomial approximation than it is really necessary. For example, if
the intensity is a quadratic polynomial in the diagonal direction it requires
only three coefficient approximation. However, the standard X − Y axis fit
requires second power polynomials on both variables with the total number
of coefficients equal to 6. As a result the minimal size of the kernel used for
filtering is increasing.

In order to repair this sort of drawbacks and improve a fitting ability of
the basic LPA estimators we introduce novel directional LPA estimators
exploiting directional kernels and directional local polynomial fits.

Let us rotate the original X − Y coordinates on the angle θ as

u(l1, l2, θ) = l1 cos θ + l2 sin θ, (1.92)

v(l1, l2, θ) = −l1 sin θ + l2 cos θ,

and consider the new coordinates u(l1, l2, θ), v(l1, l2, θ), relative coordinates
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of observations with respect to the reference point (x1, x2), as functions of
the old ones l1, l2 (see Figure 1.20) and the angle θ.

Y

X

Y’

X’

θ
u

v

l1

l2

Figure 1.20: An axes rotation for design of the directional kernels.

Then, the directional LPA estimators are

ŷh(x) =
X
l1

X
l2

g̃h(l1, l2, θ)z(x1 + l1, x2 + l2), (1.93)

ŷ
(k)
h (x) =

X
l1

X
l2

g̃
(k)
h (l1, l2, θ)z(x1 + l1, x2 + l2). (1.94)

The new directional kernels g̃h(l1, l2, θ) and g̃
(k)
h (l1, l2, θ) depend on the ro-

tation angle θ

g̃h(l1, l2, θ) = gh(u(l1, l2, θ), v(l1, l2, θ)), (1.95)

g̃
[k1,k2]
h (l1, l2, θ) = g

(k)(u(l1, l2, θ), v(l1, l2, θ)), (1.96)

where gh and g
(k)
h are defined by the equations (1.89)-(1.90).

We use also different powers of the polynomials m = (m1, m2) and
different window sizes h = (h1, h2) on the variables in order to reinforce the
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directional properties of the kernels .
Then, we define the kernels by the expressions:

g̃h(l1, l2, θ) = w(u/h1, v/h2) · φT (0, 0)Φ−1h φ(u, v), (1.97)

g̃
[k1,k2]
h (l1, l2, θ) = w(u/h1, v/h2) · [Dk1,k2φT (0, 0)]Φ−1h φ(u, v),(1.98)

Φh =
X
l1

X
l2

w(u/h1, v/h2)φ(u, v)φ
T (u, v), (1.99)

where the arguments of u and v given by (1.92) are omitted for simplicity
of notation.

The vector φ(u, v) in (1.97)-(1.99) is composed from the complete set
of 2D polynomials of the powers m1 and m2 for the variables u and v
respectively.

The transformation (1.92) rotates the coordinates X,Y to X 0, Y 0 on the
angle θ. In the new coordinates X 0,Y 0 the LPA fit used in the formulas
(1.97)-(1.99) coincides with used in the previous sections with the only dif-
ference that the different powers applied for the arguments corresponding
to the axes X 0, Y 0.

Let us ones more illustrate a difference of approximation in the old and
new rotated axes (variables). Assume that we use m1 = 2 and m2 = 0
(1.97). The kernel has the minimal acceptable window size 3 × 1 with the
total minimal number of the pixel equal to 3. This kernel is able to yield
the accurate reconstruction of the image features which are given as the
polynomial in the coordinate X 0, Y 0 of the power m = (2, 0).

In order to obtain the same accurate reconstruction of the polynomial
image features in the original coordinate system X,Y we need use the LPA
of the power m = (2, 2) with the total minimal number of the pixels in the
kernel equal to 6. Thus, the rotation enables one to decrease a minimal
size of the kernel and the smaller kernel means an ability to recognize and
reconstruct details of a smaller size.

Another important aspect of the new kernels is linked with the different
sizes h1 and h2 used for the different coordinates. It makes possible to give
an accurate (say, high power) approximation along edges with small size
windows. In this way the filtering can be accurately directed along the edge
and it does not involve a wide band of pixels from a neighborhood of the
edge.

1.5.2 Numerical examples

We will show some filtering directional kernels. Our main intention is to
demonstrate the directivity property as well as to show a design flexibility
of the new kernels.
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Let
WU (u, v) = 1, if |u| ≤ 1, |v| ≤ 1

and
WG(u, v) = exp(−(|u|2 + |v|2)/2), if |u|2 + |v|2 ≤ 1

be uniform and Gaussian finite supports, respectively.
These basic supports are exploited in order to obtain directional window

functions used in the LPA. The following three types of the windows are
introduced :

(1) Type 00

w(u, v) = WU (u, v), (1.100)

w(u, v) = WG(u, v),

(2) Type 10

w(u, v) = WU (u, v) · [u]+, (1.101)

w(u, v) = WG(u, v) · [u]+,

(2) Type 11

w(u, v) = WU (u, v) · [u]+ · [v]+, (1.102)

w(u, v) = WG(u, v) · [u]+ · [v]+.

Here [u]+ is an indicator-function, [u]+ = 1 if u > 0 and [u]+ = 0 if u ≤ 0.
The windows of Type 00 are symmetric in the axes X 0, Y 0 (see Figure

1.20), i.e. w(u, v) = w(−u, v), w(u, v) = w(u,−v), w(u, v) = w(−u,−v),
with the rectangular uniform or ellipsoid Gaussian basic support WU (u, v)
and WG(u, v), respectively.

The windows of Type 10 are symmetric with respect to Y 0 and nonsym-
metric with respect to X 0, for example for u > 0 and v > 0, w(u, v) =
w(u,−v), w(−u, v) = 0. These windows are zero for u ≤ 0 and equal to
one-half of the corresponding windows of the Type 00.

The windows of Type 11 are nonsymmetric with respect to both coor-
dinates X 0 and Y 0. For u > 0 and v > 0, w(−u, v) = 0, w(−u,−v) = 0,
w(u,−v) = 0. These windows are nonzero for u > 0 and v > 0 only and
they are formed as one-fourth of the corresponding windows of the Type 00.

The windows (1.100)-(1.102) are substituted in the formulas (1.97)-(1.99)
giving the LPA kernels for smoothing and differentiation.

Figures 1.21-1.35 demonstrate shapes and directivity of the kernels as
a function of the angle θ for different types of the window functions and
different orders of the polynomials used in the design.

Uniform white color of the kernel imaging in Figures 1.21 (Type 00) and
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1.23 (Type 10) shows that equal weights are used in the approximation by
the zero power polynomials with the uniform window function WU (u, v).
However, the zero power LPA results in non-equal values of the correspond-
ing kernels if the Gaussian support WG(u, v) is used, see Figures 1.28 (Type
00), 1.30 (Type 10) and 1.34 (Type 11).

Effects of the second power polynomials can be observed in Figures 1.22
(Type 00). The kernels form bands of equal values in the direction of the
axe Y 0 perpendicular to the axis X 0.

Remind that the use of the first power approximation m = (1, 0) gives
the kernels coinciding with the kernels of the zero power m = (0, 0) if the
used window is symmetric with respect the corresponding variable u (axe
X 0). In a similar way, the kernels of the orders m = (2, 0) and m = (3, 0)
also coincide for the similar symmetric window.

However, for the non-symmetric supports the orders m = (0, 0), (1, 0),
(2, 0), (3, 0) give different kernels, compare Figures 1.23-1.26 (Type 10).

The Gaussian finite support used in Figures 1.28-1.35 gives the kernels
which are different from the rectangular support kernels by the ellipsoid
form of the support as well as by non-equal weights even when we use the
zero-power polynomial approximations.

Figures 1.21-1.35 demonstrate that Types 01 and Type 11 kernels have
supports formed as a one-half or one-fourth of the support of the symmetric
Type 00 kernels. However, it does not mean that the kernel, say, of Type
11 is just one-fourth of the corresponding kernel derived for the Type 00
window with the same power of the polynomials.

All kernel weights are shown in the images on symmetric square masks.
The areas of these masks beyond the kernel support are filled by zeros shown
by black or grey colors. The reference point of the estimate is a center point
of this square masks. This representation of the kernels is an important
moment as it simplifies calculation of the corresponding 2D convolution
estimates.
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θ=0 θ=45

θ=90

DIRECTIONAL SYMMETRIC UNIFORM WINDOWS, h=[10,5], m=[0,0]

θ=135

Figure 1.21:

θ=0 θ=45

θ=90

DIRECTIONAL SYMMETRIC UNIFORM WINDOWS, h=[10,5], m=[2,0]

θ=135

Figure 1.22:
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θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) UNIFORM WINDOWS, h=[10,5], m=[0,0]

θ=315

Figure 1.23:

θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) UNIFORM WINDOWS, h=[10,5], m=[1,0]

θ=315

Figure 1.24:
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θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) UNIFORM WINDOWS, h=[10,5], m=[2,0]

θ=315

Figure 1.25:

θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) UNIFORM WINDOWS, h=[10,5], m=[3,0]

θ=315

Figure 1.26:
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θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 11) UNIFORM WINDOWS, h=[10,5], m=[1,0]

θ=315

Figure 1.27:

θ=0 θ=45

θ=90

DIRECTIONAL SYMMETRIC GAUSSIAN WINDOWS, h=[10,5], m=[0,0]

θ=135

Figure 1.28:
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θ=0 θ=45

θ=90

DIRECTIONAL SYMMETRIC GAUSSIAN WINDOWS, h=[10,5], m=[2,0]

θ=135

Figure 1.29:

θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) GAUSSIAN WINDOWS, h=[10,5], m=[0,0]

θ=315

Figure 1.30:
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θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) GAUSSIAN WINDOWS, h=[10,5], m=[1,0]

θ=315

Figure 1.31:

θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) GAUSSIAN WINDOWS, h=[10,5], m=[2,0]

θ=315

Figure 1.32:
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θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 10) GAUSSIAN WINDOWS, h=[10,5], m=[3,0]

θ=315

Figure 1.33:

θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 11) GAUSSIAN WINDOWS, h=[10,5], m=[0,0]

θ=315

Figure 1.34:
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θ=0 θ=45 θ=90

θ=135 θ=180 θ=225

θ=270

DIRECTIONAL NONSYM (TYPE 11) GAUSSIAN WINDOWS, h=[10,5], m=[1,0]

θ=315

Figure 1.35:
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1.6 Integral kernel estimators

1.6.1 Integral LPA estimates

An integral representation of linear 2D filters applied for image processing
is quite standard for the theory and for many applications. At least the
integral form makes the filter presentation simpler and many its properties
more transparent. There are two ways how these integral estimators can be
introduced in the context of the LPA approach.

First, we can start from the regular grid discrete estimators (1.40)-(1.42)
and consider their limit representations as the grid size parameters ∆1 and
∆2 go to zero. Another way is to introduce the integral version of the LPA,
where the sum in the criteria function (1.8) is replaced by the corresponding
integrals. Final results are completely identical for the both approaches.

The second way, i.e. the integral version of the LPA approach, was
proposed in [55], [56], [58], where integral multivariable smoothing and dif-
ferentiation operators have been derived and studied.

In this section we use the first approach starting from the already ob-
tained discrete estimators (1.40)-(1.42). The limit results can be finalized
in the following compact form.

Proposition 1 Let the discrete kernel estimates of the function and the
derivatives be defined by (1.40)-(1.42), where φ(x) are polynomials (1.7)
and the window wh is of the form (1.9).

Then, the limit corresponding estimates, as ∆1, ∆2 → 0, have the fol-
lowing integral forms

ŷh(x) =

Z
R2
g(u)z(x− hu)du, (1.103)

g(x) = w(x)φT (0)Φ−1φ(x), (1.104)

Φ =

Z
R2
w(u)φ(u)φT (u)du (1.105)

and

ŷ
(k)
h (x) =

1

hk

Z
R2
g(k)(u)z(x− hu)du, (1.106)

g(k)(x) = (−1)|k|w(x)[D(k)φT (0)]Φ−1φ(x), (1.107)

where the 2D integrals are calculated over 2D variables u,
R
R2 du =R∞

−∞
R∞
−∞ du1du2.

Proof of Proposition 1.
Firstly, derive the formula (1.105) for the matrix Φh. Let Td(h) denote

a diagonal matrix composed from the items of the vector φ(x) with x1 = h,
x2 = h, Td(h) = diag{φ(x)} (1.46).
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Successive steps of the proof are as follows

Φh =
1

∆2

X
l1

X
l2

w(
l1∆

h
,
l2∆

h
)Td(h)φ(

l1∆

h
,
l2∆

h
)× (1.108)

φT (
l1∆

h
,
l2∆

h
)Td(h)

∆2

h2
=

1

∆2
Td(h)

X
l1

X
l2

w(
l1∆

h
,
l2∆

h
)φ(
l1∆

h
,
l2∆

h
)φT (

l1∆

h
,
l2∆

h
)
∆2

h2
Td(h)→

1

∆2
Td(h) ·

Z ∞

−∞

Z ∞

−∞
w(u1, u2)φ(u1, u2)φ

T (u1, u2)du1du2 · Td(h)

=
1

∆2
Td(h)ΦTd(h), (1.109)

Φ =

Z ∞

−∞

Z ∞

−∞
w(u1, u2)φ(u1, u2)φ

T (u1, u2)du1du2,

where the integration variables u1 and u2 are obtained as l1∆/h → u1,
l2∆/h→ u2 with du1 = ∆/h, du2 = ∆/h. It proofs (1.105), where compact
notation for the 2D integration is used.

Substituting the last formula (1.109) for Φh in (1.40) we obtain

ŷh(x) =
X
l1

X
l2

gh(l1∆1, l2∆2)z(x1 − l1∆1, x2 − l2∆2) =

1

∆2

X
l1

X
l2

w(
l1∆1
h
,
l2∆2
h
)φT (0)Φ−1h Td(h)φ(

l1∆1
h
,
l2∆2
h
)×

z(x1 − hl1∆1
h
, x2 − hl2∆2

h
)
∆2

h2
=X

l1

X
l2

w(
l1∆1
h
,
l2∆2
h
)φT (0)T−1d (h)Φ−1T−1d (h)Td(h)φ(

l1∆1
h
,
l2∆2
h
)×

z(x1 − hl1∆1
h
, x2 − hl2∆2

h
)
∆2

h2
=

→
Z Z

w(u1, u2)φ
T (0)T−1d (h)Φ−1φ(u1, u2)z(x1 − hu1, x2 − hu2)du1du2,

what follows by

ŷh(x) =

Z
R2
gh(u)z(x− hu)du, (1.110)

gh(x) = w(x)φ
T (0)T−1d (h)Φ−1φ(x),

Φ =

Z
R2
w(u)φ(u)φT (u)du, (1.111)
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It can be seen because of (1.7) that

φT (0)T−1d (h) = φT (0). (1.112)

Then (1.103) follows from (1.110).

In a similar way, substituting (1.109) for Φh in (1.42) we obtain for the
derivative estimate

ŷ
(k)
h (x) =

Z
R2
g
(k)
h (u)z(x− hu)du, (1.113)

g
(k)
h (x) = (−1)|k|w(x)[D(k)φT (0)]T−1d (h)Φ−1φ(x).

It can be seen that for the polynomial φ(x) (1.7)

g
(k)
h (x) =

1

hk1+k2
g(k)(x), (1.114)

g(k)(x) = (−1)|k|w(x)[D(k)φT (0)]Φ−1φ(x).

Inserting the last formula in (1.113) proves the equation (1.106). It
completes the proof of Proposition 1.

In order to be more accurate, we note that some extra conditions on the
window w(x) and the intensity z(x) are required in order the limit passages
of the proposition have a place. However, we do not go to these mathematical
details as these conditions are quite not restrictive. Actually, the existence
of the integrals in (1.110)-(1.113) is a sufficient assumption for the all limit
passages.

Proposition 1 shows that the kernel (1.104) of the function estimation
does not depend on h, while the kernel of the differentiation (1.107) is an
exponential function of h, having the exponent 1/hk1+k2 as a factor of the
kernel independent on h.

Consider the reproductive properties of the integral estimators.

Let the input signal y(x) be a vector equal to φ(x) then the formulas
(1.103) and (1.106) give the accurate values of the polynomials and deriva-
tives: Z

R2
g(u)φ(x− hu)du = φ(x),

1

hk

Z
R2
g(k)(u)φ(x− hu)du = D(k)φ(x).

These equations are identities on x.
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Then for x = 0 Z
R2
g(u)φ(hu)du = φ(0), (1.115)

1

hk

Z
R2
g(k)(u)φ(−hu)du = D(k)φ(0).

Note that φ(hu) = Td(h)φ(u) and inserting the formulas for g(u) and
g(k)(u) from (1.103) and (1.106) in (1.115) we find that the latter equations
are simplified to

Z
R2
g(u)Td(h)φ(u)du = φ(0),Z

R2

1

hk
g(k)(u)Td(h)φ(−u)du = D(k)φ(0),

which results in

Z
R2
g(u)φ(u)du = φ(0), (1.116)Z

R2
g(k)(u)φ(u)du = (−1)|k|D(k)φ(0),

or

Z Z
g(u1, u2)u

r1
1 u

r2
2 du1u2 = δr1,0δr2,0, (1.117)Z Z

g(k)(u1, u2)
(u1)

r1

r1!

(u2)
r2

r2!
du1u2 = (−1)r1+r2δr1,k1δr2,k2 ,

r1 + r2 ≤ m,

where g and g(k) are defined in (1.112) and (1.114) and δr,k denotes the
Kronecker symbol.

Changing the integration variables in (1.103) and (1.106) gives two quite
useful equivalent forms of the kernel estimates:

(a)

ŷh(x) =
1

h2

Z
R2
g(
u

h
)y(x− u)du, (1.118)

ŷ
(k)
h (x) =

1

h2

Z
R2
g(k)(

u

h
)y(x− u)du, (1.119)

(b)
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ŷh(x) =
1

h2

Z
R2
g(
x− u
h

)y(u)du, (1.120)

ŷ
(k)
h (x) =

1

h2

Z
R2
g(k)(

x− u
h

)y(u)du, (1.121)

The difference is, say between (1.118) and (1.120), that the dependence
on x in (1.118) analytically goes from input y(x) and in (1.120) from the
kernel g(x). The similar difference is identified between the representations
(1.119) and (1.121).

1.6.2 Analytical examples

In this section we use the classical orthogonal polynomials (Legendre, Cheby-
shev, and Hermit) instead of the polynomials in the standard form (1.7).
The technique is completely similar to exploited in Section 1.4.1 for the
analytical design of the discrete smoothing and differentiation estimators.

Let the 2D polynomials φ(x) be orthogonal with the window w(x). Then,
the matrix Φ (1.105) is identical , Φ = I, and the kernel formulas (1.112)
and (1.114) are simplified to the form

g(x) = w(x)φT (0)φ(x), (1.122)

and
g(k)(x) = (−1)|k|w(x)[D(k)φT (0)]φ(x). (1.123)

Assume that the 2D window w(x) is a product of 1D windows w1(x1)
and w1(x2)

w(x) = w1(x1)w1(x2). (1.124)

Then, the 2D polynomials φ(x) orthogonal with the window w(x) (1.124)
can be composed from the 1D polynomials orthogonal with the weights
w1(x1) and w1(x2), respectively (see formulas (1.77)). In this case the kernels
(1.122) and (1.123) can be derived using these 1D orthogonal polynomials.
It is exactly as it was done in Section 1.4.1 in order to obtain the analytical
formulas for the kernels of the discrete estimators.

(I) 1D Legendre polynomials orthogonal with the symmetric window
function

w1(x) = 1, |x| ≤ 1
have the form

φ1(x) =

r
1

2
, φ2(x) =

r
3

2
x, φ3(x) =

1

2

r
5

2
[3x2 − 1). (1.125)

The corresponding smoothing kernels of the powers m = 0, 1, 2 follow
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from (1.122)

g(x) =

½
w(x) for m = 0, 1,

[72 − 15
4 (x

2
1 + x

2
2)]w(x) for m = 2,

(1.126)

where
w(x) =

1

4
w1(x1)w1(x2).

The first derivative estimation kernels follow from (1.123) are as follows

g(1,0)(x) = −3x1w(x), for m = 1, 2, (1.127)

g(0,1)(x) = −3x2w(x), for m = 1, 2.

The second derivative estimation kernels follow from (1.123) are as fol-
lows

g(1,1)(x) = 9x1x2w(x), for m = 2,

g(2,0)(x) =
15

2
(3x21 − 1)w(x), for m = 2,

g(0,2)(x) =
15

2
(3x22 − 1)w(x), for m = 2.

(II) 1D Legendre polynomials orthogonal with the nonsymmetric win-
dow function

w1(x) = 1, 0 ≤ x ≤ 1
have the form

φ1(x) = 1, φ2(x) =
√
3(2x− 1), φ3(x) =

1

2

√
5[3(2x− 1)2 − 1].

Let
w(x) = w1(x1)w1(x2).

The corresponding smoothing kernels follow from (1.122)

g(x) =


w(x) for m = 0,
[7− 6(x1 + x2)]w(x) for m = 1,
[21 + 30(x21 + x

2
2)− 54(x1 + x2) + 36x1x2]w(x) for m = 2.

The first derivative estimation kernels follow from (1.123) are as follows

g(1,0)(x) =

½ −6(2x1 − 1)w(x) for m = 1,
−[12(2x1 − 1)x2 − 15

2 (3(2x1 − 1)2 − 1)]w(x) for m = 2.
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g(0,1)(x) =

½ −6(2x2 − 1)w(x) for m = 1,
−[12(2x2 − 1)x1 − 15

2 (3(2x2 − 1)2 − 1)]w(x) for m = 2.

The second derivative estimation kernels follow from (1.123) are as follows

g(1,1)(x) = 36(2x1 − 1)(2x2 − 1)w(x), for m = 2,

g(2,0)(x) = 15[3(2x1 − 1)2 − 1]w(x), for m = 2,

g(0,2)(x) = 15[3(2x2 − 1)2 − 1]w(x), for m = 2.

(III) 1D Laguerre polynomials orthogonal with the nonsymmetric
window function

w1(x) = exp(−x), 0 ≤ x <∞
have the form

φ1(x) = 1, φ2(x) = (1− x), φ3(x) =
1

2
(2− 4x+ x2).

Let
w(x) = w1(x1)w1(x2).

The corresponding smoothing kernels follow from (1.122)

g(x) =


w(x) for m = 0,
[3− (x1 + x2)]w(x) for m = 1,
[6 + 1

2(x
2
1 + x

2
2)− 4(x1 + x2) + x1x2]w(x) for m = 2.

The first derivative estimation kernels follow from (1.123) are as follows

g(1,0)(x) =

½ −(x1 − 1)w(x) for m = 1,
[(1− x1)(3− x1 − x2) + 2− 4u1 + x21]w(x) for m = 2.

g(0,1)(x) =

½ −(x2 − 1)w(x) for m = 1,
[(1− x2)(3− x1 − x2) + 2− 4u2 + x22]w(x) for m = 2.

The second derivative estimation kernels follow from (1.123) are as follows

g(1,1)(x) = (1− x1)(1− x2)w(x), for m = 2,

g(2,0)(x) =
1

2
(2− 4u1 + x21)w(x), for m = 2,

g(0,2)(x) =
1

2
(2− 4u2 + x22)w(x), , for m = 2.
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(IV) Chebyshev polynomials orthogonal with the symmetric window

function
w1(x) =

p
1− x2, |x| ≤ 1

have the form

φ1(x) =

r
2

π
, φ2(x) =

r
2

π
x, φ3(x) =

r
2

π
[4x2 − 1).

The corresponding smoothing kernels of the powers m = 0, 1, 2 follow
from (1.122)

g(x) =

½
w(x) for m = 0, 1,

[3− 4(x21 + x22)]w(x) for m = 2,

where
w(x) =

4

π2
w1(x1)w1(x2).

The first derivative estimation kernels follow from (1.123) are as follows

g(1,0)(x) = −4u1w(x), for m = 1, 2,

g(0,1)(x) = −4u2w(x), for m = 1, 2.

The second derivative estimation kernels follow from (1.123) are as fol-
lows

g(1,1)(x) = (1− x1)(1− x2)w(x), for m = 2,

g(2,0)(x) =
1

2
(2− 4x1 + x21)w(x), for m = 2,

g(0,2)(x) =
1

2
(2− 4x2 + x22)w(x), for m = 2.

(V) Hermitian polynomials orthogonal with the symmetric window
function

w1(x) =
1√
2π
exp(−x2/2), −∞ < x <∞,

have the form

φ1(x) = 1, φ2(x) = x, φ3(x) =
1√
2
(x2 − 1).

The corresponding smoothing kernels of the powers m = 0, 1, 2 follow
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from (1.122)

g(x) =

½
w(x) for m = 0, 1,

[2− 1
2(x

2
1 + x

2
2)]w(x) for m = 2,

(1.128)

where
w(x) =

1

π
w1(x1)w1(x2).

The first derivative estimation kernels follow from (1.123) are as follows

g(1,0)(x) = −x1w(x), for m = 1, 2, (1.129)

g(0,1)(x) = −x2w(x), for m = 1, 2.

The second derivative estimation kernels follow from (1.123) are as fol-
lows

g(1,1)(x) = x1x2w(x), for m = 2, (1.130)

g(2,0)(x) = (x21 − 1)w(x), for m = 2,

g(0,2)(x) = (x22 − 1)w(x), for m = 2.

1.6.3 Links with the generalized function theory

Let us consider the integral estimate (1.110) as a smoother of the input
signal y(x)

ŷh(x) =

Z
R2
g(u)y(x− hu)du, (1.131)

with the Gaussian kernel (1.128) for m = 0

g(x) =
1

2π
exp(−1

2
||x||2). (1.132)

Two equivalent forms (1.118) and (1.120) for the Gaussian kernel give:

(a)

ŷh(x) =
1

h2

Z
R2
g(u/h)y(x− u)du = (1.133)

1

2πh2

Z
R2
exp(−1

2
||u||2/h2)y(x− u)du,

(b)
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ŷh(x) =
1

h2

Z
R2
g((x− u)/h)y(u)du = (1.134)

1

2πh2

Z
R2
exp(−1

2
||x− u||2/h2)y(u)du.

The following facts can be stated for these ŷh(x) and g(x/h)/h2 :

(1) The smoothed ŷh(x) is continuous for any h ≥ 0 even for the discon-
tinuous original y(x);

(2) The smoothed ŷh(x) is infinitely differentiable regardless properties
of y(x);

(3) If y(x) is continuous at the point x then

lim
h→0

ŷh(x) = y(x);

(4) If y(x) has a finite jump at the point x then

lim
h→0

ŷh(x) =
1

2
(y(x+ 0) + y(x− 0)),

where y(x + 0) and y(x − 0) are values of y(x) at the left and right hand
sides from the jump-point x;

(5) As h→ 0 the kernel g(x/h)/h2 approaches the Dirac delta function

lim
h→0

g(x/h)/h2 = δ(x). (1.135)

The delta function is a unusual singular function. To include mathemati-
cal objects such as the Dirac delta function δ(x) into analysis, the concept of
a function should be somehow extended. It is done in terms of the so-called
generalized functions.

Let us present some notes on the mathematical definition of the gener-
alized functions.

Consider g(x/h)/h2 as a sequence function with a parameter h. Note
that g(x/h)/h2 is a usual function for any h > 0. Then on the definition
”generalized function” is the limit of this sequence function as h→ 0, i.e.

δ(x) = lim
h→0

g(x/h)/h2. (1.136)

Important to emphasize that this limit delta function δ(x) is very differ-
ent from the usual g(x/h)/h2, h > 0, and mathematically strictly defined
with use special linear functionals (convolutions with smooth ”test” kernels).

The estimate ŷh(x) is also considered as a sequence function with a
parameter h. The corresponding ”generalized function” (in this case not
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the delta function) is the limit of the sequence ŷh(x) as h→ 0, i.e.

ŷ0(x) = lim
h→0

ŷh(x). (1.137)

It deserves to be noted that this limit ŷ0(x) of the smoothed function
ŷh(x) can be not identical to the original function y(x).

In general, the properties of the generalized functions are very different
from the properties of the ordinary functions. In particular, the generalized
functions have derivatives of all orders.

In engineering contexts, the functional nature of the delta function is
often suppressed and δ(x) is instead viewed as a ”special kind” of function,
resulting in the useful notation δ(x). However, the concept of the delta
function as a limit of some sequence functions is in common use.

Go further and consider some derivative estimates which follow from the
integral representation for smoothing estimators (1.118) and (1.120).

Differentiate the both sides of (1.120). Then

∂k1+k2

∂xk11 ∂xk22
ŷh(x) =

1

h2

Z
R2

∂k1+k2

∂xk11 ∂xk22
g(
x− u
h

)y(u)du = (1.138)

1

h2+k1+k2

Z
R2
g(k)(

x− u
h

)y(u)du, (1.139)

where it is denoted

g(k)(x) =
∂k1+k2

∂xk11 ∂xk22
g(x). (1.140)

Change the integration variables in the transform (1.139). Then

∂k1+k2

∂xk11 ∂xk22
ŷh(x) =

1

hk1+k2

Z
R2
g(k)(u)y(x− hu)du. (1.141)

Note also that it follows from (1.131) that

∂k1+k2

∂xk11 ∂xk22
ŷh(x) =

Z
R2
g(u)

∂k1+k2

∂xk11 ∂xk22
y(x− hu)du = (1.142)

1

h2

Z
R2
g(
x− u
h

)
∂k1+k2

∂xk11 ∂xk22
y(u)du.

This last formula allows one to make a number of interesting conclusions.
The above properties of the smoothing estimator of ŷh(x) are applicable

to the derivative ∂k1+k2

∂x
k1
1 ∂x

k2
2

ŷh(x):

(1) The derivative ∂k1+k2

∂x
k1
1 ∂x

k2
2

ŷh(x) is continuous for any h ≥ 0 even for

discontinuous ∂k1+k2

∂x
k1
1 ∂x

k2
2

y(x);
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(2) The derivative ∂k1+k2

∂x
k1
1 ∂x

k2
2

ŷh(x) is infinitely differentiable regardless

properties of ∂k1+k2

∂x
k1
1 ∂x

k2
2

y(x);

The derivative ∂k1+k2

∂x
k1
1 ∂x

k2
2

ŷh(x) is a sequence function defining the limit

generalized function as limh→0 ∂k1+k2

∂x
k1
1 ∂x

k2
2

ŷh(x).

(3) If the derivative ∂k1+k2

∂x
k1
1 ∂x

k2
2

y(x) is continuous at the point x then

lim
h→0

∂k1+k2

∂xk11 ∂xk22
ŷh(x) =

∂k1+k2

∂xk11 ∂xk22
y(x). (1.143)

(4) As h → 0 the kernel 1
h2+k1+k2

g(k)(x−uh ) approaches the derivative of
the Dirac delta function

lim
h→0

1

h2+k1+k2
g(k)(

x

h
) =

∂k1+k2

∂xk11 ∂xk22
δ(x). (1.144)

The equation (1.143) is of importance as it shows that the differentiation
of (1.118) and (1.120) can be used in order to obtain the derivative estima-
tors. Even more, it is proved that this derivative estimator is a convolution
of y(x) with the kernel g(k) explicitly defined by (1.140) as the derivative of
the smoothing kernel g(x).

We specially apply the notation g(k) for this derivative the same as used
earlier, say in (1.123), for the weights of the differentiators in order to em-
phasize this meaning of these weights.

Thus, the formula (1.140) gives the kernels of the differentiators. The
differentiation of the smoothing kernel g(x) is a simple and constructive way
to design the differentiation kernels.

Note that in general (for general w(x)) the result for g(k) can be different
when we use the formula (1.140) and the regular LPA technique. However,
for the Gaussian w(x) the results are identical.

Let us produce some calculations and derive the derivative estimators
according to the formula (1.143) for the Gaussian g(x) (1.132).

It can be seen for the derivatives of g(x) that

∂

∂x1
g(x) = −x1g(x), ∂

∂x2
g(x) = −x2g(x),

∂2

∂x1∂x2
g(x) = x1x2g(x),

∂2

∂x21
g(x) = (x21 − 1)g(x),

∂2

∂x22
g(x) = (x22 − 1)g(x).
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Then, the derivatives kernels following from (1.140) are in the form

g(1,0)(x) = −x1g(x), g(0,1)(x) = −x2g(x), (1.145)

g(1,1)(x) = x1x2g(x), g
(2,0)(x) = (x21 − 1)g(x),

g(0,2)(x) = (x22 − 1)g(x).

Comparing (1.145) with the formulas given by the LPA (1.129)-(1.130)
we can see that these results are identical.

It can be mentioned that

gLap(x) = g
(0,2)(x) + g(2,0)(x) = (1.146)

(x21 + x
2
2 − 2)g(x)

gives the kernel for the Gaussian based estimate of the Laplacian of y(x),
i.e. the estimate of

∂2

∂x21
y(x) +

∂2

∂x22
y(x).

In conclusion of the section we wish to remark that in the real function
theory and in the distribution theory the generalized functions is a special
subject. The rigorous mathematical treatment of the field can be seen in
the multivolume work by Gel’fand and Shilov [24]-[25] and in the book by
Friedlander [23].
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1.7 LPA accuracy

The window size is a crucial point in the efficiency of the local estimators
(e.g. [20], [59], [83]). When the window size h is relatively small, the LPA
gives a good smooth fit of functions but then fewer data are used and the
estimates are more variable and sensitive with respect to the noise. The
best choice of h involves a trade-off between the bias and variance, which
depends on the order of the derivatives being involved in the LPA, a sample
period, the noise variance and the derivatives of y(x) beyond the power
used in the LPA. We present the accuracy analysis of the LPA estimates
in order to illustrate these statements. For simplicity we consider only the
homogeneous estimators while the similar results can be obtained for the
general case of nonhomogeneous LPA estimates.

First, we derive the formulas for the discrete estimates with finite, small
or large, values of h. As a next step we consider the asymptotic accuracy er-
rors assuming that h is small. It allows to obtain a clear analytical formulas,
which are used for window size optimization.

1.7.1 Discrete estimators

The estimation error is defined as a difference between the estimated signal
and the estimate

ey(x, h) = y(x)− ŷh(x),
e(k)y (x, h) = y

(k)(x)− ŷ(k)h (x).

For the observation model (1.1) these errors are composed from the system-
atic (bias) and random components corresponding to the deterministic y(x)
and the random noise ε(x) respectively:

my(x, h) = E{y(x)− ŷh(x)} = y(x)−E{ŷh(x)},
my(k)(x, h) = E{y(k)(x)− ŷ(k)h (x)} = y(k)(x)−E{ŷ(k)h (x)},

where E{} means the mathematical expectation.
For the homogeneous convolution estimates defined by the formulas

(1.29) and (1.28) respectively for the function

ŷh(x) =
X
s

gh(us)z(x− us), (1.147)

gh(x) = wh(x)φ
T (0)Φ−1h φ(x).

and the derivative
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ŷ
(k)
h (x) =

X
s

g
(k)
h (us)z(x− us), (1.148)

g
(k)
h (x) = (−1)|k|wh(x)[D(k)φT (0)]Φ−1h φ(x),

Φh =
X
s

wh(us)φ(us)φ
T (us),

these bias errors are of the form

my(x, h) = y(x)−
X
s

gh(us)y(x− us), (1.149a)

my(k)(x, h) = y
(k)(x)−

X
s

g
(k)
h (us)y(x− us). (1.149b)

Assume that:
(H1) The image intensity y(x) be deterministic locally smooth belonging

to a nonparametric class of continuous r−differentiable functions (1.4)

Fr(L̄r) = { max
r1+r2=r

¯̄̄
D(r)y(x)

¯̄̄
= Lr(x) ≤ L̄r, ∀ r1 + r2 = r}, (1.150)

whereD(r) = ∂r1+r2

∂x
r1
1 ∂x

r2
2

is a differentiation operator and L̄r is a finite constant;

(H2) The LPA estimates of the intensity and the derivatives are defined
by the equations (1.147) and (1.148). The power of the LPA is equal to m.

Proposition 2 Let the hypotheses H1 and H2 hold, M = min{m+ 1, |r|},
and the noise in the observation model (1.1) be white with the variance σ2.
Then the accuracy of the estimates (1.147) and (1.148) are defined by the
following upper bounds for the bias

|my(x, h)| ≤ L̄M
X

r1+r2=M

1

r1!r2!

X
s

|gh(us)||u1,s|r1 |u2,s|r2 ,(1.151)

|my(k)(x, h)| ≤ L̄M
X

r1+r2=M

1

r1!r2!

X
s

|g(k)h (us)||u1,s|r1 |u2,s|r2(1.152)

and the following formulas for the variance

σ2y(x, h) = σ2
X
s

(gh(us))
2, (1.153)

σ2
y(k)
(x, h) = σ2

X
s

(g
(k)
h (us))

2. (1.154)

Proof of Proposition 2.
Consider the systematic error estimation.
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If y(x) ∈ Fr(L̄r) (1.4) then, provided

M + 1 ≤ r,

the Taylor series for y(x− us) can be used in the form

y(x− us) =
MX
k=0

X
r1+r2=k

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x) + (1.155)

X
r1+r2=M+1

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λsus),

0 ≤ λs ≤ 1,

where the last remainder term is given in the Lagrange form and according
to (1.4)

max
r1+r2=M+1

|D(r1,r2)y(x− λsus)| ≤ L̄M+1. (1.156)

For the power m, the LPA kernels (1.147) and (1.148) have , the follow-
ing reproductive properties (1.27):

X
s

gh(us)u
k1
1,su

k2
2,s = δk1,0 · δk2,0, (1.157)

X
s

g
(k)
h (us)

(−1)r1+r2
r1!r2!

ur11,su
r2
2,s =

1

hr1+r2
δr1,k1 · δr2,k2 , (1.158)

r1 + r2 ≤ m,

Firstly, consider the case r ≥ m+ 1.
Then, we can use (1.155) with M = m. Inserting this Taylor series,

M = m, in (1.147) and using (1.157) we obtain the estimate expectation in
the form

E{ŷh(x)} =
X
s

gh(us)y(x− us) =

y(x) +
X
s

gh(us) ·
X

r1+r2=m+1

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λus).

Then, the bias of the estimation error is as follows

me(x, h) = y(x)−E{ŷh(x)} =
−
X
s

gh(us) ·
X

r1+r2=m+1

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λus)
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with the upper bound of this error given in the form

|me(x, h)| = |y(x)−E{ŷh(x)}| = (1.159)

|
X
s

gh(us) ·
X

r1+r2=m+1

1

r1!r2!
ur11,su

r2
2,sD

(r1,r2)y(x− λus)| ≤

L̄m+1
X

r1+r2=m+1

1

r1!r2!

X
s

|gh(us)||u1,s|r1 |u2,s|r2 ,

where (1.156) is used.

In a similar way, substituting (1.155) in the estimate of the derivative
(1.148) and using the moment equations (1.158) we have for the expectation
of this estimate

E{ŷ(k)h (x)} =
X
s

g
(k)
h (us)y(x− us) =

y
(k)
h (x) +

X
s

g
(k)
h (us) ·

X
r1+r2=m+1

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λsus)

and for the bias error

m(k)
e (x, h) = y

(k)
h (x)−E{ŷ(k)h (x)} = (1.160)

−
X
s

g
(k)
h (us) ·

X
r1+r2=m+1

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λsus).

The upper bound error for the derivative estimation is

|mk1,k2e (x, h)| = |y(k)h (x)−E{ŷ(k)h (x)}| = (1.161)

|
X
s

g
(k)
h (us) ·

X
r1+r2=m+1

1

r1!r2!
ur11,su

r2
2,sD

(r1,r2)y(x− λsus)| ≤

L̄m+1
X

r1+r2=m+1

1

r1!r2!

X
s

|g(k)h (us)||u1,s|r1 |u2,s|r2 .

Secondly, consider the another case r < m+1. Then, we are able to use
(1.155) with M = r− 1 only. Inserting this Taylor series, M = r− 1, in the
formula for the derivative estimate expectation and using (1.157) we obtain
the estimate expectation in the form

E{ŷh(x)} =
X
s

gh(us)y(x− us) =

y(x) +
X
s

gh(us) ·
X

r1+r2=r

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λus).
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Then, the formulas for the bias error and its upper bound are as follows

me(x, h) = y(x)−E{ŷh(x)} =
−
X
s

gh(us) ·
X

r1+r2=r

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λus)

|me(x, h)| = |y(x)−E{ŷh(x)}| = (1.162)

|
X
s

gh(us) ·
X

r1+r2=m+1

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λus)| ≤

L̄r
X

r1+r2=r

1

r1!r2!

X
s

|gh(us)||u1,s|r1 |u2,s|r2 .

In a similar way, for the derivative estimate we yield

E{ŷ(k)h (x)} =
X
s

g
(k)
h (us)y(x− us) =

y
(k)
h (x) +

X
s

g
(k)
h (us) ·

X
r1+r2=r

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λsus)

and for the estimation bias error

m(k)
e (x, h) = y

(k)
h (x)−E{ŷ(k)h (x)} =

−
X
s

g
(k)
h (us) ·

X
r1+r2=r

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λsus).

The upper bound error for the derivative estimation is

|m(k)
e (x, h)| = |y(k)h (x)−E{ŷ(k)h (x)}| = (1.163)

|
X
s

g
(k)
h (us) ·

X
r1+r2=m+1

(−1)r1+r2
r1!r2!

ur11,su
r2
2,sD

(r1,r2)y(x− λsus)| ≤

L̄r
X

r1+r2=r

1

r1!r2!

X
s

|g(k)h (us)||u1,s|r1 |u2,s|r2 .

Comparing the formulas (1.159) versus (1.162) we see that m + 1 in
(1.159) is replaced by r in (1.162). Noting that M = min(m+ 1, r) we can
see that the result (1.151) of the proposition is a combination of the formulas
(1.159) and (1.162). In the same way the result (1.152) of the proposition
is a combination of the formulas (1.161) and (1.163).

For the white noise the variance of the estimates are given by the obvious
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formulas

σ2y(x, h) = σ2
X
s

(gh(us))
2, (1.164)

σ2
y(k)
(x, h) = σ2

X
s

(g
(k)
h (us))

2. (1.165)

It proves the formulas (1.153)-(1.154) and completes the proof of Propo-
sition 2.

1.7.2 Integral estimators

We consider the asymptotic formulas for the estimation errors provided that
the grid is given by (1.2) with ∆1 = ∆2 = ∆ and ∆ small. These results
are applied for scale optimization and further analysis. The limit passage
∆ → 0 can be produced in the above equations derived for the discrete
estimators. However, it is straightforward to derive these results from the
integral estimator representations using the corresponding limit estimates
(1.103) and (1.106):

ŷh(x) =

Z
R2
g(u)z(x− hu)du, (1.166)

g(x) = w(x)φT (0)Φ−1φ(x),

Φ =

Z
R2
w(u)φ(u)φT (u)du,

and

ŷ
(k)
h (x) =

1

hk

Z
R2
g(k)(u)z(x− hu)du, (1.167)

g(k)(x) = (−1)|k|w(x)[D(k)φT (0)]Φ−1φ(x).

Let use present result which is an integral version of given in Proposition
2 for the discrete LPA estimates.

Assume that:
(H1) The image intensity y(x) be deterministic locally smooth belonging

to a nonparametric class of continuous r−differentiable functions (1.4)

Fr(L̄r) = { max
r1+r2=r

¯̄̄
D(r1,r2)y(x)

¯̄̄
= Lr(x) ≤ L̄r, ∀ r1 + r2 = r},

where D(r1,r2) = ∂r1+r2

∂x
r1
1 ∂x

r2
2

is a differentiation operator and L̄r is a finite
constant;

(H2) The integral LPA estimates of the intensity and the derivatives
are defined by the equations (1.166) and (1.167). The power of the LPA is
equal to m.
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Proposition 3 Let the hypotheses H1 and H2 hold, M = min{m+ 1, |r|},
and the noise in the observation model (1.1) be white with the variance σ2

and h→ 0, ∆→ 0, h/∆→∞. Then the accuracy of the estimates (1.166)
and (1.167) are defined by the following upper bounds for the estimation bias

|my(x, h)| ≤ hM L̄MAe, (1.168)

Ae =
X

r1+r2=M

1

r1!r2!

Z Z
|g(u1, u2)ur11 ur22 |du1du2,

|my(k)(x, h)| ≤ hM−(k1+k2)L̄MA(k)e , (1.169)

A(k)e =
X

r1+r2=M

1

r1!r2!

Z Z
|g(k)(u1, u2)ur11 ur22 |du1du2

and the following formulas for the variance

1

σ2
σ2y(x, h)→

∆2

h2
Be, Be =

Z Z
[g(u1, u2)]

2du1du2, (1.170)

1

σ2
σ2
y(k)
(x, h)→

∆2

h2+2|k|
B(k)e , (1.171)

B(k)e =

Z Z
[g(k)(u1, u2)]

2du1du2.

Proof of Proposition 3.
Consider the bias error of estimation. As the basic ideas of the cal-

culations are quite similar to produced for the discrete estimates we omit
details.

Taking into consideration the moment equations (1.116), (1.117) and
using the Taylor series (1.155) with the power M we obtain the following
upper bound for the deterministic systematic errors:

|me(x, h)| = |y(x)−E{ŷh(x)}| =
X

r1+r2=M

hM

r1!r2!
× (1.172)Z Z

|g(u1, u2)ur11 ur22 D(r1,r2)y(x− λhus)|du1du2 ≤
hM L̄MAe,

where

Ae =
X

r1+r2=M

1

r1!r2!

Z Z
|g(u1, u2)ur11 ur22 |du1du2, (1.173)

and
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|m(k)
e (x, h)| = |y(k)(x)−E{ŷ(k)h (x)}| = 1

h|k|
X

r1+r2=M

hM

r1!r2!
× (1.174)Z Z

|g(k)(u1, u2)ur11 ur22 D(r1,r2)y(x− λhus)|du1du2 ≤

hM−|k|L̄MA(k)e ,

where

A(k)e =
X

r1+r2=M

1

r1!r2!

Z Z
|g(k)(u1, u2)ur11 ur22 |du1du2. (1.175)

It proves the formulas (1.168)-(1.169).
The variance of the discrete estimates (1.40) and (1.42) is of the form

1

σ2
σ2y(x, h) =

X
l1

X
l2

[gh(l1∆1, l2∆2)]
2, (1.176)

1

σ2
σ2
y(k)
(x, h) =

X
l1

X
l2

[g
(k)
h (l1∆1, l2∆2)]

2. (1.177)

The corresponding limits as ∆→ 0 can be derived as it was done above
for the kernels of the integral estimators. These calculations give compact
formulas with a clear indication of the dependence of the variance on the
parameters ∆ and h.

Let us show this derivation for the variance (1.176). Substitute in (1.176)
the expression for gh(l1∆1, l2∆2) (1.40) and replace the matrix Φh in it by
its limit value (1.109).

Then

gh(l1∆1, l2∆2) = wh(l1∆1, l2∆2)φ
T (0)Φ−1h φ(l1∆1, l2∆2) =

∆2

h2
w(
l1∆1
h
,
l2∆2
h
)φT (0)T−1d (h)Φ−1φ(

l1∆1
h
,
l2∆2
h
),

where Td is defined in (1.46) and Φ is given by the integral (1.105).
It followsX
l1

X
l2

[gh(l1∆1, l2∆2)]
2 →

∆2

h2
Be(h), Be(h) =

Z Z
[gh(u1, u2)]

2du1du2,

gh(u1, u2) = w(u1, u2)φ
T (0)T−1d (h)Φ−1φ(u1, u2),

and as φT (0)T−1d (h) = φT (0),
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gh(u1, u2) = g(u1, u2) = w(u1, u2)φ
T (0)Φ−1φ(u1, u2),

Be(h) = Be =

Z Z
[g(u1, u2)]

2du1du2.

Thus, it is follows
1

σ2
σ2y(x, h)→

∆2

h2
Be as ∆→ 0 (1.178)

and proves the formula (1.170).
Completely similarly we derive that

1

σ2
σ2
y(k)
(x, h)→

∆2

h2
B(k)e (h), (1.179)

B(k)e (h) =

Z Z
g
(k)
h (u1, u2)

2du1du2,

g
(k)
h (u1, u2) = w(u1, u2)[D

(k)φT (0)]T−1d (h)Φ−1φ(u1, u2).

However, for the polynomials (1.7) the only non-zero items of the vector
[D(k)φT (0)]T−1d (h) is defined according to the formula

[D(k)φT (0)]T−1d (h) =
1

h|k|
(0, ..., 0, 1|{z}

kth

, 0, ..., 0),

where the kth elements of the vector-row corresponds to the location of the
polynomial

xk11
k1!

xk22
k2!

in the vector φ(x) used in the LPA.
Then, finally

g
(k)
h (u1, u2) =

1

hk1+k2
g(k)(u1, u2),

g(k)(u1, u2) = w(u1, u2)[D
(k)φT (0)]Φ−1φ(u1, u2),

B(k)e (h) =
1

h2(k1+k2)
B(k)e , (1.180)

B(k)e =

Z Z
[g(k)(u1, u2)]

2du1du2. (1.181)

Substituting (1.180) in (1.179) we prove (1.170).
It completes the proof of Proposition 3.
The special feature of non-asymptotic Proposition 3 in comparison with

asymptotic Proposition 2 is that the latter shows clearly a dependence of
the bias and the variance on the scale parameter h. Actually it is one of the
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main reasons for us to derive this sort of asymptotic results.

1.7.3 Mean squared error minimization

Function estimation

The formulas derived in Proposition 3 can be summarized for the considered
asymptotic in the compact form:

|me(x, h)| ≤ hMLM(x)Ae = |m̄e(x, h)|, (1.182)

σ2y(x, h) = σ2
∆2

h2
Be

Thus, the point-wise mean squared risk r(x, h) for the function in the
asymptotic with a small ∆ can be represented as follows

r(x, h) , E(y(x)− ŷh(x))2 ≤ |m̄e(x, h)|2 + σ2y(x, h) =

r̄(x, h) = (hMLM(x)Ae)
2 +
∆2σ2

h2
Be. (1.183)

This upper bound risk function r̄(x, h) is convex on h. Its minimization
on h gives the ”ideal” values of the scale found from the equation:

∂

∂h
r̄(x, h) = 0.

Let us present general auxiliary formulas for further calculation .
Assume that the function to be minimized is of the form:

f(h) =
A

ha
+Bh−b. (1.184)

Then the equation ∂
∂hf(x) = 0 gives

h∗ = (
Bb

Aa
)1/(a+b), (1.185)

f∗ = f(h∗) =
1

(h∗)b
B(1 + γ2), γ2 =

b

a
.

Comparison (1.183) with (1.184) shows that

A = (LM(x)Ae)
2, B = ∆2σ2Be, a = 2M, b = 2

and using the formulas (1.185) we obtain:

h∗(x) =
µ
∆2

σ2Be
A2eL

2
M(x)

γ2
¶1/(2M+2)

, γ2 =
1

M
(1.186)
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and

r̄∗(x) = r̄(x, h∗(x)) = σ2y(x, h
∗(x))(1 + γ2), (1.187)

γ = |m̄e(x, h∗(x))|/σy(x, h∗(x)),
γ =

1√
M

(1.188)

Here the parameter γ is introduced as a ratio of the upper bound bias to
the standard deviation calculated for the ideal scale h∗(x). The calculation
shows that this parameter is a constant depending only on M = min{m+
1, |r|}, i.e. it depends only on the power of the LPA and the smoothness of
the function y(x) defined by the value of r.

The formulas (1.186) and (1.187) demonstrate that the ideal scale h∗(x)
depends on theM − th derivatives of y(x) and the ideal variance-bias trade-
off is achieved when the ratio between the bias and standard deviation γ is
equal to 1√

M+1
. It can be seen also that

|m̄e(x, h)| =
½
< γ · σy(x, h) if h < h∗(x)
> γ · σy(x, h) if h > h∗(x). . (1.189)

In what follows this inequality is used in order to test the hypotheses:
h ≶ h∗(x) in order to select the scale close to the ideal one.

Derivative estimation

The formulas derived in Proposition 3 for the derivative estimation can be
summarized in the compact form:

|m(k)
e (x, h)| ≤ hM−kLM(x)A(k)e = |m̄(k)

e (x, h)|, (1.190)

σ2
y(k)
(x, h) = σ2

∆2

h2+2|k|
B(k)e ,

k = (k1, k2), |k| = k1 + k2.

Thus, the point-wise mean squared risk r(k)e (x, h) for the derivative estima-
tion ∆ can be represented as follows

r(k)e (x, h) , E(D(k)y(x)− ŷ(k)h (x))2 ≤ |m(k)e (x, h)|2 + σ2
y(k)
(x, h),

r̄(k)e (x, h) = (hM−kLM(x)A(k)e )
2 + σ2

∆2

h2+2|k|
B(k)e . (1.191)

Formally, the analysis of the derivative estimation accuracy is only slightly
different from produced for the function estimation. However, the results
are different in both the formulas for the ideal scale as well as for the risk
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functions.
Comparison (1.190) and (1.184) shows that

A = (LM(x)A
(k)
e )

2, B = ∆2σ2B(k)e , a = 2(M − k), b = 2(1 + |k|).

and using the formulas (1.185) we obtain for minimization of r̄(k)e (x, h)
(1.191):

h∗k(x) =

Ã
∆2

σ2B
(k)
e

(LM(x)A
(k)
e )2

γ2

!1/(2M+2)
, γ2k =

1 + |k|
M − |k| (1.192)

and

r̄∗(x) = r̄(x, h∗k(x)) = σ2
y(k)
(x, h∗k(x))(1 + γ2k),

γk = |m̄(k)
e (x, h

∗
k(x))|/σ2y(k)(x, h∗k(x)),

γk =

s
1 + |k|
M − |k| (1.193)

Here the parameter γk is introduced as a ratio of the upper bound bias
to the standard deviation of the derivative estimate for the corresponding
ideal scale h∗k(x). The calculation shows that this parameter is a constant
depending only on M = min{m+ 1, |r|}, i.e. it depends only on the power
LPA, the smoothness of the function defined by the value of r and the order
k of the derivative estimated.

It can be seen also that

|m̄(k)
e (x, h(x))| =

½
< γk · σy(k)(x, h) if h < h∗k(x),
> γk · σy(k)(x, h) if h > h∗k(x).

. (1.194)

Latter this inequality is used in order to select the scale close to ideal
for the derivative estimation.



Chapter 2

ICI ADAPTIVE VARYING
SCALE

2.1 Introduction

Adaptation is now commonly considered as a crucial element of curve esti-
mation procedures, in particular in nonparametric statistical methods. The
adaptation used in this chapter is based on the direct nonparametric point-
wise image estimation without any preliminary edge recovering. A linear
estimator is applied, which is derived from the LPA of the image in a win-
dow selected by a data-driven way. The non-linearity of the method is
incorporated by an adaptive choice of an estimation window allowing to get
a near optimal quality of image and edge recovering. The idea of the used
adaptation method is simple. The algorithm searches for a largest local
vicinity of the point of estimation where the LPA assumption fits well to
the data. The estimates of the image are calculated for a grid of window
sizes and compared. The adaptive window size is defined as the largest of
those windows in the grid, which the estimate does not differ significantly
from the estimators corresponding to the smaller window sizes. This idea is
common for Lepski’s approach on the whole. However, the statistics used for
comparison of the estimates of different window sizes are defined differently
by different authors.

The problem of pointwise adaptive estimation has received a new pow-
erful impetus in connection with a number of new methods developed for
adaptive window size selection. Various developments of this idea and var-
ious statistical rules are a subject of a thorough study in the papers [74],
[81], [97], [114]. It was shown that roughly speaking these new methods are
equivalent or nearly equivalent in an asymptotic behavior.

Further this idea have been applied to image estimation [104], [105]. It
is assumed that the image is composed of a finite number of regions and
the image value is constant within each region. The number of regions, the

95
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difference between values of the image function for different regions and the
regularity of edges are unknown and may be different for different parts of
the image.

This chapter presents a systematic development of the ICI rule for image
denoising including basic ideas, algorithms, theoretical performance analysis
and simulation results. These algorithms are able to produce a piece-wise
smooth surface with a small number of discontinuities in the intensity func-
tion or its derivatives. This allows certain desirable features of images such
as jumps or instantaneous slope changes to be preserved.

Mainly, we follow the approach and algorithms originally proposed in
[37], [38] and further developed in [60], [61], [62], [63]. We name this al-
gorithm the intersection of confidence interval (ICI) rule. The algorithm
allows a transparent motivation as well as a simple implementation.
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2.2 Idea of ICI

The idea of the algorithm is universal and valid for estimation both the
function and the derivative. We explain this idea as applied to estimation
of the function and further give details concerning derivative estimation.

The estimation error of the LPA estimator (1.25) can be represented in
the form

|e(x, h)| = |y(x)− ŷh(x)| ≤ |m̄e(x, h)|+
¯̄
e0(x, h)

¯̄
, (2.1)

where |m̄e(x, h)| is the upper bound of the estimation bias (1.182) and
e0(x, h) is a random error with the Gaussian probability densityN(0,σ2y(x, h)).

Then ¯̄
e0(x, h)

¯̄ ≤ χ1−α/2 · σy(x, h)
holds with the probability p = 1−α, where χ1−α/2 is (1−α/2)− th quantile
of the standard Gaussian distribution, and with the same probability

|e(x, h)| ≤ |m̄e(x, h)|+ χ1−α/2σy(x, h). (2.2)

It follows from (1.189) that for h ≤ h∗(x) the inequality (2.2) can be
weakened to

|e(x, h)| ≤ Γ · σy(x, h), h ≤ h∗(x), (2.3)

Γ = γ + χ1−α/2, (2.4)

where
γ =

1

M
=

1

min{m+ 1, r} .

Now let us introduce a finite set of window sizes:

H = {h1 < h2 < .... < hJ},

starting with a quite small h1, and, according to (2.3), determine a sequence
of the confidence intervals D(j) of the biased estimates obtained with the
windows h = hj as follows

D(j) = [ŷhj (x)− Γ · σy(x, hj), ŷhj (x) + Γ · σy(x, hj)], (2.5)

where Γ is a threshold of the confidence interval.
Then for h = hj (2.3) is of the form

y(x) ∈ D(j), (2.6)

and we can conclude from (2.2) and (2.3) that while hj < h∗(x) holds for
h = hj , 1 ≤ j ≤ i, all of the intervals D(j), 1 ≤ j ≤ i, have a point in
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common, namely, y(x).
In the opposite case, when the intersection of the confidence intervals is

empty it indicates that hj > h∗(x). Thus, the intersection of the confidence
intervals can be used in order to verify the inequality (1.189).

The following is the ICI statistic, which is used in order to test the very
existence of this common point and in order to obtain the adaptive scale
value [37], [38]:

Consider the intersection of the intervals D(j), 1 ≤ j ≤ i, with increasing
i, and let i+ be the largest of those i for which the intervals D(j), 1 ≤ j ≤ i,
have a point in common. This i+ defines the adaptive scale and the adaptive
LPA estimate as follows

ŷ+(x) = ŷh+(x)(x), h
+(x) = hi+ . (2.7)

The theoretical analysis produced in [37], [38] shows that the adaptive
scale estimate ŷ+(x) gives the best possible pointwise MSE.

In this way it shows that the adaptive window sizes h+(x) are close to
the ideal h∗(x). Simulation experiments confirms this statement.
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2.3 ICI algorithm

The following algorithm implements the procedure (2.7). Determine the
sequence of the upper and lower bounds of the confidence intervals D(i) as
follows

D(i) = [Li, Ui], (2.8)

Ui = ŷhi(x) + Γ · σy(x, hi),
Li = ŷhi(x)− Γ · σy(x, hi),

where Γ is given by (2.4).
Let

L̄i+1 = max[L̄i, Li+1], U i+1 = min[U i, Ui+1], (2.9)

i = 1, 2, ..., J, L̄1 = L1, U1 = U1

then the adaptive window length h+i is the largest i when

L̄i ≤ U i (2.10)

is still satisfied. This i+ is the largest of those i for which the confidence
intervals D(i) have a point in common as it is discussed above.

We wish to emphasize that this scale ICI selection procedure requires a
knowledge of the estimate and its variance only.

The ICI rule is graphically illustrated in Figure 2.1, where the vertical
lines with arrows show the successive intersections of the confidence intervals
(1,2), (1,2,3) and (1,2,3,4). Assuming that the intersection with the forth
confidence interval (corresponding h = h4) is empty, we obtain the ”optimal”
adaptive scale h+ = h3.
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Figure 2.1: Graphical illustration of ICI rule.

2.4 Threshold adjustment

The threshold parameter Γ in (2.8) plays a crucial role in the performance
of the algorithm. Too large or too small Γ results in oversmoothing and
undersmoothing data.

Let us present some figures for Γ obtained from the theoretical analysis.
Assuming α = 0.05 or 0.01, then χ1−α/2 = 2 or 3 respectively, and we have
from (2.4):

Γ =

½
3.0, for p = 0.05,
4.0, for p = 0.01,

for m = 0, (2.11)

Γ =

½
2.7, for p = 0.05,
3.7, for p = 0.01.

for m = 1.

How far can we trust to these figures ? Remind that the formula for
γ in (2.4) is derived for the asymptotic as ∆ → 0. It is assumed also in
the analysis that the intensity y(x) is smooth enough in the neighborhood
of x, i.e. the first and second order derivatives exist when the zero power
(m = 0) or the first power (m = 1) LPA is applied. In practice, the
smoothness of y(x) can not be guaranteed for every x and ∆ can be not
small enough. Another ambiguity concerns a value of the confidence level α
specified for γ calculation. Of course, it changes the corresponding quantile
χ1−α/2. Thus, we may conclude, that there are ambiguities, which influence
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on a calculated threshold value and these ambiguities cannot be resolved in
terms of the theoretical analysis only. However, the threshold Γ is a natural
design parameter of the algorithm, which can be used in order to refine the
algorithm and to adjust it to available observations.

We produced a number of Monte-Carlo simulation experiments in order
to verify a role of Γ. In particular, the following observation is interesting.
Let the MSE of denoising be minimized on Γ in every Monte-Carlo simula-
tion run. The optimal values of Γ found in this way are of course random.
However, these random optimal Γ have very small variations. It means that
these optimal random values of Γ depend on statistical properties of the
noise and image but not on particular samples occurred in the Monte-Carlo
runs. Thus, the optimal Γ is quite robust with respect to random noise
components of observations.

The cross-validation (CV ) is one of the popular tool developed in quality-
of-fit statistics for model selection and adjustment (e.g. [53], [122]). For the
linear estimator in the form (1.25) the CV loss function can be represented
as a weighted sum of squared residuals (e.g. [60]):

ICV =
X
s

Ã
zs − ŷh+(xs)(xs)
1− gh+(xs)(xs, xs)

!2
. (2.12)

For the homogeneous estimator (1.29) gh+(xs)(xs, xs) is replaced by gh+(xs)(0).
This CV criteria can applied for adjustment of Γ. The procedure (2.8)-

(2.10) is assumed to be repeated for every Γ ∈ G, G = {Γ1, Γ2, ...ΓNG},
and

Γ̂ = argmin
Γ∈G

ICV (2.13)

gives the CV adjusted threshold parameter Γ.
The cross-validation in the form (2.12) presents quite a reasonable and

efficient selector for Γ. Our attempts to use instead of the cross-validation
another quality-of-fit statistics, in particular the CP , Akaike criteria and its
modifications (see e.g. [53]), which are different from ICV only by the used
weights of the residuals, have not shown an improvement in the estimation
accuracy.

The adjusted adaptive LPA estimation consists of the following basic
steps:

1. Set Γ = Γl, l = 1, 2, ..., NG and x = xs, s = 1, 2, .., n.
2. For h = hi, i = 1, ..., J, calculate the estimates ŷh(xs), the adaptive

scale h+(xs) and the estimate ŷh+(xs)(xs)).
4. Repeat Step 2 for all xs, s = 1, 2, .., n, and Γl, l = 1, 2, ...,NG.
5. Find Γ̂ from (2.13) and select estimates ŷ(xs, h+(xs) corresponding

to Γ̂ as the final ones.
The standard deviation of the noise σ used in the formula for σ(x, h) in

(2.8) should be estimated independently from the ICI algorithm.
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In particular, the following well-known estimator proves to be efficient

σ̂ = {median(|zs − zs−1| : s = 2, .., n)}/(
√
2 · 0.6745). (2.14)

The average 1
N−1

PN
n=2(zs − zs−1)2 could also be applied as an estimate of

σ2. However, we prefer a median (2.14) as a robust estimate.
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2.5 Adaptive varying windows for derivative esti-
mation

All speculations and ideas used for derivation of the above ICI algorithm
are valid for estimation of the derivative provided that ŷh(x) and σy(x, h)

are replaced by ŷ(k)h (x) and σ2
y(k)
(x, h), respectively. Thus, the confidence

intervals used in the ICI algorithm (2.8) are

D(i) = [Li, Ui], (2.15)

Ui = ŷ
(k)
hi
(x) + Γk · σy(k)(x, hi),

Li = ŷ
(k)
hi
(x)− Γ · σ2

y(k)
(x, hi),

where accordingly to (2.4), (1.194) and (1.193)

Γk = γk + χ1−α/2 =

s
1 + |k|
M − |k| + χ1−α/2

is a threshold of the confidence interval.
It is interesting to give figures for Γk, similar to presented in (2.11). Let

k = (1, 0) or k = (0, 1), |k| = 1, i.e. the first derivative on X or on Y is

estimated and |k| ≤ m ≤ r − 1. Then, Γk =
q

1+|k|
m+1−|k| + χ1−α/2 and we

obtain:

Γ1 =

½
3.4, for p = 0.05,
4.4, for p = 0.01,

for m = 1, (2.16)

Γ1 =

½
3.0, for p = 0.05,
4.0, for p = 0.01.

for m = 2.

Thus comparison with (2.11) shows that the derivative estimation re-
quires larger values of Γ.
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II
I

IIIIV

Figure 2.2: Four quadrant windows I,II,III and IV used for directional win-
dow size selection by the ICI rule.

2.6 Multiple window estimation

Different ideas can be used for a selection of window function wh(x) for
processing of 2D image signals. The simplest and standard one assumes
that a symmetric square window wh(x) is applied for every pixel and the
size of the window (parameter h) is the only varying parameter to be found.

A more complex approach assumes that the varying window is composed
from a number of separate segments, say from four quadrants shown in
Figure 2.2. The centre of the window is the initial point of the Cartesian
coordinate system (0, 0). Each segment is a square covering a part of the
corresponding quadrant. It is assumed that this initial point (0, 0) is the
centre of the LPA estimate for each square segment. The sizes of these
squares are independent parameters of the combined window.

Two stage estimation is considered. On the first stage, the ICI rule is
used for independent selection of the sizes for these separate four windows.
On the second stage, the independently found estimates are combined in the
final one.

There are a number of ways how to fuse estimates obtained for the
separate window segments into the final estimate.

Some of our simulation results presented in this chapter are obtained for



105

the following final estimate:

ŷ(x) =
X

j=[I,II,III,IV ]

λj ŷj,h+j (x)
(x), (2.17)

λj =
std−2j (x)
std−2(x)

, std2(x) =
X

j=[I,II,III,IV ]

std2j (x),

where ŷj,h+j (x)
(x) are the quadrant estimates with the ICI rule adaptive

scale h+j (x). These estimates are obtained respectively for the windows
I, II, III, IV in Figure 2.2. Further λj and stdj are the weights and the
standard deviations of these estimates ŷj,h+j (x)(x). In the estimate (2.17) we

use a linear fusing of the estimates with the inverse variances of the estimates
as weights. This rule can be derived from the maximum likelihood method
assuming that the estimates to fuse are Gaussian, unbiased and independent.

Similar multiple window estimates have been applied in [37], [38] and
[60] for 1D function estimation.

We may fuse the quadrant estimates in many other ways. In particular,
as:

(a) Ordinary mean

ŷ(x) =
1

4

X
j

ŷj,h+j (x)
(x), (2.18)

(b) Ordinary median

ŷ(x) = medianj {ŷj,h+j (x)(x)}, (2.19)

(c) Weighted mean

ŷ(x) =
1P

j [h
+
j (x)]

2

X
j

[h+j (x)]
2 · ŷj,h+j (x)(x). (2.20)

It used in the last estimate here that the estimate variance is inverse
proportional to the squared scale parameter h, std2 ∼ 1/h2.
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2.7 Combined-window estimates

In multiple window estimation we calculate the estimate for different win-
dows and fuse these estimates together in the final one. In this section we
consider a different idea.

The estimation also includes two successive stages. On the first stage the
simple mean estimate with ICI rule is used for the varying scale selection
for the four quadrant estimates, i.e. for the quadrants QI ,QII ,QIII ,QIV as
they are shown in Figure 2.2. These adaptive size quadrants compose a
support for the second stage estimate, which is defined as

Q = QI ∪QII ∪QIII ∪QIV . (2.21)

As the ICI is a point-wise rule the supports Qj are different for different
x. Thus, the combined support Q is also pixel-wise varying and can have a
very unusual form.

On the second stage the final estimate is obtained by applying any es-
timator with the found varying combined support Q(x). This second stage
estimate is a final one. Examples of this two stage adaptive estimator are
demonstrated in [68], where the orthogonal transforms (wavelet and DCT )
are applied as second stage estimators . The second stage median filters are
reported in [61], [69].

In the combined window estimation we use the mean ICI adaptive esti-
mator as an auxiliary tool only in order to form Q(x). The mean estimator
can be combined with the ICI rule in a very efficient way and results in fast
algorithms. The results shown in the cited papers confirm the efficiency this
type of the algorithms.



Chapter 3

DENOISING
EXPERIMENTS

The LPA estimators and the ICI rule for scale selection introduced above
define a conceptual framework, basic ideas of adaptive algorithms developed
for noise reduction. A number of implementations and modifications of these
algorithms have been developed and studied.

In this chapter we follow the basic framework of the LPA estimates as
they have been presented above.

The major parameters of these estimates are as follows:
(a) The threshold Γ;
(b) The power m of the LPA;
(c) The set H defining a grid of the window sizes.
In image perception the image edges are of importance and also the edges

are important on their own as a tool for pattern recognition, classification,
etc. The derivatives are basic tools for many edge detection algorithms. We
show here the use of the ICI adaptive LPA for derivative estimation.

It is demonstrated also that the adaptive ICI varying windows carry
important information concerning smoothness, curvature and singularities
of the image intensity function. These adaptive varying window sizes can
be used directly for edge detection.

In this chapter we present simulation results, which illustrate the effi-
ciency of the ICI rule for different problems and give an insight into an
influence of the major algorithm parameters.

When the power m of LPA is equal or higher than one then the LPA
estimates of the derivatives are available. We consider two versions of the
adaptive scale derivative estimators. In the first one, the ICI adaptive vary-
ing window sizes found for the function estimation are used for the derivative
estimation. We call this method the function-ICI adaptive derivative esti-
mation. In the second one, the ICI rule is applied directly to the derivative
estimates in order to find the adaptive window sizes specifically for the deriv-
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ative estimation. It makes a big deal of difference with the function-ICI
adaptive estimates. We call this second method the derivative-ICI adaptive
derivative estimation.

Here we use the function and derivative estimators in the form of the
2D convolution (1.44) with the square rectangular window function w. It is
assumed that ∆1 = ∆2 = 1.

We differ five types of the square windows w: four nonsymmetric ones
as presented in Figure 2.2 and the symmetric square one with the origin
coordinate point as a center of this square. We use the following notation
for these supports Qj , j = 0, 1, ..., 4, where Q0 corresponds to the symmetric
window and Qj with j = 1, ..., 4 respectively to the quadrants I, II, III, IV .

We present the simulation for the uniform and the Gaussian windows w,
which are specified by the formulas:

w(x) =


1, |x1| ≤ 1, |x2| ≤ 1, Q0,
1, − 1 < x1 ≤ 0, 0 ≤ x2 < 1, Q1,
1, 0 ≤ x1 < 1, 0 ≤ x2 < 1, Q2,
1, 0 ≤ x1 < 1, 0 ≤ x2 < −1, Q3,
1, − 1 < x1 ≤ 0, − 1 < x2 ≤ 0, Q4,

(3.1)

and

w(x) =


exp(−||x||2/2σ2w), |x1| ≤ 1, |x2| ≤ 1, Q0,
exp(−||x||2/2σ2w), − 1 < x1 ≤ 0, 0 ≤ x2 < 1, Q1,
exp(−||x||2/2σ2w), 0 ≤ x1 < 1, 0 ≤ x2 < 1, Q2,
exp(−||x||2/2σ2w), 0 ≤ x1 < 1, 0 ≤ x2 < −1, Q3,
exp(−||x||2/2σ2w), 1, − 1 < x1 ≤ 0, − 1 < x2 ≤ 0, Q4.

(3.2)

It follows from (3.1) and (3.2) that for any integer h > 0 the weights
w(x/h) have (2h− 1)2 and h2 nodes for symmetric and nonsymmetric win-
dows respectively.

The scale set H is defined by the equation

H = {m+ 1, d1.45.[m+1:9]e}, (3.3)

where dxe rounds x to the nearest integers towards infinity. We startH from
m+1 in order to have in H a number of items sufficient for the polynomial
approximation of the power m. In particular for m = 0 it gives

H = {1, 2, 3, 4, 5, 7, 10, 14, 20, 29}. (3.4)

The set H (3.3) is sparse towards large h and quite dense for small h. In
this way we obtain H of quite a small cardinal number, what enables one
to produce fast calculations. A high density of H toward small values of h
makes possible a good resolution of small image details.
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The multiple window estimates used as final ones are defined by the
average (2.17), where the estimate of the symmetric window is also included.

It is assumed that the additive Gaussian noise has the standard deviation
σ = 0.1 and the image intensity is normalized to the maximum value equal
to 1.

3.1 Filtering

We present simulation results, which illustrate the efficiency of the ICI rule
and give an insight into behavior of the estimates of the image intensify as
well as the adaptive varying window sizes. Experiments are performed on
two test images: ”Square” (8 bit binary 128×128 image) and ”Cameraman”
(8 bit gray-scale 256× 256 image).

3.1.1 ICI-varying window sizes, m = 0, ”Square”

Let us start from a simple binary image ”Square”, which is composed from
a central square of the size 64 × 64 with the intensity equal to zero and a
background equal to one beyond the central square. Images of the true and
noisy ”Square” are shown in Figure 3.1. The zero intensity (black) smaller
square is centered on the large background (white) square.

Denoising results are shown in Figures 3.2-3.9. The first two figures,
Figure 3.2 and Figure 3.3, are obtained by the ICI −LPA estimates of the
zero powerm = 0 and the threshold Γ = 3.5. Figure 3.2 shows the symmetric
window estimate and the quadrant estimates marked by Qj , j = 0, 1, ..., 4,
respectively. The final combined estimate is defined by the formula (2.17),
where the symmetric window estimate is also included.

The figures of the intensity estimates are equipped with values of the
accuracy criteria. Here RMSE means the root mean squared error,

RMSE =

s
1

n

X
s

(y(xs)− ŷh+(xs)(xs))2, (3.5)

and ISNR means the improvement in SNR in dB, i.e.

ISNR = 20 log10(σ̂/RMSE), (3.6)

σ̂2 = 1
n

P
s(z(xs)−y(xs))2 is the estimate of the variance of the additive ran-

dom noise. These criteria are calculated for the symmetric and all quadrant
window estimates.

Figure 3.3 presents the varying adaptive window sizes produced by the
ICI rule for each of the all five (symmetric and nonsymmetric windows)
estimates and used in the estimates shown in Figure 3.2.
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For clarity we complete Figures 3.2 and 3.3 by cross-sections made
through the centre of ”Square” in direction parallel to the horizontal axis
X. These cross-sections are given for the estimates as well as for the adap-
tive window sizes in Figures 3.4 and 3.5, respectively. The last figure for the
adaptive window sizes demonstrates that the ICI adaptive window sizes are
very sensitive with respect to discontinuities in the image. Even more, this
ICI sensitivity is directional. It results from fact that increasing of h means
that the quadrant window is growing in some particular direction. Thus h
increasing means the window growing in North-West for the quadrant for
Q1, North-East for the quadrant Q2, South-East for the quadrant Q3, and
South-West for the quadrant for Q4.

For an accurate interpretation of Figure 3.5 we note that the true im-
age cross-section inside and outside of the image support is given by the
expression

y(64, k) =

½
1, for 1 ≤ k ≤ 32, 97 ≤ k ≤ 128,

0, for 33 ≤ k ≤ 96, k < 0, k > 128.

Remind that the LPA estimate with m = 0 is a sample mean. Let us
look at the curves in Figures 3.4 and 3.5 corresponding the estimate in the
quadrant Q1.

We consider the estimates for the argument value k, 1 ≤ k ≤ 128. For
1 ≤ k ≤ 32 the true function is equal to one and using the data from Q1 for
estimation of this constant value means that data from the left hand-side of k
can be used only. The scale of data available for this estimation is equal to k,
i.e. the ideal scale is the linear growing function of k. We can see a stepwise
approximation of this ideal linear function in Figure 3.5 as it is found by
the ICI rule. This stepwise approximation as well as the restriction on the
used maximum value of the scale are defined by the window sizes given in
H.

As soon as k > 32 the true function becomes equal to zero and continuous
to be zero for 33 ≤ k ≤ 96. For estimation of this constant using the ideal
window in Q1 we use only observations for the points equal or less than k,
provided that 33 ≤ k ≤ 96. Thus, again we obtain the ideal window size as
a linear growing function of k starting from small values. This situation is
repeated for the third interval 97 ≤ k ≤ 128 also. It is seen in Figure 3.5 that
the ICI rule gives the adaptive window sizes, which perfectly approximate
this ideal piece-wise linear growing window sizes.

The same interpretation is valid for the ICI adaptive varying window
sizes shown in Figure 3.5 for the window Q4, while the opposite behavior
of the varying window having decreasing sizes are valid for the windows Q2
and Q3.

A shape of the ideal as well as of adaptive window size is quite differ-
ent for the symmetric window estimate (see corresponding curves in Figure
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3.5). The maximum peaks of the window sizes in the middle of the three
subintervals is a specific feature of the symmetric window estimate.

The ICI rule is able to select smaller windows in a neighborhood of the
intensity jumps and larger window for areas of flat image intensity. However,
the different quadrants give larger or smaller values of the window size for
the same jump point depending on what side of the jump neighborhood is
used for estimation. As a result the adaptive window sizes shown in Figure
3.5 delineate the intensity nearly perfectly in a complete agreement with as
it could be done provided that the intensity function is known in advance.

The cross-sections of the estimates shown in Figure 3.4 demonstrate the
efficiency of the ICI adaptive window size estimates in neighborhood of
the jumps. The nonsymmetric window estimates caught the jumps per-
fectly from the left and right sides provided that the corresponding left-,
right-window estimators are applied. Note that the symmetric window size
estimates are not able to achieve this sort of perfect behavior near the jump
points. The symmetric estimator always tends to oversmooth the discon-
tinuity points. The advantage of these symmetric-window estimates has a
place on flat sections of the image, where the average calculated over left
and right observation points is able to improve the noise suppression.

In Figure 3.3 small and large window sizes are shown by black and white,
respectively. Again we are able to see a difference in performance of the
different quadrant estimates. The adaptive window sizes correspond to the
intuitively clear behavior of the ideal varying window obtained provided
that the true image is known. Thus, the window sizes delineate edges of the
true image, and the variations of the window sizes provides a shadowing of
the image from different sides of the image in the directions defined by the
type of the used nonsymmetric quadrant estimator. The images in Figure
3.3 show also the boundaries of the background. It happens because it
is assumed that out of the ”Square” image the intensity is equal to zero.
In this way, the image intensity used in the estimation outside the image
support has a jump at the outside boundaries of the image. The corners and
backsides of the boundaries are clearly seen in the images of the adaptive
window sizes for the corresponding quadrants.

It was noticed that the ICI adaptive window sizes, in particular for small
Γ, can be corrupted by spikes, which are erroneously isolated small values
of the adaptive varying window sizes [60]. Figures 3.6 and 3.7 illustrate
this effect. They are depicted for the scenario presented in Figures 3.2-3.3
provided that smaller Γ = 2.0 is used. If we compare images of Figure 3.7
with the corresponding images of Figure 3.3 we can see multiple black spots
in Figure 3.7 showing these window size spikes.

However, for many occasions these spikes do not degrade the performance
and even more we obtain a better performance for smaller Γ even visually
the adaptive window sizes look quite noisy. The comparison of RMSE
and IMSE in Figures 3.2 and 3.6 are definitely in favor of the estimate
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with smaller value of Γ for all estimates. For the final combined estimate
we have for RMSE = 0.0154 and IMSE = 16.3 dB for Γ = 2.0 versus
RMSE = 0.0243 and IMSE = 12.3 dB for Γ = 3.5.

Actually, these isolated spikes of the window sizes have different locations
in different quadrant estimates and as a result they do not influence the final
estimate in a crucial way. In the same time the estimates with smaller Γ
are more sensitive with respect to irregularities in images and give better
performance near the edges.

Nevertheless, we note that these spikes in the window sizes can be elim-
inated by increasing the value of Γ. We have seen this effect comparing
Figure 3.3 versus Figure 3.7. However, as we sought it does not improve the
quality of estimation. The problem of Γ selection is important for the ac-
curacy improvement. In any case an improvement in the appearance of the
adaptive window size figures does not guarantee the accuracy improvement.

The preliminary filtering of h+(x) considered as a function of x also
can be used as another tool in order to suppress the spikes. Figures 3.8-
3.9 present filtering results of data given in Figures 3.7 by the 2D median
filter 3 × 3. In part the black sports (spikes of the window size) are taken
out in Figure 3.9. However, as it follows from the criteria values shown for
the estimates in Figures 3.6 and 3.8, there is a degradation in the accuracy
estimation as a result of this prefiltering. It is seen for all quadrant and final
estimates. Thus, the prefiltering of the ICI adaptive window sizes is not
able to guarantee an improvement in the quality of denoising.
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TRUE IMAGE

"SQUARE" TRUE AND NOISY IMAGES

NOISY IMAGE, RMSE=0.1

Figure 3.1: True and noisy images of ”Square”
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Q0, RMSE=0.108,  ISNR=-0.623 dB Q1, RMSE=0.106,  ISNR=-0.463 dB

Q2, RMSE=0.106,  ISNR=-0.457 dB Q3, RMSE=0.106,  ISNR=-0.463 dB

Q4, RMSE=0.106,  ISNR=-0.467 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=3.5

FINAL EST, RMSE=0.0243,  ISNR=12.3 dB

Figure 3.2: ”Square” image estimates. The estimates are given for the
symmetric window estimate (Q0), the nonsymmetric quadrant window esti-
mates (Q1,Q2,Q3,Q4), and for the final estimate formed from the quadrant
and symmetric window estimates. RMSE and ISNR specify the accuracy
of the corresponding estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=3.5

WIND Q4

Figure 3.3: ”Square” true image and adaptive varying window sizes obtained
by the ICI rule for the symmetric and quadrant windows estimates.
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Q0, RMSE=0.107,  ISNR=-0.585 dB
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Q1, RMSE=0.105,  ISNR=-0.399 dB
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Q2, RMSE=0.105,  ISNR=-0.409 dB

0 50 100
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1

Q3, RMSE=0.104,  ISNR=-0.369 dB

0 50 100
0

0.5

1

Q4, RMSE=0.105,  ISNR=-0.397 dB

CROSSECTION OF ESTIMATES,  m=0, Γ=3.5

0 50 100
0

0.5

1

COMBINED ESTIMATE, RMSE=0.0258,  ISNR=11.8 dB

Figure 3.4: Curves show the cross-section of the true ”square” image and
the estimates. The cross-section are given for symmetric window estimate
(Q0), nonsymmetric quadrant window estimates (Q1,Q2,Q3,Q4), and for the
final estimate formed from the quadrant and symmetric window estimates.
RMSE and ISNR specify the accuracy of the corresponding estimates of
the 2D image.
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Figure 3.5: Curves show the cross-sections of the true image ”square” and
the adaptive window sizes as they are produced by the ICI rule. The cross-
sections are given for the symmetric window estimate (Q0), nonsymmetric
quadrant window estimates (Q1,Q2,Q3,Q4). RMSE and ISNR specify the
accuracy of the corresponding estimates of the 2D image. The adaptive win-
dow sizes are normalized to the image size. The curves show the normalized
window size h/128.
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Q0, RMSE=0.0543,  ISNR=5.35 dB Q1, RMSE=0.0659,  ISNR=3.67 dB

Q2, RMSE=0.0657,  ISNR=3.69 dB Q3, RMSE=0.0667,  ISNR=3.56 dB

Q4, RMSE=0.067,  ISNR=3.52 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=2

FINAL EST, RMSE=0.0154,  ISNR=16.3 dB

Figure 3.6: ”Square” images show the image estimates. The estimates are
given for the symmetric window estimate (Q0), the nonsymmetric quadrant
estimates (Q1,Q2,Q3,Q4), and for the final estimate. RMSE and ISNR
specify the accuracy of the corresponding estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=2

WIND Q4

Figure 3.7: ”Square” true image and the ICI adaptive varying window sizes
for the symmetric and the quadrant image estimates.
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Q0, RMSE=0.0721,  ISNR=2.87 dB Q1, RMSE=0.08,  ISNR=1.97 dB

Q2, RMSE=0.0803,  ISNR=1.93 dB Q3, RMSE=0.0801,  ISNR=1.96 dB

Q4, RMSE=0.0799,  ISNR=1.97 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=2

FINAL EST, RMSE=0.0195,  ISNR=14.2 dB

Figure 3.8: ”Square” image estimates obtained after prefiltering the ICI
adaptive window sizes. The estimates are given for: the symmetric win-
dow (Q0), the nonsymmetric quadrant (Q1,Q2,Q3,Q4), and for the final
estimates. The ICI adaptive window sizes are filtered by the 2D median
filter, 3× 3 . RMSE and ISNR specify the accuracy of the corresponding
estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=2

WIND Q4

Figure 3.9: ”Square” images show the ICI adaptive window sizes after pre-
filtering. The varying windows are given for the symmetric window estimate
(Q0), the nonsymmetric quadrant estimates (Q1,Q2,Q3,Q4). 2D median fil-
ter 3×3 is used for the prefiltering. RMSE and ISNR specify the accuracy
of the corresponding estimates.
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3.1.2 ICI-varying window sizes, m = 0, ”Cameraman”

Let us go further and consider the result for the second test-image ”Camera-
man”. True and noisy ”Cameraman” images are shown in Figure 3.10. The
simulation experiments are arranged similarly to as it was done for ”Square”
and shown in Figures 3.11-3.16. The first two Figure 3.11 and Figure 3.12
are obtained for the LPA estimates of the zero power, m = 0, and the
threshold Γ = 3.5. Figure 3.11 shows the symmetric window estimate, the
quadrant estimates marked by the corresponding Qj , j = 0, 1, ..., 4, and the
final combined estimate. The accuracy criteria values are also shown in the
figures as it was above. In Figure 3.12 small and large window sizes are
shown by black and white, respectively. The ICI based adaptive window
sizes are very sensitive with respect to edges in images. The ICI rule se-
lects smaller windows in a neighborhood of the intensity changes and larger
window for areas of flat image intensity. Again we can see that the ICI
sensitivity is directional and the varying window sizes are different for dif-
ferent quadrant estimates giving a directional shadows to the image edges.
The adaptive window sizes shown in Figure 3.12 delineate and shade con-
tours of the cameraman, camera, and other image details. The obtained
window sizes actually correspond to the intuitively clear behavior of the
varying window size relevant to the smoothing of the data if the true image
is known.

Figures 3.13 and 3.14 are similar to Figures 3.11 and 3.12 but obtained
for the smaller threshold Γ = 2.0. We can observe that the ICI adaptive
window sizes in Figure 3.14 are corrupted by the spikes shown by multiple
black spots, which are erroneously isolate small values of the adaptive win-
dow sizes. However, as it is clear from values of RMSE and ISNR given
in Figures 3.11 and 3.13 the accuracy achieved for this smaller Γ = 2.0 is
much better than that for Γ = 3.5. However, the adaptive ICI windows
look in much more appealing way in Figure 3.11 (Γ = 3.5) than in Figure
3.14 (Γ = 2).

The spike in the ICI adaptive windows h+(x) can be filtered out and
calculation of the new estimates obtained for these new window sizes is done.
Again we apply here the 3 × 3 median pre-filter. Figures 3.15 and 3.16 il-
lustrate the corresponding effects. As a result the spikes, at least in part,
are eliminated from the window size images. However, the overall qual-
ity of image denoising becomes worse as it is clear from the corresponding
values of RMSE and IMSE in Figures 3.13 and 3.15 respectively. Thus,
the prefiltering of h+(x) is not able to guarantee an improvement of image
filtering.

It has been demonstrated that the algorithm performance depends es-
sentially on the threshold Γ. Let us consider optimization of this parameter.
The performance of imaging is characterized by a set of criteria:
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(1) RMSE defined by (3.5)

RMSE =

s
1

#

X
x

(y(x)− ŷh+(x)(x))2; (3.7)

(2) SNR (dB) defined by

SNR = 10 log10

P
x |y(x)|2P

x |y(x)− ŷh+(x)(x)|2
; (3.8)

(3) ISNR (dB) defined by (3.6)

ISNR = 20 log10(
σ̂

RMSE
); (3.9)

(4) Peak signal-to-noise ratio (PSNR in dB)

PSNR = 10log10(
maxxy(x)

RMSE
); (3.10)

(5) Mean absolute error (MAE):

MAE =
1

#

X
x

|y(x)− ŷh+(x)(x)|; (3.11)

(6) Maximum absolute difference (error) (MAX −DIF )

MAX −DIF = max
x
|y(x)− ŷh+(x)(x)|. (3.12)

These criteria allow to evaluate the performance of the algorithm quan-
titatively, while PSNR is treated as a criterion linked with a visual image
perception. However, the visual evaluation is considered as an independent
performance criterion required to be evaluated.

In our study we consider the above six criteria as functions of Γ and use
them for optimization of Γ.

Figures 3.17 and 3.18 show these criteria for the test-images ”Square”
and ”Cameraman”, respectively, for the simulation conditions presented
above, provided that Γ is varying. First of all note, that the final esti-
mates for all criteria and for the both images give best performance. The
curves corresponding to the quadrant (Q1,Q2, Q3, Q4 ) estimates demon-
strate nearly equivalent results and actually are overlapping. Interesting to
remark, that for the ”Square” image the symmetric window estimate shows
worse performance than the quadrant estimates. For the ”Cameraman” im-
age the symmetric window estimate is better, than the quadrant estimates.
It can be explained by the fact the ”Square” image has a discontinues binary
intensity, where the nonsymmetric quadrant estimates are able to make a
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better job.
Concerning optimization of Γ we can see the following. For the ”Square”

image the optimum values of PSNR, RMSE, SNR, ISNR for the final
estimate are achieved at Γ = 2, while a bit better value of MAE is at
Γ = 1.5. The optimization of the quadrant and symmetric window estimates
is in favor of smaller value of Γ = 1.0. Overall we accept Γ = 2 to be
the best choice for ”Square” image estimation. Thus, Figures 3.6 and 3.7
demonstrate the performance of the algorithm for this best Γ = 2.

The similar analysis of the curves in Figure 3.18 is in favor Γ = 1 to
be accepted as the best value for the ”Cameraman” test-image. The per-
formance of the algorithm with Γ = 1 and Γ = 1.5 for ”Cameraman” are
shown in Figures 3.19-3.22. The adaptive window sizes are extremely noisy
for Γ = 1 in Figure 3.20 as compared even with ones shown in Figure 3.22 for
Γ = 1.5. Comparison of the final estimates of the ”Cameraman” image in
Figures 3.19 and 3.21 visually is in favor of Figure 3.21 for Γ = 1.5, while the
criteria values are a bit better for Γ = 1. The multiple sports in Figure 3.19
are quite unpleasant. It provides an example of a situation, where the visual
perception contradicts to the considered quantitative performance criteria.
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TRUE IMAGE

"CAMERAMAN" TRUE AND NOISY IMAGES

NOISY IMAGE, RMSE=0.1

Figure 3.10: True and noisy image ”Cameraman”
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Q0, RMSE=0.0923,  ISNR=0.701 dB Q1, RMSE=0.107,  ISNR=-0.599 dB

Q2, RMSE=0.108,  ISNR=-0.639 dB Q3, RMSE=0.107,  ISNR=-0.551 dB

Q4, RMSE=0.106,  ISNR=-0.461 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=3.5

FINAL EST, RMSE=0.0762,  ISNR=2.37 dB

Figure 3.11: ”Cameraman” images show image estimates. The estimates
are given for symmetric window estimate (Q0), nonsymmetric quadrant win-
dow estimates (Q1,Q2,Q3,Q4), and for the final estimate formed from the
quadrant and symmetric window estimates. RMSE and ISNR specify the
accuracy of the corresponding estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=3.5

WIND Q4

Figure 3.12: Cameraman images show the true image and adaptive vary-
ing window sizes obtained by the ICI rule for the symmetric window and
quadrant image estimates.
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Q0, RMSE=0.0706,  ISNR=3.05 dB Q1, RMSE=0.0793,  ISNR=2.04 dB

Q2, RMSE=0.0792,  ISNR=2.05 dB Q3, RMSE=0.0788,  ISNR=2.1 dB

Q4, RMSE=0.0778,  ISNR=2.21 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=2

FINAL EST, RMSE=0.0562,  ISNR=5.03 dB

Figure 3.13: ”Cameraman” image estimates. The estimates are given for
the symmetric window estimate (Q0), the nonsymmetric quadrant estimates
(Q1,Q2,Q3,Q4), and for the final estimate formed from the quadrant and
symmetric window estimates. RMSE and ISNR specify the accuracy of
the corresponding estimates.



129

ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=2

WIND Q4

Figure 3.14: ”Cameraman” true image and adaptive varying window sizes
obtained by the ICI rule for the symmetric window and the quadrant es-
timates. Black spots are spikes, i.e. erroneous isolated small window size
values.
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Q0, RMSE=0.0769,  ISNR=2.27 dB Q1, RMSE=0.0884,  ISNR=1.06 dB

Q2, RMSE=0.0876,  ISNR=1.14 dB Q3, RMSE=0.0874,  ISNR=1.17 dB

Q4, RMSE=0.0864,  ISNR=1.26 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=2

FINAL EST, RMSE=0.0628,  ISNR=4.04 dB

Figure 3.15: ”Cameraman” image. Prefiltering of the adaptive window sizes
obtained by the ICI rule. The estimates are given for the symmetric window
estimate (Q0), the nonsymmetric quadrant estimates (Q1,Q2,Q3,Q4), and
for the final estimate formed from the quadrant and symmetric window
estimates obtained after prefiltering the ICI adaptive window sizes. 2D
median filter 3 × 3 is used for the prefiltering. RMSE and ISNR specify
the accuracy of the corresponding estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=2

WIND Q4

Figure 3.16: Filtered adaptive window sizes obtained by the ICI rule. The
varying windows are given for the symmetric window estimate (Q0), the
nonsymmetric quadrant window estimates (Q1,Q2,Q3,Q4). 2D median filter
3 × 3 is used for this filtering. RMSE and ISNR specify the accuracy of
the corresponding estimates.
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Figure 3.17: Performance criteria for ”Square” image as functions of the
threshold Γ. Criteria are given for the symmetric, quadrant and final esti-
mates. Notation used: solid line for the symmetric window estimate, stars
* for the final estimate, dotted lines, dash-dot lines, lines with squares and
diamonds for the Q1, Q2, Q3, and Q4 quadrant estimates respectively.
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Figure 3.18: Performance criteria for ”Cameraman” image as functions of
the threshold Γ. Criteria are given for the symmetric, quadrant and final
estimates. Notation used: solid line for the symmetric window estimate,
stars * for the final estimate, dotted lines, dash-dot lines, lines with squares
and diamonds for the Q1, Q2, Q3, and Q4 quadrant estimates respectively.
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Q0, RMSE=0.0614,  ISNR=4.21 dB Q1, RMSE=0.0604,  ISNR=4.35 dB

Q2, RMSE=0.0601,  ISNR=4.4 dB Q3, RMSE=0.0595,  ISNR=4.47 dB

Q4, RMSE=0.0598,  ISNR=4.44 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=1

FINAL EST, RMSE=0.0492,  ISNR=6.13 dB

Figure 3.19: ”Cameraman” image estimates, m = 0 and Γ = 1. The esti-
mates are given for symmetric window estimate (Q0), nonsymmetric quad-
rant window estimates (Q1,Q2,Q3,Q4), and for the final estimate formed
from the quadrant and symmetric window estimates. RMSE and ISNR
specify the accuracy of the corresponding estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=1

WIND Q4

Figure 3.20: The ICI adaptive window sizes for ”Cameraman” image esti-
mation with the optimal Γ = 1. The adaptive window sizes are extremely
noisy.
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Q0, RMSE=0.0624,  ISNR=4.11 dB Q1, RMSE=0.0679,  ISNR=3.39 dB

Q2, RMSE=0.0676,  ISNR=3.42 dB Q3, RMSE=0.0672,  ISNR=3.48 dB

Q4, RMSE=0.0672,  ISNR=3.47 dB

QUADRANT AND FINAL ESTIMATES,  m=0, Γ=1.5

FINAL EST, RMSE=0.0502,  ISNR=6.01 dB

Figure 3.21: ”Cameraman” image estimation for the nearly optimal Γ = 1.5.
The value of Γ larger than the optimal Γ = 1 makes the estimate more
acceptable from the point of view of the visual perception.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=1.5

WIND Q4

Figure 3.22: These ICI adaptive window sizes are noisy. However, they are
less noisy in comparison with similar imaging in Figure 3.20 given for the
optimal threshold Γ = 1.
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3.1.3 ICI-varying window sizes, m = 1 and m = 2

Let us use the higher power LPA estimates. It follows from the idea of the
LPA and from the accuracy analysis that the higher power approximation
is reasonable provided that the image intensity function has a corresponding
smoothness, i.e. the corresponding higher order derivatives exist and small.
The concept of smoothness can be easily formalized and tested for simple
geometrical images, say such as ”Square”. However, for usual real images,
for instance such as ”Cameraman”, there is no simple answers and tests on
smoothness, as a situation is varying for different segments of the image.

In this section we use simulation in order to derive some general conclu-
sions.

We start from the analysis the above six criteria (3.7)-(3.12) as functions
of Γ and use these criteria for optimization of Γ.

Figure 3.23 and Figure 3.24 show these criteria for the test-images ”Square”
and for the LPA of the powers m = 1 and m = 2, respectively. It can be
seen, that for m = 1 the optimal value Γ = 3. The criteria curves given in
Figure 3.24 for m = 2 show a clear degradation of the filtering performance
as compared with the case m = 1. It means, that the second power LPA
definitely does not fit to approximation of the piece-wise ”Square” image and
larger values of m result in a significant increasing of the level of random
components. It is an example, when using the higher power LPA worsens
the estimates. However, comparison of Figure 3.23, m = 1, with the curves
corresponding m = 0 in Figure 3.17 is definitely in favor of the first power
LPA.

Figure 3.25 and Figure 3.26 show the criteria for the test-images ”Cam-
eraman” with the LPA of the powers m = 1 and m = 2, respectively. In
the both cases the optimal value Γ = 1.5, while the criteria values are nearly
identical for these powers. The estimates for m = 1 and m = 2 with the
optimal Γ = 1.5 are demonstrated in Figures 3.29 and Figure 3.30. Com-
parison of these results with ones achieved for m = 0 and shown in Figure
3.18 are clearly in favor of the higher power estimates. The values of the
criteria RMSE and ISNR are slightly in favor estimation m = 1, however,
it looks like the visual perception is in favor of the higher power LPA with
m = 2.

For comparison, we show also the estimates for ”Cameraman” obtained
for m = 1 and m = 2 for Γ = 2, Figures 3.31 and 3.32 This Γ is not optimal,
and we can observe a difference between the values of RMSE and ISNR.
However, the visual effects are in favor of the non-optimal larger Γ = 2.

Let us make some general conclusions from the discussed simulations:
(1) The six performance criteria considered for Γ optimization achieve

extremum values at the same values of Γ. It allows to use only some of
these criteria. Further we will consider only criteria RMSE and ISNR as
the most simple and appealing;
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(2) The reasonable values of Γ belong to the interval [1, 3].

(3) The higher power LPA, m > 0, is able to improve the performance in
quite a significant way. In particular, for the binary ”Square” image the best
results are obtained with m = 1. For the gray-scale image ”Cameraman”
criteria show the best values for m = 1, while the visual perception is in
favor of m = 2.
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Figure 3.23: Performance criteria for ”Square” image as functions of the
threshold Γ, m = 1. Criteria are given for the symmetric, quadrant and
final estimates. Notation used: solid line for the symmetric window estimate,
stars * for the final estimate, dotted lines, dash-dot lines, lines with squares
and diamonds for the Q1, Q2, Q3, and Q4 quadrant estimates respectively.
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Figure 3.24: Performance criteria for ”Square” image as functions of the
threshold Γ, m = 2. Criteria are given for the symmetric, quadrant and
final estimates. Notation used: solid line for the symmetric window estimate,
stars * for the final estimate, dotted lines, dash-dot lines, lines with squares
and diamonds for the Q1, Q2, Q3, and Q4 quadrant estimates, respectively.
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Figure 3.25: Performance criteria for ”Cameraman” image as functions of
the threshold Γ, m = 1. Criteria are given for the symmetric, quadrant
and final estimates. Notation used: solid line for the symmetric window
estimate, stars * for the final estimate, dotted lines, dash-dot lines, lines
with squares and diamonds for the Q1, Q2, Q3, and Q4 quadrant estimates,
respectively.
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Figure 3.26: Performance criteria for ”Cameraman” image as functions of
the threshold Γ, m = 2. Criteria are given for the symmetric, quadrant
and final estimates. Notation used: solid line for the symmetric window
estimate, stars * for the final estimate, dotted lines, dash-dot lines, lines
with squares and diamonds for the Q1, Q2, Q3, and Q4 quadrant estimates,
respectively.
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Q0, RMSE=0.104,  ISNR=-0.275 dB Q1, RMSE=0.104,  ISNR=-0.281 dB

Q2, RMSE=0.103,  ISNR=-0.241 dB Q3, RMSE=0.104,  ISNR=-0.291 dB

Q4, RMSE=0.103,  ISNR=-0.27 dB

QUADRANT AND FINAL ESTIMATES,  m=1, Γ=3

FINAL EST, RMSE=0.00521,  ISNR=25.7 dB

Figure 3.27: ”Square” image estimates, m = 1. The estimates are given
for the symmetric window estimate (Q0), the nonsymmetric quadrant win-
dow estimates (Q1,Q2,Q3,Q4), and for the final estimates formed from the
quadrant and symmetric window estimates. RMSE and ISNR specify the
accuracy of the corresponding estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=1, Γ=3

WIND Q4

Figure 3.28: ”Square” true image and adaptive varying window sizes ob-
tained by the ICI,m = 1 and Γ = 3 for the symmetric window and quadrant
image estimates.
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Q0, RMSE=0.0649,  ISNR=3.76 dB Q1, RMSE=0.0681,  ISNR=3.34 dB

Q2, RMSE=0.0678,  ISNR=3.37 dB Q3, RMSE=0.0673,  ISNR=3.43 dB

Q4, RMSE=0.0661,  ISNR=3.59 dB

QUADRANT AND FINAL ESTIMATES,  m=1, Γ=1.5

FINAL EST, RMSE=0.0464,  ISNR=6.67 dB

Figure 3.29: ”Cameraman” image estimates for m = 1 and the optimal
Γ = 1.5.
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Q0, RMSE=0.0612,  ISNR=4.31 dB Q1, RMSE=0.0704,  ISNR=3.08 dB

Q2, RMSE=0.0692,  ISNR=3.24 dB Q3, RMSE=0.0691,  ISNR=3.24 dB

Q4, RMSE=0.0684,  ISNR=3.34 dB

QUADRANT AND FINAL ESTIMATES,  m=2, Γ=1.5

FINAL EST, RMSE=0.0467,  ISNR=6.64 dB

Figure 3.30: ”Cameraman” image estimation for m = 2 and the optimal
Γ = 1.5.
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Q0, RMSE=0.0704,  ISNR=3.05 dB Q1, RMSE=0.0775,  ISNR=2.21 dB

Q2, RMSE=0.0752,  ISNR=2.48 dB Q3, RMSE=0.0769,  ISNR=2.28 dB

Q4, RMSE=0.0773,  ISNR=2.24 dB

QUADRANT AND COMBINED ESTIMATES,  m=1, Γ=2

COMB EST, RMSE=0.051,  ISNR=5.85 dB

Figure 3.31: Cameraman images show image estimates. The estimates are
given for the symmetric window estimate (Q0), the nonsymmetric quad-
rant window estimates (Q1,Q2,Q3,Q4), and for the final combined estimates
formed from the quadrant and symmetric window estimates. RMSE and
ISNR specify the accuracy of the corresponding estimates.
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Q0, RMSE=0.0659,  ISNR=3.64 dB Q1, RMSE=0.0777,  ISNR=2.21 dB

Q2, RMSE=0.077,  ISNR=2.29 dB Q3, RMSE=0.0799,  ISNR=1.97 dB

Q4, RMSE=0.0786,  ISNR=2.12 dB

QUADRANT AND COMBINED ESTIMATES,  m=2, Γ=2

COMB EST, RMSE=0.0509,  ISNR=5.89 dB

Figure 3.32: Cameraman images show image estimates. The estimates are
given for the symmetric window estimate (Q0), the nonsymmetric quad-
rant window estimates (Q1,Q2,Q3,Q4), and for the final combined estimates
formed from the quadrant and symmetric window estimates. RMSE and
ISNR specify the accuracy of the corresponding estimates. Using the LPA
of the power m = 2 gives the quality of filtering close to achieved for m = 1.
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3.2 Differentiation

When the power m of the LPA is equal or higher than 1 then the LPA
estimates of the derivatives can be calculated. All these estimates can be
used also with varying adaptive window sizes and this topic is of the main
concern in this section.

We differentiate two different ideas exploited for adaptive varying scale
derivative estimation:

(1) Function-ICI estimates;

(2) Derivative-ICI estimates.

The former assumes that the adaptive window sizes are obtained for the
function (intensity) estimation and used for the derivative estimation. In
this case we apply the same window sizes for simultaneous function and
derivative estimation.

The second idea assumes that the ICI rule is applied to the derivative
estimates and these derivative estimates use the window sizes different from
those for the function estimation.

Actually, it makes a big deal of difference with the function-ICI adaptive
estimates. In particular, it means that different window sizes appear in
estimation of different derivatives. The algorithms become more bulky, while
they are able to improve a performance of the derivative estimators.

Here we give some illustration of the adaptive scale differentiation.

3.2.1 Function-ICI derivative estimation

The function-ICI derivative estimates for the test-images ”Square” and ”
Cameraman” with m = 1 are shown in Figures 3.33, 3.34, 3.35, 3.36. These
estimates are obtained for the symmetric and quadrant windows wh. The
corresponding quadrant estimates as well as the optimal window sizes of
”Square” image can be seen in Figure 3.27 and Figure 3.28. They are pro-
duced for the optimal Γ = 3. The quadrant estimates of the ”Cameraman”
image corresponding to the results shown in Figures 3.35 and 3.36 can be
seen Figure in 3.29. These estimates are given for the optimal Γ = 1.5. Note
that the quadrant nonsymmetric derivative estimates are actually directional
with the directions defined by the used quadrant. Visually, these derivative
estimates are sin a good agreement with what it could be expected.
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Q0 DER ON X Q1 DER  ON X

Q2 DER  ON X Q3 DER  ON X

Q4 DER  ON X

QUADRANT ESTIMATES OF DER ON X,  m=1, Γ=3

TRUE IMAGE

Figure 3.33: Quadrant estimates of the derivative on X, ”Square” image.
The adaptive window sizes are found for the intensity estimation, i.e. the
function-ICI adaptive algorithm is used.



151

Q0 DER  ON Y Q1 DER  ON Y

Q2 DER  ON Y Q3 DER  ON Y

Q4 DER  ON Y

QUADRANT ESTIMATES OF DER ON Y,  m=1, Γ=3

TRUE IMAGE

Figure 3.34: Quadrant estimates of the derivative on Y , ”Square” image.
The adaptive window sizes are found for the intensity estimation, i.e. the
function-ICI adaptive algorithm is used.
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Q0 DER ON X Q1 DER  ON X

Q2 DER  ON X Q3 DER  ON X

Q4 DER  ON X

QUADRANT ESTIMATES OF DER ON X,  m=1, Γ=1.5

TRUE IMAGE

Figure 3.35: Quadrant estimates the derivative on X, ”Cameraman” image.
The adaptive window sizes are found for the intensity estimation, i.e. the
function-ICI adaptive algorithm is used.
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Q0 DER  ON Y Q1 DER  ON Y

Q2 DER  ON Y Q3 DER  ON Y

Q4 DER  ON Y

QUADRANT ESTIMATES OF DER ON Y,  m=1, Γ=1.5

TRUE IMAGE

Figure 3.36: Quadrant estimates of the derivatives on Y , ”Cameraman”
image. The adaptive window sizes are found for the intensity estimation,
i.e. the function-ICI adaptive algorithm is used.

3.2.2 Derivative-ICI derivative estimation

The derivative-ICI estimation assumes that the varying adaptive scale is
obtained by applying the ICI rule to the estimates of the derivatives.

In this case, there are multiple possibilities as we are able to use the
adaptive scale obtained, say for estimation of the derivatives on X, in order
to estimate this derivative as well as all others, However, we are able to use
the adaptive window sizes obtained for the derivative on Y in a similar way,
in order to estimate this derivatives as well as all others.

The best performance naturally can be expected using the adaptive win-
dow sizes for estimation of the corresponding derivative only. We should
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also to keep in mind that there are also the symmetric and quadrants esti-
mates, which are able to generate five types of the estimates for the every
derivative. In this section we wish to give some illustrations of a variety of
the possible estimates and adaptive scale selections available in terms of the
developed approach in general.

In Figures 3.37 and 3.38 we may see the ICI adaptive window sizes for
the estimates ∂/∂X and ∂/∂Y respectively. Comparison of the correspond-
ing quadrant and symmetric window sizes show a difference of the windows
obtained for estimation of the derivative in the horizontal and vertical di-
rections. Thus, the adaptive windows are different for different derivative
estimates.

Figures 3.39, 3.40, 3.41 and 3.42 show the adaptive estimates of the
derivative ∂/∂X, ∂/∂Y using the ICI adaptive window sizes obtained
for the derivatives ∂/∂X, ∂/∂Y . We have here four combinations of the
estimates and the possible ICI adaptive window sizes:

(1) The estimation of the derivative ∂/∂X using the adaptive windows
obtained for this derivative ∂/∂X (Figure 3.39);

(2) The estimation of the derivative ∂/∂Y using the adaptive window
obtained for another derivative ∂/∂X (Figure 3.40);

(3) The estimation of the derivative ∂/∂X using the adaptive window
obtained for the derivative ∂/∂Y (Figure 3.41);

(4) The estimation of the derivative ∂/∂Y using the adaptive window
obtained for this derivative ∂/∂Y (Figure 3.42).

Another aspect of the problem is illustrated in Figures 3.43 and 3.44,
where we show the estimates of the image ”Cameraman” using the ICI
adaptive window sizes obtained for the derivatives. It can be conclude that
these estimates are not good visually as well as according to the correspond-
ing values of the criteria.

However, the window sizes obtained for the image intensity are quite
acceptable for derivative estimates. One of the important advantage of this
sort of adaptive derivative estimates is that the same adaptive window sizes
are used for calculation the intensity as well as all its derivatives.
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ORIG IMAGE SYM WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  DER-ICI ON X,  m=1  , Γ=3

WIND Q4

Figure 3.37: The ICI adaptive varying window sizes obtained for ∂/∂X
derivative estimates. The window sizes are presented for the symmetric and
quadrant windows.
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ORIG IMAGE SYM WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  DER-ICI ON Y,  m=1  , Γ=3

WIND Q4

Figure 3.38: The ICI adaptive varying window sizes obtained for ∂/∂Y
derivative estimates. The window sizes are presented for the symmetric and
quadrant windows.
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Q0 DER ON X Q1 DER  ON X

Q2 DER  ON X Q3 DER  ON X

Q4 DER  ON X

DERIVATIVE ESTIMATES, ADAPT WINDOWS DER-ICI ON X,  m=1  , Γ=3

TRUE IMAGE

Figure 3.39: ∂/∂X derivative estimates with varying ICI adaptive window
sizes obtained for the corresponding estimates ∂/∂X.
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Q0 DER  ON Y Q1 DER  ON Y

Q2 DER  ON Y Q3 DER  ON Y

Q4 DER  ON Y

DERIVATIVE ESTIMATES, ADAPT WINDOWS DER-ICI ON X,  m=1  , Γ=3

TRUE IMAGE

Figure 3.40: ∂/∂Y derivative estimates with varying ICI adaptive window
sizes obtained for the estimates of the derivative ∂/∂X.
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Q0 DER  ON Y Q1 DER  ON Y

Q2 DER  ON Y Q3 DER  ON Y

Q4 DER  ON Y

DERIVATIVE ESTIMATES, ADAPT WINDOWS DER-ICI ON X,  m=1  , Γ=3

TRUE IMAGE

Figure 3.41: ∂/∂X derivative estimates with varying adaptive window sizes
obtained for estimation of the derivative ∂/∂Y .
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Q0 DER  ON Y Q1 DER  ON Y

Q2 DER  ON Y Q3 DER  ON Y

Q4 DER  ON Y

DERIVATIVE ESTIMATES, ADAPT WINDOWS DER-ICI ON Y,  m=1  , Γ=3

TRUE IMAGE

Figure 3.42: ∂/∂Y derivative estimate with the varying ICI adaptive win-
dow sizes obtained for estimation of the derivative ∂/∂Y .
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Q0, RMSE=0.121,  ISNR=-1.62 dB Q1, RMSE=0.113,  ISNR=-1.03 dB

Q2, RMSE=0.112,  ISNR=-0.929 dB Q3, RMSE=0.0951,  ISNR=0.463 dB

Q4, RMSE=0.0947,  ISNR=0.496 dB

INTENSITY ESTIMATES, ADAPT WINDOWS DER-ICI ON X,  m=1  , Γ=3

FINAL EST, RMSE=0.0805,  ISNR=1.92 dB

Figure 3.43: The estimation of ”Cameraman” with the varying adaptive
window sizes obtained for estimation of the derivative ∂/∂X.
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Q0, RMSE=0.128,  ISNR=-2.15 dB Q1, RMSE=0.12,  ISNR=-1.61 dB

Q2, RMSE=0.116,  ISNR=-1.28 dB Q3, RMSE=0.118,  ISNR=-1.45 dB

Q4, RMSE=0.118,  ISNR=-1.47 dB

INTENSITY ESTIMATES, ADAPT WINDOWS DER-ICI ON Y,  m=1  , Γ=3

FINAL EST, RMSE=0.0927,  ISNR=0.644 dB

Figure 3.44: Estimates of ”Cameraman” with varying ICI adaptive window
sizes obtained for estimation of the derivative ∂/∂Y .



Chapter 4

ICI-ADAPTIVE MEDIAN
FILTERING

4.1 Introduction

Median and weighted median filters have received considerable attention in
signal processing over the last two decades. These structures are widely
known in the signal processing literature as filters or smoothers. During last
few years, the theory behind these median filters has been developing quite
fast. Today, due to its sound underlying theory, weighted median smoothers
are increasingly being used particularly in image processing applications.
The success of median smoothers in image processing is based on two in-
trinsic properties: edge preservation and efficient attenuation of impulsive
noise–properties not shared by traditional linear filters.

It is often stated that there are many analogies between weighted me-
dian smoothers and linear finite impulse response filters. While the median
filters are definitely produce a nonlinear data transform, surprisingly, the
analogy between the linear finite impulse response filters and nonlinear me-
dian filters becomes more evident if an input signal has an additive noise
random component. In this case, the ”sign” nonlinearity of the median is
replaced by its smooth version with respect to the nonrandom component of
the input signal. It is, so-called, a stochastic linearization effect (e.g. [103]).

Median filters are well known for being able to remove impulse noise
and preserve image edges. When employed for image processing, however,
median filters often exhibit blurring (oversmoothing) for large window sizes,
or insufficient noise suppression for small window sizes. A number of an
adaptive window-size median filter have been proposed, which can achieve a
better performance of noise suppression and still preserve image sharpness.
Most of this sort of algorithms are based on edge or impulse noise detection
[35], [106], [36].

We describe a novel approach to solve a problem of varying scale selection
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for median filtering a noisy signal as it is proposed in [65], [70], [18]. The
approach is based on the basic intention to achieve the best accuracy in
signal denoising without specific algorithms included for edge detection and
impulse noise removal.

We follow the idea of the ICI rule for the adaptive varying scale selection
as it was presented above for the LPA linear estimates. It is shown that
similar ideas with some technical modifications can be extended for the
nonlinear median style estimates. It gives algorithms, which are simple to
implement and nearly ideal in the asymptotic MSE accuracy.

The developed ICI rule for the median filters gives the adaptive varying
window sizes and enables the algorithm to be spatially adaptive. Nonsym-
metric and multiple window estimates combining the left, right and sym-
metric windowed median estimates are proposed.

In this chapter we start from the case of 1D signal and give the basic
ideas and results, which enlighten the background of the proposed adaptive
nonlinear estimates. The development for 2D image signal is demonstrated
by simulation experiments.

4.2 Motivation

Suppose that we are given noisy observations of a signal y(x) with a sampling
period ∆ :

z(xs) = y(xs) + ε(xs), xs = s∆, s = 1, 2, ...n, (4.1)

where ε(xs) are independent and identically distributed random errors,
E(ε(xs)) = 0, E(ε

2(xs)) = σ2. It is not assumed that ε(xs) are Gaussian.
Let y(x) belong to a nonparametric class of piece-wise smooth differen-

tiable functions with a small number of discontinuities in the signal or its
derivatives. The goal is to reconstruct y(xs) from the observations (z(xs))ns=1
in such a way that certain desirable features such as jumps or instantaneous
slope changes be preserved and the pointwise MSE risk be as small as pos-
sible.

As a basic estimator we study the median. It is well known that the
sliding median estimate with respect to the additive Gaussian noise is nearly
as good as the sliding linear average, while the median estimate demonstrates
a good resistance to the random impulse noise modelled by heavy-tailed
probability density functions. Another important feature of the median
estimates is their ability to preserve edges and discontinuities in curves,
which are usually smoothed by linear filtering. These properties as well as
some advantages of implementation explain the great interest to this class
of the median filters in signal processing (e.g. [3]).

In order to meet the aforementioned goal we introduce a median based
filter, which is new in two important aspects:
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(1) We consider in parallel the medians with symmetric and nonsymmet-
ric left and right windows and determine the filter output as a combination
of the outputs of these medians;

(2) The window size of the medians is varying and adaptive to unknown
smoothness of the estimated signal. The ICI rule is developed for data-
driven window size selection.

In general, the following criteria function Jh(x) can be applied in order
to obtain the usual weighted median sliding window filter as a solution of
the optimization problem

ŷh(x) = arg(min
C

Jh(x)), (4.2)

Jh(x) =
X
s

wh(x− xs)|z(xs)− C|, (4.3)

where the window wh(x) = w(x/h)/h be a function satisfying the conven-
tional properties: w(x) ≥ 0, w(0) = maxxw(x), and

R∞
−∞w(u)du = 1. Here

the window w and the scale parameter h are applied exactly as it has been
done in Chapter 1 for design of the linear LPA estimates. The only special
difference between (4.3) and (1.8) is the nonquadratic loss function of resid-
uals z(xs)−C used in (4.3). The scale parameter h determines observations
and their weights used in the estimate.

For the symmetric, nonsymmetric right and nonsymmetric left rectan-
gular windows:

w(u) =


1, |u| ≤ 1/2, 0 otherwise; symmetric window,
1, 0 ≤ u ≤ 1, 0 otherwise; left window,

1, − 1 ≤ u ≤ 0, 0 otherwise; right window.
(4.4)

The corresponding symmetric, left and right median estimates have a form

ŷh(x) =


median(zk−Nh , ..., zk, ..., zk+Nh) ,symmetric median,
median(zk−Nh , ..., zk), left median,
median(zk, ..., zk+Nh), right median,

(4.5)

where Nh = bh/∆c is the integral part of h/∆.
Let us present the algorithm for the general weighted median correspond-

ing to the criteria function Jh(x) (4.3).

The following calculations are efficient.

Let z(r) be ordered observations z(xs) from (4.1)

z(1) ≤ z(2) ≤ z(3)..... (4.6)
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Order the normalized window weights

vs(x) = w(x− xs)/
X
s0
w(x− xs0)

on s accordingly to (4.6) and denote these ordered variables as v(r)(x).
Consider the sum

Sq =

qX
r=1

v(r)(x) (4.7)

and find the minimal q from the condition Sq ≥ 1/2, i.e. q̂ = min{q : Sq ≥
1/2}.

Then, the weighted median is given as

ŷh(xk) = z(q̂). (4.8)

These calculations are repeated for all x.
It is well known that window size selection is crucial in the efficiency of

the nonlinear median estimators for noisy observations. When h is relatively
small, the estimator ŷh(x) gives a good approximation of a smooth y(x) and
the estimation error has a small bias, but then fewer data are used and ŷh(x)
is more variable and sensitive to the noise. The best choice of h involves in
statistical terms a trade-off between the bias and variance, which depends on
the sampling period, the standard deviation of the noise and the smoothness
of the signal y(x).

This chapter presents a modification and development of the adaptive
varying window size algorithms discussed in Chapter 1 to the nonlinear
median estimates.

Several examples

We consider several examples that compare the standard symmetric window
median versus its nonsymmetric left and right counterparts. For the test we
take the step signal

y(x) =

½
0, 0 ≤ x ≤ 1/2,
1, 1/2 ≤ x ≤ 1, (4.9)

which is simplest to demonstrate the ability of the algorithm to estimate a
jump-wise singularity in a signal. We show also how valuable is selection
of the correct window size for the windowed estimate. The experiments
with the ICI rule mainly present qualitative results demonstrating what
sort of improvements can be expected from the adaptive varying window
size median algorithm.

The observations are shown in Figure 4.1a. The other curves in Figure
4.1 illustrate median estimates with the symmetric window (4.4). Results
of smoothing with different fixed size windows are shown in Figure 4.1b, c,



167

d. The corresponding RMSE values are given in the figures. Figure 4.1d
presents the estimate with the ideal window size parameter, equal to Nh =
29, minimizing the mean-square error 1

n

P
k(y(xk) − ŷh(xk))2, calculated

provided that the true signal (4.9) is known. Smaller window with Nh = 3
(Figure 4.1b) preserves the jump in the signal better but has a larger random
component in the estimate, while the larger window with Nh = 87 (Figure
4.1c) oversmooths the observations. Here we wish to emphasize that, as a
matter of fact, for noisy data the ability of the conventional median filter to
preserve edges and jumps in a signal is quite a questionable property. The
median filter is not able to delineate the jump accurately and smooths the
true signal.

It can be seen that this smoothing becomes stronger if the standard
deviation of the noise increases. For comparison, in Figure 4.1e, we show
the estimate given by the symmetric median filter equipped with the ICI
rule used for the varying adaptive window size selection. The corresponding
RMSE = 0.0274 is nearly the ideal RMSE = 0.0273 and in the contrast to
the ideal results given in Figure 4.1d it is obtained assuming that the true
signal is unknown. The corresponding varying values of the scale parameter
h, adaptive according to the ICI rule, are shown in Figure 4.1f.

The curves of Figure 4.2a, c provide the adaptive varying values of h ob-
tained for the left and right windows by the ICI rule. We wish to emphasize
that the results given by these curves are in the accurate agreement with the
window sizes that could be selected provided that we knew in advance that
the signal is piece-wise constant with a single jump and the location of this
jump is known exactly. Figure 4.2a shows the adaptive h for the left median
estimate. In the first part of this curve, 0 ≤ x ≤ 1/2, h is a linear increasing
function of x. This happens because the left median uses for estimation
only the observations, which are on the left-hand side from the estimation
point x and all these observations are used for estimation of the constant
signal value y = 0. Immediately after x = 1/2 the value of the window size
drops as the signal value is changed to y = 1 and only a small number of
the observations can be used for this estimates for x close to 1/2. While x
is increasing towards the value 1 the window size h is also increasing as a
larger number of observations can be used for estimation of y = 1. Steps
seen in the window size curve are caused by using a exponential grid for h
in the ICI rule.

The left median estimate given into Figure 4.2b corresponds to the win-
dow sizes presented in Figure 4.2a. We can see that the estimate delineates
accurately the jump in the signal from its left-hand side perfectly suppress-
ing the noise. Naturally the picture is not so perfect on the right-hand side
of the jump because only small number of the observations can be used by
the left median for estimation for values of x, which are nearly the point
x = 1/2.

Similar interpretation can be given for the curves in Figures 4.2c, d
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shown for the adaptive window size and estimates by the right median es-
timator. Figures 4.2e, f show the combined estimates obtained by fusing,
respectively, two left and right medians, and three left, right and symmet-
ric medians. The combined left-right estimate (Figure 4.2e) gives a nearly
perfect reconstruction of the jump, while the estimate combining the three
estimates (Figure 4.2f) is a bit worse in the area of the jump. A compari-
son of these combined estimates using the non-symmetric estimates shows
a clear advantage with respect to the symmetric median estimates shown in
Figure 4.1.

In Figure 4.3 we show the estimates obtained by using the left and right
medians provided that the window size is invariant and equal to the window
sizes used for the symmetric window estimates in Figure 4.1. The true
signal is shown by the dotted line. It is obvious from the curves that these
nonsymmetric median estimates shift the point of the jump and this shift
is quite large for the larger h. The important conclusion follows that the
left and right median estimates are not able to locate a jump without the
varying adaptive window size.

In order to achieve an improvement we should use both the nonsymmet-
ric estimators and the varying window size selector.

Concerning the accuracy of estimation we wish to note that the ICI
rule has a design parameter Γ, which actually controls the smoothness of
the adaptive window size given by the ICI rule. In general, larger values
of Γ tend to result in a smoother window size h as a function of x, while
smaller values of Γ result in a larger variability in h. We use in Figures 4.2a
quite large values Γ = 3 in order to expose a basic tendencies in the varying
adaptive window size. The RMSE accuracy improvement usually requires
smaller values of Γ. Then, the adaptive window size h as a function of x
is very irregular and noisy. Figures 4.4a,c show the curves of the adaptive
left and right ICI window sizes for Γ = 1.2, while the h for the symmetric
window is given in Figure 4.1f.

The RMSE values shown in Figure 4.1 and Figure 4.4 make possible a
more accurate quantitative comparison of the methods. Firstly note, that
the left and right median estimates in Figures 4.4b, d yield the accuracy,
which is nearly optimal for the symmetric median. The fused estimates
shown in Figures 4.4e,f give RMSE values, which are as much as twice
better than that for the symmetric ideal median estimate in Figure 4.1d.

These experiments show that we can expect quite a valuable accuracy
improvement from the adaptive methods as well as a more accurate recon-
struction of curves with discontinuities.
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Figure 4.1: Symmetric window median estimates of the step-wise signal: a)
Observations, N = 1024, σ = 0.1; b),c),d) Estimates with invariant window
size: Nh = 3, 87, 29, respectively; e) Estimate with the ICI adaptive window
size; f) Adaptive window sizes obtained by the ICI rule.
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Figure 4.2: Adaptive nonsymmetric left and right window median estimates
of the step signal: a), b) Window size and estimate given by the left window
median; c), d) Window size and estimate given by the right window median;
e) L & R estimate fusing the left and right adaptive median estimates; f)
L & R & S estimate fusing the left, right and symmetric adaptive median
estimates. Threshold parameter Γ = 3.
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Figure 4.3: Nonsymmetric left and right window median estimates with
invariant window size given for the observations presented in Figure 1a: a),
b) Nh = 3; c), d) Nh = 87; e), f) Nh = 29.
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Figure 4.4: Adaptive nonsymmetric left, right window and combined median
estimates of the step-wise signal: a), b) Window size and estimate given by
the left window median; c), d) Window size and estimate given by the
right window median; e) L & R estimate fusing the left and right adaptive
median estimates; f) L & R & S estimate fusing the left, right and symmetric
adaptive median estimates. Threshold parameter Γ = 2.0 corresponds to
improved estimation accuracy.
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4.3 1D algorithm

4.3.1 ICI rule for window size selection

What follows in this section is quite similar to the accuracy analysis and the
ICI rule introduction in Chapter 1 given for the linear estimates.

Let e(x, h) = y(x)− ŷh(x) be the error of the median estimate given by
(4.2).

It follows from Proposition 4 and formulas (4.59) and (4.60) presented
latter in this chapter that asymptotically for ∆→ 0, h→ 0, h/∆→∞ and
the Gaussian noise the standard deviation σ(x, h) of the estimate error has
a form:

σ(x, h) = σ

s
∆π

2h

Z
w2(u)du, (4.10)

where σ is the standard deviation of the additive Gaussian noise in the
observation model,

and
me(x, h) ≤ γ · σ(x, h) if h ≤ h∗(x), (4.11)

where me(x, h) is the estimation bias and h∗(x) is the ideal window size
giving the minimum value of the MSE provided that the signal is known.

Then it can be written for the estimation error:

|e(x, h)| = |y(x)− ŷh(x)| ≤ me(x, h) + |e0(x, h)|,
where asymptotically the term e0(x, h) is Gaussian.

With the probability p = 1− α the following inequality holds

|e(x, h)| ≤ me(x, h) + χ1−α/2σ(x, h), (4.12)

where χ1−α/2 is (1−α/2)−th quantile of the standard Gaussian distribution.
Introduce a finite set of increasing window sizes:

H = {h1 < h2 < .... < hJ},

starting from quite a small h1.
Then, according to (4.11) the inequality (4.12) can be weakened for h ≤

h∗(x) to

|e(x, h)| ≤ Γ · σ(x, h), (4.13)

Γ = γ + χ1−α/2. (4.14)

We use the inequalities (4.13) corresponding to different h in order to
test the hypothesis h ≤ h∗(x) and to find the value of h close to h∗(x).

According to (4.13) determine a sequence of the confidence intervalsD(j)
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of the biased estimates as follows

D(j) = [ŷhj (x)− Γ · σ(x, hj), ŷhj (x) + Γ · σ(x, hj)], (4.15)

where Γ is the threshold of the confidence interval.
Then for h = hj the inequality (4.13) is of the form

y(x) ∈ D(j), (4.16)

and we can conclude from (4.12) that as long as the inequality h ≤ h∗(x)
holds for h = hj , 1 ≤ j ≤ i, all the intervals D(j), 1 ≤ j ≤ i, have a point
in common, namely, y(x).

Now the ICI rule can be formulated in the form indistinguishable from
the one given for the linear estimate case (2.7).

Consider the intersection of the intervals D(j), 1 ≤ j ≤ i, with increasing
i, and let i+ be the largest of those i for which the intervals D(j), 1 ≤ j ≤ i,
have a point in common. This i+ defines the adaptive window size and the
adaptive median estimate as follows

ŷ+(x) = ŷh+(x)(x), h
+(x) = hi+ . (4.17)

The following algorithm implements the procedure (4.17). Determine
the sequence of the upper and lower bounds of the confidence intervals D(i)
as follows (2.8)

D(i) = [Li, Ui], (4.18)

Ui = ŷhi(x) + Γ · σ(x, hi),
Li = ŷhi(x)− Γ · σ(x, hi).

Let

L̄i+1 = max[L̄i, Li+1], U i+1 = min[U i, Ui+1], (4.19)

i = 1, 2, ..., J, L̄1 = L1, U1 = U1

then the optimal window length h+i comes for the largest i, i
+, for which

the inequality
L̄i ≤ U i (4.20)

is still satisfied. This i+ is the largest of those i for which the confidence
intervals D(i) have a point in common as discussed above. This ICI window
size selection procedure requires knowledge of the estimate ŷhi(x) and its
standard deviation σ(x, hi) only. The procedure described above is repeated
for the every x.

The adaptive estimator is implemented as J parallel filters, which are
different only by the window sizes hj , j = 1, 2, ...J, and the selector, which
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determine the best h+(x) and the corresponding estimate ŷh+(x)(x) for the
every x. The selector uses the rule based on the ICI statistic. The adap-
tive algorithm is nearly ideal within lnn factor in the point-wise risk for
estimating the signal.

4.3.2 Multiple window estimates

(1) Let wL, wR and wS be the left, right, and symmetric windows and ŷL,
ŷR, and ŷS be the corresponding estimates of y(x).

Then the combined median estimate ŷ can be produced in the form of
the three-

ŷLRS = λLŷL + λRŷR + λS ŷS, (4.21)

λL =
σ−2L
σ−2

, λR =
σ−2R
σ−2

, λS =
σ−2S
σ−2

,

σ−2 = σ−2R + σ−2L + σ−2S ,

or two fused estimates

ŷLR = λLŷL + λRŷR, (4.22)

λL =
σ−2L
σ−2

, λR =
σ−2R
σ−2

,

σ−2 = σ−2R + σ−2L ,

with the inverse standard deviations used as weights and the adaptive vary-
ing windows selected independently for the left-, right- and symmetric win-
dow estimators.

(2) Let h+L(xk) and h
+
R(xk) be the left and right adaptive rectangular win-

dow sizes obtained by the ICI rule for x = xk and letN
+
L (xk) = bh+L(xk)/∆c

and N+
R (xk) = bh+R(xk)/∆c be numbers of the observations corresponding

to the left and right adaptive window sizes.
Let us exploit these adaptive window sizes in order to introduce the

adaptive weighted median estimate with the combined window as it was
discussed in Section 2.7. In general, this estimate has a nonsymmetric win-
dow with the sizes of the left and right parts of the window given by the
values N+

L (xk) and N
+
R (xk).

This combined window weighted median estimate is defined as a solution
of the problem

ŷLRW (xk) = argmin
C
J(xk) (4.23)

J(xk) =

N+
R (xk)X
s=1

WR(s)|zk+s − C|+
N+
L (xk)X
s=1

WL(s)|zk−s − C|+

|zk − C|WM ,
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where WR(k), WL(k) and WM are the weights of the right, left and middle
observations respectively.

The values of this weights depends onN+
L (xk) andN

+
R (xk). In particular,

for the triangular window:

WM = max(N+
L (xk), N

+
R (xk)), (4.24)

WR(s) =WM − s, s = 1, ..., N+
R (xk),

WR(s) =WM − s, s = 1, ..., N+
L (xk).

The combined window left-right weighted median estimate ŷLRW (4.23)
is different from the one given by the formulas (4.21) and (4.22). The esti-
mates (4.21) and (4.22) are obtained by fusing the left, right and symmetric
adaptive estimates. In (4.23)-(4.24) we apply the ICI rule only in order
to find the window sizes and the weighted median estimate is calculated
independently from the ICI procedure using this adaptive non-symmetric
window.

4.3.3 Adjustment of threshold

The threshold parameter Γ in (4.15) plays an important role in the perfor-
mance of the algorithm. Too large or too small Γ results in oversmoothing or
undersmoothing data, respectively. Speculations and methods used for me-
dian estimates are completely similar to ones discussed for the ICI − LPA
estimates in Section 2.4. Here we wish consider the use of the CV criteria
and its specification for the weighted median estimates.

The direct implementation of the one-out CV approach assumes a cal-
culation of the criteria function

ICV =
X
k

(z(xk)− ŷ[k]h+(xk)(xk))
2, (4.25)

where the index [k] indicates that the estimate for the point xk is calculated
provided that the observation z(xk) is omitted. Thus, the calculation of ICV
assumes permutations of the observations, that forms special sets of the ob-
servations for the every xk. As a matter of fact the criteria function ICV
serves as an evaluation test of predictive properties of the estimates. Amount
of calculations required by the permutational criteria function (4.25) is pro-
hibitive for many cases.

It is well known that for the linear estimates the criteria ICV (4.25)
can be calculated in one pass without the permutations using the estimates
obtained on whole set of the observations only. Special weights of the esti-
mation residuals are used in these algorithms (e.g. [60]).

Motivated by this idea, let us first consider the linear estimates obtained
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from (4.2), where the module is replaced by the second power of the resid-
uals. Then, the corresponding linear estimate has a form (1.31)

ŷh(x) =
X
s

gh(x− xs)z(xs),

gh(x− xs) = wh(x− xs)P
swh(x− xs)

and according to (2.12) the CV criteria is as follows

ÎCV =
X
k

µ
z(xk)− ŷh(xk)
1− gh(0)

¶2
, (4.26)

gh(0) =
wh(0)P

swh(x− xs)
.

For the ICI adaptive window size h = h+(xk) these formulas are trans-
formed to

ÎCV =
X
k

Ã
z(xk)− ŷh+(xk)(xk)
1− gh+(xk)(0)

!2
,

gh+(xk)(0) =
wh+(xk)(0)P

swh+(xk)(x− xs)
.

For the rectangular window w it gives

ÎCV =
X
k

µ
z(xk)− ŷh+(xk)(xk)
1− 1/n∗(xk)

¶2
, (4.27)

gh+(xk)(0) = 1/n
+(xk),

where n+(xk) is a number of observations used in the optimal window
h+(xk).

It means that

n+ =

½
Nh(xk), for the nonsymmetric window,
2Nh(xk)− 1, for the symmetric window. (4.28)

The generalized CV following from (4.27) according to some general
ideas of the CV [122] is of the form:

ÎGCV =

P
k(z(xk)− ŷh+(xk)(xk))2P

k(1− 1/n+(xk))2
. (4.29)

It is emphasized that the CV criteria (4.27) and (4.29) are derived and
justified for the linear estimates only.
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Now let us go back to the nonlinear median estimates. Remind that
the estimate ŷh(x) following from minimization of (4.1) is a solution of the
equation X

s

wh(x− xs)sign(z(xs)− C) = 0. (4.30)

Let us use the so-called stochastic linearization of nonlinear functions
(e.g. [103]). Then, the nonlinear sign function can be approximated by
some linear function as follows

sign(rs) ' αsrs, rs = z(xs)−C. (4.31)

According to the stochastic linearization technique the coefficient αs is de-
fined by minimizing the mean squared error of approximation, i.e.

αs = argmin
α
E{(sign(rs)− αsrs)

2}.

Simple transformations give

αs =
E{rs · sign(rs)}

σ2s
, σ2s = E{(rs)2}.

Assume that the residuals es are Gaussian N(0,σs), then it can be found
that

αs =

r
2

π

1

σs
. (4.32)

Substituting (4.32) and (4.31) into (4.30) gives

C =

P
s
1
σs
wh(x− xs)z(xs)P
s
1
σs
wh(x− xs)

.

Thus, we arrive to the approximate median estimate in the linearized
form

ŷh(x) '
X
s

gh(x− xs)z(xs), (4.33)

gh(x− xs) =
1
σs
wh(x− xs)P

s
1
σs
wh(x− xs)

where the standard deviation σs depends on the estimate as σ2s = E{(z(xs)−
ŷh(xs))

2}.
Actually, nonlinear equations can be derived for σ2s as it is usually in

the stochastic linearization technique. However, we are not going to develop
this line further as our goal only to show that to some extend the nonlinear
median estimate can be treated as an approximated linear one.
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Further, let us assume for the simplicity that all of σs are more less equal
to each other. Then

gh(x− xs) ' wh(x− xs)P
swh(x− xs)

, (4.34)

which approximately coincides with given in (4.26).
Then, we are able to apply the CV criteria functions (4.26) and (4.29)

for the weighted median estimates. In this way, we show that the proposed
CV criteria can be reasonably used for the nonlinear median estimates.

The assumptions concerning the Gaussian nature of the estimates as well
as the equality of the standard deviations σs can be justified only in terms of
the asymptotic consideration with a large number of observations produced
with a small sampling period. Actually the idea of using the CV criteria
function is applicable for the median estimates (left, right and symmetric)
in the form (4.27)-(4.29) and quite questionable for the fused and combined
window weighted estimates. Some simulation experiments confirm these
speculations.

We applied (4.27)-(4.29) as a criteria function for a data-driven selection
of the threshold parameter Γ. It assumes that the procedure (4.18)-(4.20)
to be repeated for every Γ ∈ G, G = {Γ1, Γ2, ...ΓNG}, and

Γ̂ = argmin
Γ∈G

ÎGCV (4.35)

gives the adjusted threshold parameter value.
The criteria (4.29) was used also for the combined estimates (4.21) and

(4.22) provided that the estimates ŷLRS or ŷLR are used instead of ŷh+(xk)(x)
in the CV criteria, where n+(xk) means a total number of observations
entered in these estimates with nonzero weights.
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4.4 Performance analysis for 1D signal

4.4.1 Asymptotic accuracy with fixed scale

For the accuracy analysis we will consider a class of estimates more general
than the weighted median. Let the estimate of the signal is defined as a
solution of the following optimization problem:

ŷh(x) = arg(min
C

Jh), (4.36)

Jh(x) =
X
s

wh(x− xs)F (z(xs)−C),

where, in general, the loss function F (x) is convex, bounded and even,
F (x) = F (−x).

In statistics, the term M -estimate is usually used for estimates obtained
by minimizing a sum of nonquadratic loss functions of residuals. Thus, the
ŷh(x) given by (4.36) is the M -estimate of the signal and the median is a
special case of this class of estimates with F (x) = |x|.

We use the following assumptions concerning the loss function F and the
distribution of the random observation errors ε, which can be non-Gaussian:

10. The random ε(xs) are independent and identically distributed for all
xs with the symmetric distribution

Pε(x) = 1− Pε(−x). (4.37)

For the probability density it means

pε(x) = pε(−x), pε(x) = ∂Pε(x)/∂x;

20. The loss function F (x) is convex, bounded, twice differentiable almost
everywhere and symmetric

F (x) = F (−x); (4.38)

30. The following holds

E{F (1)} ,
Z
F (1)(v)dPε(v) = 0, (4.39)

0 < E{(F (1))2} ,
Z
(F (1)(v))2dPε(v) <∞, (4.40)

0 < E{F (2)} ,
Z
F (2)(v)dPε(v) <∞, (4.41)

where F (k)(x) = dkF (x)/dxk, k = 1, 2.
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40. Denote

V (F,Pε) =
E{(F (1))2}
(E{F (2)})2 . (4.42)

Actually, the zero mean value of F (1)(x) follows from (4.37) and (4.38).

It is assumed in the considered asymptotic that h and ∆ are as follows :

∆→ 0, h→ 0, h/∆→∞. (4.43)

The last assumption h/∆→∞ means that a number of observations in the
window wh is increasing. Actually, these assumptions are used in order to
have small estimation errors:

e(x, h) = y(x)− ŷh(x)→ 0.

The necessary minimum condition in (4.36) has a formX
s

wh(us)F
(1)(rs) = 0, (4.44)

rs = y(x− us) + ε(xs)− ŷh(x),
us = x− xs,

where rs is a residual of estimation.

The polynomial expansion of y(x−us) on small us gives for the residuals:

rs = y(x)− y(1)(x)us + y(2)(x)u2s/2 + ε(xs)− ŷh(x) =
e(x, h)− y(1)(x)us + y(2)(x)u2s/2 + ε(xs),

and it results for (4.44) in the equationX
s

wh(us)
h
F (1)(ε(xs)) + F

(2)(ε(xs))(e(x, h)− y(1)(x)us + y(2)(x)u2s/2)
i
= 0.

(4.45)

It can be shown that the random
P
swh(us)F

(2)(ε(xs)) converges in
probability to its expectation. Asymptotically it givesX

s

wh(us)F
(2)(ε(xs))

P→
X
s

wh(us)Eε{F (2)(ε(xs))}→ (4.46)

1

∆h

Z
w(u/h)du · F (2) = 1

∆

Z
w(u)du · F (2) = 1

∆
F (2),

F (2) = Eε(F
(2)(ε)). (4.47)

It is used in the above transformations, that
R
w(u)du = 1 and the mathe-

matical expectation is calculated on the random observation errors ε.
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In a similar way, we obtainX
s

wh(us)usF
(2)(ε(xs))

P→ h

∆

Z
w(u)udu · F (2), (4.48)

X
s

wh(us)u
2
sF

(2)(ε(xs))
P→ h2

∆

Z
w(u)u2du · F (2).

Substituting (4.46) and (4.48) in (4.45) we obtain the equationX
s

wh(us)F
(1)(ε(xs)) + e(x, h)

1

∆
F (2) − y(1)(x) h

∆

Z
w(u)udu · F (2) +

y(2)(x)
h2

∆

Z
w(u)u2du · F (2) = 0,

which, being solved with respect to e(x, h), gives

e(x, h) = me(x, h) + ξ(x, h), (4.49)

me(x, h) = y
(1)(x)h

Z
w(u)udu− y(2)(x)h

2

2

Z
w(u)u2du,

ξ(x, h) = −
P
swh(us)F

(1)(ε(xs))
1
∆F

(2)
,

where me(x, h) and ξ(x, h) are the bias and random component of the esti-
mation error.

As E{F (1)} = F (1) = 0, according to (4.39), we have for the random
ξ(x, h)

Eξ(x, h) = 0 and E{ξ2(x, h)} = V ∆
h

Z
w2(u)du, (4.50)

where V is defined in (4.42).
Thus, we arrive at the following proposition.

Proposition 4 Let the assumptions (4.37) - (4.43) hold. Then, the esti-
mation error of the filter (4.36) can be represented in the form

e(x, h) ' me(x, h) + ξ(x, h), (4.51)

where

Eξ(x, h) ' 0, var(ξ(x, h)) ' V ∆
h

Z
w2(u)du,

and for the bias of estimation we have

me(x, h) '
½ −12h2y(2)(x) R w(u)u2du, if R w(u)udu = 0,

hy(1)(x)
R
w(u)udu, if

R
w(u)udu 6= 0. (4.52)

Comments to Proposition 4.
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1. We use two formulas for the main term of the bias me(x, h) as h→ 0.
If w(u) = w(−u) we have R w(u)udu = 0, then the bias has the order h2

and it is proportional to the second derivative y(2)(x) of the signal. If the
w(u) is not even then the bias has the order h and it is proportional to the
first derivative y(1)(x).

2. For the median estimator F (x) = |x|, F (1)(x) = sign(x) and F (2)(x) =
2δ(x) and we obtain from (4.42) that

V =
1

4(pε(0))2
, (4.53)

In particular, for Gaussian random errors

V =
π

2
σ2. (4.54)

Substituting (4.54) in Proposition 4 proves the formula (4.10) used in
the ICI rule for the estimate standard deviation.

3. Provided some nonrestrictive additional assumptions the asymptotic
normality can be proved for the considered median estimates. These results
can be revealed from the technique developed in [119] as well as mathemat-
ical details concerning the limit passages in the formulas (4.46) and (4.48).

The optimization of the window function produced in [119] gives the
triangular function

w(x) = 1− |x|, |x| ≤ 1,
as the optimal one over the class of the symmetric windows.

4. Proposition 4 is valid for any residual function F, provided F (x) =
F (−x) and quite nonrestrictive assumption for the probability density pε,
which can be different from Gaussian. The function F and probability den-
sity pε influence the value of the parameter V only. In particular, it means
that Proposition 4 is valid for a wide class of robustM− estimates developed
in [50].

5. Now let us consider the point-wiseMSE risk r(x, h) and the problem
of the ideal window size selection. As it is follows from Proposition 4

r(x, h) , E(e(x, h))2 = (adhdy(d)(x))2 + V∆b/h, (4.55)

b =

Z
w2(u)du, ad =

1

d!

Z
w(u)uddu,

where d = 2 for the even window w and d = 1 otherwise.
The minimizing risk r(x, h) gives for the ideal values of the window size

h∗(x) and the ideal risk r∗(x) = r(x, h∗(x)):

h∗(x) =
µ
∆

V b

a2d(y
(d)(x))2

1

2d

¶1/(2d+1)
, (4.56)
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r∗(x) = (∆ · V )2d/2d+1 · (y(d)(x))2/(2d+1)A, (4.57)

A = (1 + 2d) (ad)
2/(2d+1) (

b

2d
)2d/(2d+1).

These formulas show how the optimal accuracy depends on the parameters of
the problem. In particular, for ∆ = 1/n, where n is a number of observation
on the interval [0, 1] the formula (4.57) shows the ideal MSE convergence
rate as n→∞

r∗(x) = 0 (n−2d/2d+1). (4.58)

It can be seen that for h = h∗(x) a ratio of the bias to the standard deviation
is a constant, which does not depends on the derivative of y(x) as well as
on x and it is given by the simple formula

me(x, h
∗(x))/σ(x, h∗(x)) , γ =

r
1

2d
. (4.59)

Thus, (4.56) demonstrates that the ideal window size h∗(x) depends on the
smoothness of the signal as it is determined by its derivative y(d)(x) and the
window size should be varying if the derivatives of the signal are varying
essentially. (4.56) can be used for the plug-in selection of the window size
as it was mentioned in the introduction.

It follows from the formulas for the bias and the variance that

me(x, h) ≤ σ(x, h) · γ, for h ≤ h∗(x). (4.60)

6. Let the loss function be quadratic F (x) = x2/2 and the noise be
GaussianN(0,σ). Then F (1) = x, E{(F (1))2} = E{x2} = σ2 and F (2) = 1,
E{F (2)} = 1. It follows that V (F,Pε) = σ2. If we substitute V (F,Pε) = σ2

in Proposition 4, we obtain the accuracy results concerning the zero-power
LPA estimation of 1D signal.

Comparing with Proposition 2 we may recognize common features of the
corresponding statements.

4.4.2 Accuracy of ICI adaptive algorithm

The accuracy analysis produced in [37], [38] for the linear LPA estimates can
be generalized to the adaptive nonlinear median estimates. In particular,
combining of Proposition 4 with presented in [37], [38] convergence rate
results gives

Proposition 5 Let n = 1/∆→∞, χ1−α/2 = β
√
lnn, with a large constant

β > 0, (hi+1 − hi) = 0 (∆),. Then the adaptive estimate ŷh+(xs)(xs) has the
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following convergence rate

E(y(x)− ŷ+(x))2 = 0
µ
lnn

n

¶ 2d
2d+1

. (4.61)

Thus, the order of the convergence rate (lnn/n)2d/(2d+1) of the adaptive
estimate using the ICI rule is different only in the factor lnn from the ideal
risk (4.58), which is derived provided that the smoothness of the function
(derivative y(d)(x)) is known. This is a standard price for the adaptive es-
timation with unknown smoothness of the signal. It is emphasized that for
estimating a function of unknown smoothness this factor cannot be elimi-
nated. It means that the convergence rate given in (4.61) is optimal one and
can not be improved.

4.4.3 Simulation for 1D signals

The performance of the developed median algorithms with the ICI adap-
tive windows is demonstrated on the set of different experiments. We show
a performance of the adaptive median filters comparing the efficiency of
the ICI rule for the left, right, symmetric varying windows and for the
introduced combined estimators. As the reference algorithms we consider
the symmetric median estimate with the ideal invariant window size ob-
tained provided that the true signal is known. We compare the estimation
accuracy also versus some adaptive wavelet estimators. These wavelet al-
gorithms are applied as they are presented in WaveLab 802 (http://www-
stat.stanford.edu/~waveLab).

We wish to show the advantage of the varying adaptive window length as
well as of the combining of nonsymmetric and symmetric window estimates.

All signals are of the length n = 1024 and given on the segment [0, 1],
∆ = 1/n. The test functions ”Blocks” and ”HeaviSine” are used in simu-
lation experiments with signal-to-noise ratio equal to 7. These functions,
noise and conditions of the Monte Carlo statistical modelling are exactly as
given in [15].

The standard deviation of the median estimate for the ICI is calculated
according to the formula (4.10)

σ(x, h) = σ

s
∆π

2h

Z
w2(u)du, (4.62)

where σ is estimated as

σ̂ = {median(|z(xs)− zs−1| : s = 2, .., n)}/(
√
2 · 0.6745). (4.63)
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It is assumed that

H = {hs|hs = ∆ · b1.45sc, s = 1, ..., 17}. (4.64)

Let us start from the analysis of the RMSE and the generalized CV
criteria IGCV as functions of Γ. Figure 4.5 and Figure 4.6 present these
results for all our algorithms and both considered test functions. First, note
that all curves have a clear minimum on Γ. The minimum usually locates
in the segment [1.0÷ 2.0]. This interval can be used as a rule of thumb for
selection of Γ for the ICI rule.

Another important point, which we wish to emphasize is that the curves
IGCV as functions of Γ imitate a basic behavior of the RMSE for the left,
right and symmetric estimates. In particular, the minimums of the both
curves are achieved for more less the same values of Γ. It confirms the basic
use of the CV tests. The criteria function IGCV can be applied for selec-
tion of Γ minimizing RMSE on the base of observations only. However,
the proposed IGCV is much worse for the combined and weighted median
estimates. We can see from Figures 4.5 and 4.6, that the curves IGCV are
not able to locate correctly minimums of RMSE for the combined left-right,
left-right-symmetric and left-right-weighted median estimates.

The accuracy estimation of the test functions is evaluated on the base of
the Monte Carlo statistical experiments.

The RMSE is calculated as

RMSE =

vuut 1

M

MX
j=1

1

n

nX
s=1

(y(xs)− ŷ+(j)(xs))2, (4.65)

where the average over M = 50 Monte Carlo simulation runs is calculated.
The subscript (j) indicates the randomness of the estimate for every j − th
run.

The values of RMSE are given in Tables 1 for the Gaussian noise. The
following notation is used for the algorithms: ”L”, ”R”, ” S” denote the basic
left, right and symmetric adaptive window size algorithms, respectively;

”L & R”, ”L & R & S”, and ”L & R &W” denote the combined estimates
as they are defined in (4.22), (4.21) and (4.23)-(4.24).

”InvarIdeal” corresponds to the results achieved by the symmetric me-
dian with the ideal invariant window. In order to find the ideal window size
we calculate RMSE as a function of h and the value given in Table 4.1
is the minimum value of RMSE. Thus, every window size is constant for
all 50 runs of Monte Carlo simulations. ”BestInvarIdeal” gives the value of
RMSE provided that the optimization on the invariant h is produced for
every run of simulation. Thus, optimization on h in ”InvarIdeal” produced
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after the averaging RMSE on M Monte Carlo simulation runs, while in
”BestInvarIdeal” it is done before this averaging. Recall that this optimiza-
tion assumes that the true signal is known. Thus, ”BestInvarIdeal” is the
best possible result provided that h is constant for all x.

”WavPO” and ”WavTI” indicate the RMSE values obtained by the
wavelet periodized orthogonal and shift invariant, respectively.

Let us analyze the figures in Table 4.1 concerning the test-signal ”Blocks”.
While the accuracy of the separate left, right and symmetric adaptive me-
dians are not good enough, the combining improves the accuracy in quite a
valuable way. Both L&R&S and L&R&W estimate (RMSE = 0.3512 and
0.3860) give better results, than the algorithms ”InvarIdeal” and ”BestIn-
varIdeal” (RMSE = 0.4978 and 0.4853). The best accuracy (RMSE =
0.2160) is obtained by the algorithm L&R&W, where the Kaiser weight,
w = kaiser(x,β), with β = 7 is used.

In comparison with the wavelet estimates the algorithm L&R&W outper-
forms WavPO and give about the same results as WavTI. Curves presented
in Figure 4.7 (Γ = 2.0 and β = 7) illustrate estimates and give general ideas
of the comparative quality. It can be conclude that L & R & W gives a high
accuracy estimate, which accurately delineates all jumps of the signal.

The signal ”HeaviSine” is more difficult for the median algorithms be-
cause any median estimate assumes, by default, that the signal is nearly
constant in the window. As a result for smooth varying signal small win-
dows have to be applied. However, a valuable improvement in estimation
was achieved by application of the smooth windows in the L&R&W esti-
mate. The Kaiser window with β = 30 was used in this simulation

The corresponding RMSE for L&R&W given in Table 4.1 is only slightly
better that the accuracy of the median estimates with invariant ideal window
sizes. In comparison with the wavelet estimates L&R&W outperforms the
WavPO algorithm and gives RMSE close to the one achieved by WavTI.
Figure 4.8 (Γ = 2.0 and β = 30) presents illustrations of the different esti-
mates. We wish to note that the L&R&W gives a good result and delineates
all specific features of the HeavySine signal.

Table 4.1. RMSE for Gaussian noise observations
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Algorithm ”Blocks” ”HeavySine”

1 L 0.8879 1.0236

2 R 0.8785 1.0199

3 S 0.5470 0.4158

4 S&R 0.3512 0.5350

5 L&R&S 0.3860 0.4096

6 L&R&W 0.2160 0.3112

7 InvarIdeal 0.4978 0.3273

8 BestInvarIdeal 0.4853 0.3243

9 WavPO 0.3319 0.5568

10 WavTI 0.2140 0.2813

Curves in Figure 4.9 and 4.10 illustrate another important aspect of the
median estimates, which are robust with respect to an impulse noise having
a heavy-tailed distribution. It is assumed in simulation that the random
noise has a mixed probability density

f(x) = (1− α)N(0,σ1) + αN(0,σ2), (4.66)

α = 0.05, σ1 = 1, σ2 = 100,

with two Gaussian components having the standard deviations σ1 and σ2,
respectively. Thus, α = 0.05 determines a probability of high standard
deviation components imitating rare and high amplitude impulses. Figures
4.9 and 4.10 show that the L&R&W filter is able to filter out this impulse
noise quite efficiently. Here we wish to emphasize that in order to deal
with the impulse noise a selection of the relevant grid H for the window
size is important. Usually for the Gaussian noise we start in (4.64) from
s = 1. Then, smallest numbers of observations are equal to 2 and 3 for the
symmetric and nonsymmetric windows, respectively. In order to enable the
algorithms to discard the impulse noise we start in (4.64) from s = 3. Then,
respectively, the smallest numbers of observations are equal to 4 and 7 for
the symmetric and nonsymmetric windows. For the ”Blocks” larger values
of the smallest window size increase a risk of miscalculation of the position
of a jump into the signal and it can result in a shift of the estimates.

In Figure 4.10 the curves for HeaviSine are given. Note that the wavelet
reference algorithms fail to deal with data contaminated by the heavy-tailed
distribution noise.



189

0 1 2 3 4
0.8

1

1.2

1.4

1.6

1.8
Left estimate

R
M

SE
, I

-G
C

V

0 1 2 3 4
0.8

1

1.2

1.4

1.6

1.8
Right estimate

R
M

SE
, I

-G
C

V

0 1 2 3 4
0.4

0.6

0.8

1

1.2

1.4
Symmetric estimate

R
M

SE
, I

-G
C

V

0 1 2 3 4
0.2

0.4

0.6

0.8

1

1.2
Left & Right  estimate

Γ

R
M

SE
, I

-G
C

V

0 1 2 3 4
0.2

0.4

0.6

0.8

1

1.2
Left & Right & Sym estimate

Γ

R
M

SE
, I

-G
C

V

0 1 2 3 4
0

0.5

1

1.5
Left & Right  weighted estimate

R
M

SE
, I

-G
C

V

Γ

Figure 4.5: Adaptive median estimates of ”Blocks” signal. Curves present
RMSE (solid line) and IGCV (cubes) versus the threshold parameter Γ for
nonsymmetric, symmetric, combined and weighted median estimates.
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Figure 4.6: Adaptive median estimates of ”HeaviSine” signal. Curves
present RMSE (solid line) and IGCV (cubes) versus the threshold parameter
Γ for nonsymmetric, symmetric, combined and weighted median estimates.
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Figure 4.7: Adaptive estimates of ”Blocks” signal: a) Observations; b)
True signal; c) Combined left and right estimates; d) Combined left, right
and symmetric estimates; f) Weighted median estimate; e) Estimates with
invariant ideal window size. For all estimates Γ = 2. Kaiser window with
β = 7 is used.
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Figure 4.8: Adaptive estimates of ”HeaviSine” signal: a) Observations; b)
True signal; c) Combined left and right estimates; d) Combined left, right
and symmetric estimates; f) Weighted median estimate; e) Estimates with
invariant ideal window size. For all estimates Γ = 2. Kaiser window with
β = 30 is used.
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Figure 4.9: Adaptive estimates of ”Blocks” signal contaminated by the
heavy-tailed distribution noise: a) Observations; b) True signal; c) Com-
bined left and right estimates; d) Combined left, right and symmetric es-
timates; f) Weighted median estimate; e) Estimates with invariant ideal
window size. For all estimates Γ = 2. Kaiser window with β = 7 is used.
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Figure 4.10: Adaptive estimates of ”HeaviSine” signal contaminated by the
heavy-tailed distribution noise: a) Observations; b) True signal; c) Com-
bined left and right estimates; d) Combined left, right and symmetric es-
timates; f) Weighted median estimate; e) Estimates with invariant ideal
window size. For all estimates Γ = 2. Kaiser window with β = 30 is used.
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4.5 2D image processing

The image processing based on the median estimates is completely similar
to the ICI − LPA adaptive algorithms considered in Chapter 1. Only
two moments make a distinction between the ICI-median and ICI −LPA
methods.

The first moment concerns the median estimator itself. The LPA es-
timates naturally are replaced by the median, which can be the standard
or weighted ones. The type of the used median is completely defined by
the window w. If this w is uniform the median is standard calculated on
the observations imbedded in this window. If the window w is not uniform
the median is the weighted median calculated according to the algorithm
(4.6)-(4.8).

The second moment concerns the ICI rule. The median estimate does
not require serious changes in this window size selection algorithm presented
in Chapter 1.

The only serious difference concerns the formulas used for calculation
of the standard deviation of the estimates. For the 2D median estimates
and the Gaussian noise this formula similar to given in Proposition 4 and in
(4.62) has a form

σ(x, h) = σ
∆

h

s
π

2

Z Z
w2(u1, u2)du1du2. (4.67)

4.5.1 Simulation

Experimental results presented in this section are parallel to given in Chap-
ter 3 for the LPA estimator with m = 0 and uniform window w. The
scenarios of simulation experiments are completely identical with the only
difference that here we use the median estimates instead of sample means
exploited in Chapter 3. Experiments are performed for two test images:
”Square” (8 bit binary 128 × 128 image) and ”Cameraman” (8 bit gray-
scale 256× 256 image).

The results for the ”Square” are shown in Figures 4.11 and 4.13. We can
see the estimates are given by the symmetric window and quadrant median
estimates as well as the final estimate obtained according to the equations
(4.21)-(4.22). The ICI adaptive varying window sizes are shown in Figures
4.12 and 4.14. These results are given for two values of the threshold Γ = 3.5
and 2.0.

The results for the ”Cameraman” are shown in Figures 4.15 and 4.17
for the symmetric window and quadrant median estimates as well as for the
final estimate. The corresponding ICI adaptive varying window sizes are
shown in Figures 4.16 and 4.18. These results are also given for Γ = 3.5 and
2.0.
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The parallel ICI − LPA results are shown in Figures 3.2, 3.3, 3.6, 3.7
for ”Square” and in Figures 3.12, 3.13, 3.16, 3.31 for ”Cameraman”.

The comparison of curves and the criteria values demonstrates a remark-
able similarity of the ICI-median and ICI − LPA estimates. The varying
adaptive window sizes have very similar shapes. The values of RMSE and
ISNR have close values mainly in favor of the ICI−LPA estimates at least
for the final estimates.

It is interesting to note that some nonsymmetric median estimates give
better results than the median estimates with the symmetric windows and
the final estimates is always better than the quadrant and symmetric win-
dow estimates. Thus, fusing of the adaptive window estimates results in
improvement of the image denoising.

Q0, RMSE=0.06,  ISNR=1.57 dB Q1, SNR=0.0525,  ISNR=2.73 dB

Q2, SNR=0.0511,  ISNR=2.95 dB Q3, SNR=0.0499,  ISNR=3.17 dB

Q4, SNR=0.0506,  ISNR=3.04 dB

QUADRANT AND FINAL MEDIAN ESTIMATES,  m=0, Γ=3.5

FINAL EST, SNR=0.0242,  ISNR=9.45 dB

Figure 4.11: The ICI-median varying adaptive window size estimates. The
estimates are quadrant, symmetric window and combined final, Γ = 3.5.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=3.5

WIND Q4

Figure 4.12: The ICI-median varying adaptive window sizes. The windows
are quadrant and symmetric, Γ = 3.5.
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Q0, RMSE=0.0446,  ISNR=4.15 dB Q1, SNR=0.0384,  ISNR=5.44 dB

Q2, SNR=0.0384,  ISNR=5.43 dB Q3, SNR=0.0374,  ISNR=5.68 dB

Q4, SNR=0.0375,  ISNR=5.65 dB

QUADRANT AND FINAL MEDIAN ESTIMATES,  m=0, Γ=2

FINAL EST, SNR=0.0138,  ISNR=14.3 dB

Figure 4.13: The ICI-median varying adaptive window size estimates. The
estimates are quadrant, symmetric window and combined final, Γ = 2.0.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=2

WIND Q4

Figure 4.14: The ICI-median varying adaptive window sizes. The windows
are quadrant and symmetric, Γ = 2.0.
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Q0, RMSE=0.0802,  ISNR=1.55 dB Q1, SNR=0.101,  ISNR=-0.46 dB

Q2, SNR=0.1,  ISNR=-0.386 dB Q3, SNR=0.101,  ISNR=-0.421 dB

Q4, SNR=0.0993,  ISNR=-0.308 dB

QUADRANT AND FINAL MEDIAN ESTIMATES,  m=0, Γ=3.5

FINAL EST, SNR=0.0737,  ISNR=2.29 dB

Figure 4.15: The ICI-median varying adaptive window size estimates. The
estimates are quadrant, symmetric window and combined final, Γ = 3.5.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=3.5

WIND Q4

Figure 4.16: The ICI-median varying adaptive window sizes. The windows
are quadrant and symmetric, Γ = 3.5.
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Q0, RMSE=0.0613,  ISNR=3.88 dB Q1, SNR=0.0721,  ISNR=2.47 dB

Q2, SNR=0.0724,  ISNR=2.43 dB Q3, SNR=0.0727,  ISNR=2.4 dB

Q4, SNR=0.0716,  ISNR=2.54 dB

QUADRANT AND FINAL MEDIAN ESTIMATES,  m=0, Γ=2

FINAL EST, SNR=0.0534,  ISNR=5.09 dB

Figure 4.17: The ICI-median varying adaptive window size estimates. The
estimates are quadrant, symmetric window and combined final, Γ = 2.0.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=0, Γ=2

WIND Q4

Figure 4.18: The ICI-median varying adaptive window sizes. The windows
are quadrant and symmetric, Γ = 2.0.

4.6 LPA 2D discrete M−estimation
The accuracy analysis given in Proposition 4 can be extended to the 2D
case in a straightforward manner. However, here we prefer to consider more
general 2D estimators and to give more general results.

Let x be the center of the LPA and the estimate for the point xs in the
neighborhood of x is of the standard form (1.6)

y(x, xs) = C
Tφ(x− xs), (4.68)

φ(x) = (φ1(x),φ2(x), ...,φM(x))
T ,

C = (C1, C2, ..., CM)
T , x = (x1, x2), xs = (x1,s, x2,s),



204

where φ(x) ∈ RM is a vector of linear independent 2D polynomials of the
powers from 0 till m.

However, what makes a difference with the LPA considered in Chapter
1, instead of (1.8) for estimation of C we use the nonquadratic loss function

JFh (x) =
X
s

wh(x− xs)F (z(xs))− y(x, xs)), (4.69)

where as usually the window wh(x) = w(x/h)/h2 formalizes the localization
of fitting with respect to the centre x, while the scale parameter h > 0
determines the size of the window.

The loss function F (x) in (4.69) is assumed to be symmetric, F (x) =
F (−x), as it is in Section 4.4.

Let the estimates of the vector C are found as a solution of the problem

Ĉ(x, h) = arg min
C∈RM

JFh (x). (4.70)

Then, it follows from (4.68) that

ŷh(x) = y(x, xs)|xs=x = ĈTφ(0) (4.71)

and for the polynomials (1.7) it yields

ŷh(x) = y(x, xs)|xs=x = C1. (4.72)

The LPA model (4.68) of the power m can be used for estimation of any
derivative of the order k, |k| ≤ m. According to the idea of the pointwise
estimation discussed in Chapter 1, we derive these estimates in the form

ŷ
(k)
h (x) =

∂k1+k2y(x, xs)|xs=x
∂xk11,s∂x

k2
2,s

= (−1)k1+k2ĈT ∂
k1+k2φ(0)

∂xk11,s∂x
k2
2,s

. (4.73)

This definition of the derivative estimator assumes that differentiation in
(4.73) is done with respect to xs as y(x, xs) is an approximation considered
as a function of xs provided that the LPA center x is fixed and after that
we assume that xs = x.

For the polynomials (1.7) the derivative estimates (4.73) are simple:

ŷ
(1,0)
h (x) = −Ĉ2, ŷ(0,1)h (x) = −Ĉ3, ŷ(2,0)h (x) = Ĉ4, (4.74)

ŷ
(0,2)
h (x) = Ĉ5, ŷ

(1,1)
h (x) = Ĉ6, etc.

Thus, the coefficients of the LPA model (4.68) gives the estimates of the
function and of the corresponding derivatives.

In this way, we arrive to the LPA M−estimates of the function and
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of the derivatives. It gives 2D generalization of the results given above in
Section 4.4 for the LPA of the power larger than m = 0.

In the same time the estimates (4.69)-(4.74) can be treated as nonlinear
LPA M−estimation version of the linear LPA estimates studied in Chapter
1.

For F (x) = |x| the estimates (4.69)-(4.74) define the so-called L1 non-
parametric regression estimates, which are different from the M -median
estimates by the higher power LPA used for more accurate fitting of the
function in question.

The accuracy analysis technique demonstrated in Section 4.4 can be eas-
ily extended to the class of these more general estimates [59]. All results
given Chapter 1 have the corresponding analogues for the LPAM−estimates
with a simple replacement of σ2 by V defined in (4.42).

Let us prove it.
Assume for y(x) that:
(HM1) The image intensity y(x) be deterministic locally smooth belong-

ing to a nonparametric class of continuous r−differentiable functions (1.4)
with r = m+ 1

Fm+1(L̄m+1) = { max
r1+r2=m+1

¯̄̄
D(r)y(x)

¯̄̄
= Lm+1(x) ≤ L̄m+1, ∀ r1 + r2 = r},

(4.75)
where L̄r is a finite constant;

(HM2) The LPA M -estimates of the intensity and the derivatives are
defined by the equations (4.68) and (4.70). The power of the LPA is equal
to m.

Assume for the criteria F (x) and the noise distribution that:
(HM3) The random ε(xs) are independent and identically distributed for

all xs with the symmetric distribution

Pε(x) = 1− Pε(−x). (4.76)

(HM4) The loss function F (x) is convex, bounded, twice differentiable
almost everywhere and symmetric

F (x) = F (−x); (4.77)

(HM5) The following holds

E{F (1)} ,
Z
F (1)(v)dPε(v) = 0, (4.78)

0 < E{(F (1))2} ,
Z
(F (1)(v))2dPε(v) <∞, (4.79)

0 < E{F (2)} ,
Z
F (2)(v)dPε(v) <∞, (4.80)
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It is assumed in the considered asymptotic that:
(HM6)

∆→ 0, h→ 0, h/∆→∞. (4.81)

Proposition 6 Let the assumptions (HM1)-(HM6) hold. Then the accu-
racy of the M-estimates (4.70) is characterized by the following asymptotic
expressions:

a) for the bias

|me(x, h)| ≤ L̄m+1
X

r1+r2=m+1

1

r1!r2!

X
s

|gh(xs)||x1,s|r1 |x2,s|r2 ,(4.82)

|m(k)
e (x, h)| ≤ L̄m+1

X
r1+r2=m+1

1

r1!r2!

X
s

|g(k)h (xs)||x1,s|r1 |x2,s|r2 ,

and
b) for the variance

σ2y(x, h) = E{(ŷh(x)−E{ŷh(x)})2} = V (F,Pε)
X
s

(gh(xs))
2, (4.83)

σ2
y(k)
(x, h) = E{(ŷ(k)h (x)−E{ŷ(k)h (x)})2} = V (F,Pε)

X
s

(g
(k1,k2)
h (xs))

2.

Proof of Proposition 6.

Substitute (4.68) into (4.69) and represent the criteria function JFh (x) in
the form

JFh (x) =
X
s

wh(x− xs)F (z(xs))− CTφ(x− xs)) =X
s

wh(x− xs)F (εs + y(xs))− CTφ(x− xs)) =X
s

wh(xs)F (εs + y(x− xs))− CTφ(xs)). (4.84)

Using the Taylor series (1.155) for y(x− xs) gives

y(x− xs) =
mX
k=0

X
r1+r2=k

(−1)r1+r2
r1!r2!

xr11,sx
r2
2,sD

(r1,r2)y(x) + (4.85)

X
r1+r2=m+1

(−1)r1+r2
r1!r2!

xr11,sx
r2
2,sD

(r1,r2)y(x− λsxs),

0 ≤ λs ≤ 1.
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Let C∗ be a vector of the function y(x) and the derivatives (−1)r1+r2D(r1,r2)y(x),
with the corresponding signs, ordered accordingly to the polynomials

1

r1!r2!
xr11,sx

r2
2,s

in the vector φ(x) in (1.7).

Then, (4.85) can be represented as

y(x− xs) = C∗T (x)φ(xs) +∆y(x, xs), (4.86)

where

∆y(x, xs) =
X

r1+r2=m+1

(−1)r1+r2
r1!r2!

xr11,sx
r2
2,sD

(r1,r2)y(x− λsxs). (4.87)

Inserting (4.86) in (4.84) gives

JFh (x) =
X
s

wh(xs)F (εs +∆y(x, xs) +∆C
Tφ(xs)), (4.88)

∆C = C∗ − C,

where ∆C is a vector of estimation errors.

For the accuracy analysis purposes the minimization JFh (x) on C in
(4.70) can be replaced by minimization of (4.88) on ∆C. Then, for the
estimation errors we obtain the following equation

∂JFh (x)

∂∆C
=
X
s

wh(xs)F
(1)(εs +∆y(x, xs) +∆C

Tφ(xs))φ(xs) = 0. (4.89)

It is assumed in the accuracy analysis that the estimation and approxi-
mation errors are small, i.e. ∆CTφ(xs) and ∆y(x, xs) are small. As a next
step, we can linearize the equation (4.89) with respect to the small sum
∆y(x, xs) +∆C

Tφ(xs)

∂JFh (x)

∂∆C
' (4.90)X

s

wh(xs)[F
(1)(εs) + F

(2)(εs)(∆y(x, xs) +∆C
Tφ(xs)]φ(xs) = 0.

It can be shown that the randomX
s

wh(us)F
(2)(εs)(∆y(x, xs) +∆C

Tφ(xs))φ(xs)
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in (4.90) converges in probability to its expectation.

Asymptotically it givesX
s

wh(xs)[F
(1)(εs) +E{F (2)(εs)}(∆y(x, xs) +∆CTφ(xs)]φ(xs) = 0.

In this way, we derive the error equation which is linear with respect to the
estimation errors

E{F (2)(ε)}
X
s

wh(xs)φ(xs)φ
T (xs)∆C = (4.91)

−
X
s

wh(xs)φ(xs)[F
(1)(εs) +E{F (2)(ε)}∆y(x, xs)].

Using the standard notation (1.28)

Φh =
X
s

wh(xs)φ(xs)φ
T (xs)

the solution of (4.91) is

∆C = −Φ−1h
X
s

wh(xs)φ(xs)[
F (1)(εs)

E{F (2)(ε)} +∆y(x, xs)]. (4.92)

Let us also use the notations for the estimation kernels introduced in
(1.28)-(1.29)

gh(xs) = wh(xs)φ
T (0)Φ−1h φ(xs),

g
(k1,k2)
h (xs) = wh(xs)[D

(k1,k2)φT (0)]Φ−1h φ(xs).

According to the idea of the LPA the estimates are defined as (4.71) and
(4.73). Then,

φT (0)C∗ = y(x),
(−1)k1+k2D(k1,k2)φT (0)C∗ = D(k1,k2)y(x)

and the estimation errors can be written in the forms

φT (0)∆C = y(x)− ŷh(x) =
(−1)k1+k2D(k1,k2)φT (0)∆C = D(k1,k2)y(x)− ŷ(k)h (x).

Then multiplying the both sides of (4.92) by φT (0) and D(k1,k2)φT (0) we
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find

ey(x, h) = y(x)− ŷh(x) = −
X
s

gh(xs)[
F (1)(εs)

E{F (2)(ε)} +∆y(x, xs)] (4.93)

and

e(k)y (x, h) = D
(k1,k2)y(x)− ŷ(k)h (x) = (4.94)

−
X
s

g
(k1,k2)
h (xs)[

F (1)(εs)

E{F (2)(ε)} + F
(2)(εs)∆y(x, xs)].

Because, E{F (1)(εs)} = 0 the bias of the estimates is as follows

my(x, h) = E{y(x)− ŷh(x)} = −
X
s

gh(xs)∆y(x, xs), (4.95)

my(k)(x, h) = E{D(k1,k2)y(x)− ŷ(k)h (x)} = (4.96)

−
X
s

g
(k1,k2)
h (xs)∆y(x, xs).

It follows from (4.93) and (4.94) that the variance of the estimates is
defined as

σ2y(x, h) = E{(ŷh(x)−E{ŷh(x)})2} = (4.97)

V (F,Pε)
X
s

(gh(xs))
2,

σ2
y(k)
(x, h) = E{(ŷ(k)h (x)−E{ŷ(k)h (x)})2} = (4.98)

V (F,Pε)
X
s

(g
(k1,k2)
h (xs))

2,

where

V (F,Pε) =
E{(F (1))2}
(E{F (2)})2 . (4.99)

The formulas (4.97)-(4.98) proves (4.83).

Substituting (4.87) in (4.95) and in (4.96) we have

me(x, h) = −
X
s

gh(xs) ·
X

r1+r2=m+1

(−1)r1+r2
r1!r2!

xr11,sx
r2
2,sD

(r1,r2)y(x− λxs),
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and

m(k)
e (x, h) = −

X
s

g
(k)
h (xs) ·

X
r1+r2=m+1

(−1)r1+r2
r1!r2!

xr11,sx
r2
2,sD

(r1,r2)y(x− λsxs).

The corresponding upper bounds of the bias are as follows

|me(x, h)| = (4.100)

|
X
s

gh(us) ·
X

r1+r2=m+1

(−1)r1+r2
r1!r2!

xr11,sx
r2
2,sD

(r1,r2)y(x− λxs)| ≤

L̄m+1
X

r1+r2=m+1

1

r1!r2!

X
s

|gh(xs)||x1,s|r1 |x2,s|r2

and

|m(k)e (x, h)| = |y(k)h (x)−E{ŷ(k)h (x)}| = (4.101)

|
X
s

g
(k)
h (xs) ·

X
r1+r2=m+1

(−1)r1+r2
r1!r2!

xr11,sx
r2
2,sD

(r1,r2)y(x− λsxs)| ≤

L̄m+1
X

r1+r2=m+1

1

r1!r2!

X
s

|g(k)h (xs)||x1,s|r1 |x2,s|r2 .

The formulas (4.100)-(4.101) proves (4.82). It completes the proof of Propo-
sition 6.

Comparison of Proposition 6 with the analogous Proposition 2 for the
linear LPA estimates we can conclude that all formulas and statements
are identical provided that V (F,Pε) in Proposition 6 is replaced by σ2 in
Proposition 2. Actually it is a very interesting fact demonstrating similarity
of the asymptotic properties of the linear and nonlinear M -estimates.

It is clear also that the asymptotic integral version of the accuracy analy-
sis is valid for the estimates (4.70) in the form of Proposition 3 where σ2 is
replaced by V (F,Pε).



Chapter 5

DEBLURRING

5.1 Introduction

Suppose we wish to recover an image y(x), 2D function, but we able to
observe only about (y~v)(x), where v is the blurring kernel or point spread
function (PSF ) of a linear discrete circular convolution. The blurring phe-
nomenon modelled by PSF v (continuous or discrete) is very evident in
many image applications. Such linear inverse problems arise in optical
systems, satellite imaging, radiometry, ultrasonic and magnetic resonance
imaging, etc. Moreover, we assume that the data are noisy, so that we
observe z(x) given by

z(x) = (y ~ v)(x) + ε(x), (5.1)

where x defined on the regular n1 × n2 lattice

X = {(k1, k2), k1 = 1, 2, ..., n1, k2 = 1, 2, ..., n2}

and ε is zero mean white Gaussian noise with the variance σ2. We are inter-
ested in recovering the image y(x) from the data z(x) which are distorted
by the convolution as well as by the additive noise. It is assumed that the
PSF v is known.

Thus in this chapter we consider the problem with the observation model
different from (1.1).

In the discrete Fourier transform (DFT ) domain we equivalently have
for (5.1)

Z(f) = Y (f)V (f) + ε(f), (5.2)

with Z(f), Y (f), V (f) and ε(f) of the respective size n1×n2 DFT and the
2D normalized frequency f ∈ F ,

F = {(f1, f2), f1 = 2πk1/n1, f2 = 2πk2/n2, (5.3)

k1 = 0, 1, ..., n1 − 1, k2 = 0, 1, ..., n2 − 1}.

211
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An unbiased estimate of Y can be obtained through the straightforward
solution of the equation (5.2) as the pure inverse of (5.2)

Ŷ (f) =
1

V (f)
Z(f). (5.4)

However, in the cases of most interest, v is not invertible, in the sense
that the inverse transform does not exist as a bounded linear operator; such
inverse problems are called ill-posed or ill-conditioned (e.g. [6], [101], [117]
and [122]). In the frequency domain the ill-posed means that V (f) may
take zero or close to zero values. If the system is ill-posed, then the random
component in the estimate is enormously amplified in the inversion to yield
an extremely noisy useless estimate.

It is now standard to approach inverse problems by the method of reg-
ularization, in which one applies, rather than the inversion, a regularized
inverse operator. It gives instead of (5.4)

Ŷ (f) =
V (−f)

|V (f)|2 + ε2
Z(f), (5.5)

where ε > 0 is a regularization parameter.
This typically produces a reconstruction in which certain features of the

original image are ‘smoothed away’ and it seems to be a blurred version
of the original. This blurring phenomenon is particularly of concern when
the underlying object has edges, and when the location and size of these
edges are of central interest. Such edge-dominated situations are relatively
common in imaging applications, where the edges signify boundaries between
different parts of a scene or different layers in the earth, or different organs
in the body. It would be of interest to obtain sharper reconstructions for
objects with edges.

The phenomenon of blurring and the goal of edge recovery have been
studied by many researchers over the last few years; a partial listing of
articles specifically devoted to this theme would include [10], [27], [28], [116].

One of the regular approaches to the problem is based on projection
methods assuming that the image in question can be decomposed in sums
of basic functions. A natural way of projection for ill-posed problems is
associated with the singular value decomposition (SV D). Denote v∗ the
adjoint of v and assume that v∗v is an operator with the eigenvalues {b2k},
bk > 0, and with eigenfunction {ϕk}. These eigenfunctions are used as basic
functions in SV D methods (e.g. [6], [8], [9] and references herein).

Despite the great popularity of schemes based explicitly or implicitly on
SV D, the method suffers from natural performance limitations. These are
rooted in the fact that the basis functions {ϕk} derive from the convolution
operator v under study, not from the object y to be recovered. Thus, if the
same operator v occurs in two different fields of scientific inquiry, the basis
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functions will be the same, even though the type of object to be recovered
may be quite different in the two fields. Efficient representation of the object
y by the eigenfunction functions of v∗v, however, cannot be guaranteed [8].

The SV D focuses exclusively on properties of the forward convolution
operator rather than the object to be recovered. In essence, it diagonalizes
this operator. There are important alternative strategies based on devel-
oping basic functions for the object y rather than the convolution operator
v. Wavelets provide an effective solution to the problem. Many real-world
images and signals have economical - domain representations in which a
few large wavelet coefficients capture most of the signal energy. Signal and
image reconstruction using wavelet shrinkage is a spatially adaptive process
well suited to signals with edges and other singularities [84], [15], [1], [16],
[54].

The wavelet - vaguelette decomposition has been proposed for the de-
convolution problem in [17]. In this approach the wavelet series is applied
to the signal obtained as an output of the pure deconvolution (5.4). Scale-
dependent shrinkage is employed to estimate the signal wavelet coefficients.
It was proved that the wavelet - vaguelette technique is nearly optimal to
recover a wide class of signals.

Recently a new hybrid wavelet based deconvolution algorithm was pro-
posed in [100]. This algorithm comprises Fourier-domain regularized in-
version followed by wavelet-domain noise suppression. It is shown that the
developed algorithm outperforms the conventional Wiener filter and wavelet-
based image restoration algorithms.

Further development of the wavelet approach is proposed in [8], where
a new decomposition which is much better adapted to the type of edge-
dominated object while providing an almost diagonal representation of the
Radon convolution operator. It is done by introducing new base func-
tions, so-called curvelets: smooth, highly anisotropic directional elements
well suited for detecting and synthesizing curved edges.

A special common point of all methods discussed above starting from the
frequency domain equation (5.2) is that some basis functions are introduced
and applied for approximation of the object function y(x) in the form of
series with coefficient defined from the observations. These functions may
be Fourier harmonics as in (5.4) and (5.5), eigenfunctions of the convolution
operator in SV D methods or wavelets in wavelet based decompositions.
There exists a lot deconvolution techniques based on this sort of approaches.

Essentially different ideas and methods arise from a pointwise nonpara-
metric estimation approach considered in this book. These methods mostly
do not assume any underlying global parametric model of the object y(x)
and do not use the parametric series for object approximation. It is assumed
only that the object is composed from piecewise smooth elements and every
point of the object allows a good local approximation. Actually the meth-
ods are based on kernel smoothing with a special choice of the kernels. The
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main goal of estimation is to build a pointwise approximation using the ob-
servations from a neighborhood. The estimation is produced in a sliding
mode what means that the every point of the object is treated in a special
way in order to achieve the best possible performance. There is a number of
proposals for nonparametric smoothing of images which allow for preserving
the sharp edge structure as well as the edge detection and reconstruction in
direct observations.

This sort of methods have been studied in the previous chapters of this
book. In this chapter we consider the development of the nonparametric
LPA approach for the image deblurring problems.

We show also that the difficulty of nonparametric image deblurring de-
pends heavily on the smoothness of PSF : the smoother PSF is, the harder
the deblurring will be.

The smoothness of PSF is defined by asymptotic behavior of the integral
Fourier transform of v(x)

V (λ) =

Z
R2
v(x) exp(−i2π < λ, x >)dx,

as ||λ|| =
q
λ21 + λ22 →∞, where λ = (λ1,λ2) and < λ, x >= λ1x1 + λ2x2.

We call the PSF ordinary smooth (or polynomial decaying) of the order
α if its frequency characteristic V (λ) satisfies

|V (λ)| ' c0||λ||−α, ||λ||→∞

and we will call the PSF super smooth (or exponential decaying) of the
order α if its frequency characteristic V (λ) satisfies

|V (λ)| ' c0 exp{−γ||λ||α}, , ||λ||→∞.

If v ≥ 0 and
R
R2 v(x)dx = 1 then v can be treated as a probability

density function.
The examples of ordinary smooth PSFs include uniform, gamma, double

exponential and symmetric probability density functions.
The examples of super smooth PSFs are normal, mixture normal, Cauchy

and Lévy ”stable” with the density

V (λ) = exp{−γ||λ||α}, γ > 0, 0 < α ≤ 2.

Such Lévy PSF appears in many important image deblurring applica-
tions [13]. The Gaussian case, corresponding α = 2, occurs in very di-
verse contexts including optical seekers in cruise missiles, undersea imaging,
nuclear medicine, computed tomography, and ultrasonic imaging in non-
destructive testing. The case α = 5/3 describes atmospheric turbulence
blurring and is important in some astronomical and surveillance satellite
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applications. The case α = 1 corresponds to the Cauchy or Lorentzian
distributions. This has been used to model X-ray scattering in radiology.
Values of α satisfying 0 < α ≤ 2 characterize a wide variety of electronic-
optical devices. Such devises are important in night vision systems and
many biomedical imaging systems. References for many of these application
of the Lévy densities may be found in the bibliographies of [11], [12], [13].
In some applications, several electron-optical devices may be cascaded to-
gether and used to image objects through a distorting medium such as the
atmosphere or the ocean, or may be combined to produce biomedical tool.

The overall PSF is then the convolution product of the individual com-
ponents PSF with

V (λ) = exp{−
X
k

γk||λ||αk}, γk > 0, 0 < αk ≤ 2. (5.8)

The general functional form (5.8) may also be used to best-fit a large
class of empirical determined optical transfer functions, by suitable choices
of the parameters γk and αk [13].

A nonparametric deconvolution of the super smooth v is a more diffi-
cult problem than the deconvolution of the ordinary smooth v. While the
convergence rate for deblurring of the ordinary smooth PSF is proportional
to 1/nβ0 , where n is a number of data and β0 is a positive constant, this
rate for the super smooth is of the order (1/ logn)β1 , β1 > 0. Thus, in the
convergence we have logn versus n. It means a principal lower convergence
rate for the super smooth PSF .

The considered nonparametric deconvolution originated in probability
density estimation provided that a desired signal is observed with an additive
noise. In this problem the observation density is a convolution of the noise
and the desired signal density. If the noise density is known the estimation of
the desired signal density involves the deconvolution operation with a known
PSF . The concepts of the ordinary and super smooth PSF (probability
densities) as well as a difference in the convergence rate originally have been
obtained for the problems involving probability density deblurring [21], [22].
In this chapter we adapt and extend these results for image deblurring.

As it was discussed in Chapters 1 and 2 the adaptation is now commonly
considered as a crucial element of nonparametric estimation. The adapta-
tion methods even for originally linear estimates are finalized in nonlinear
estimators. In this chapter we apply for the deblurring the LPA − ICI
estimators studied in the previous chapters.

First application of this kind adaptive kernel estimator for indirect ob-
servations give by the convolution has been reported in [40] where the scale
adaptive kernel estimate with the ICI rule is applied to the 1D signal ob-
tained by the pure deblurring (5.4). The continues time model is used for
the algorithm presentation as well as for the analysis. The accuracy perfor-
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mance produced shows that the estimator possesses the best possible ability
for the pointwise adaptive estimation. In this chapter this approach is ex-
tended to 2D discrete data imaging as well as to data obtained as output of
the regularized and Wiener inversion. The last case is quite similar to the
hybrid filter studied in [100] with the essential difference that the adaptive
kernel estimate is used instead of the wavelet filters.

5.2 Adaptive kernel estimate

Consider a linear discrete kernel estimator defined on the latticeX and given
by the kernel gh(x), x ∈ X ⊂ R2, with the scale parameter h > 0:

yh(x) = (gh ~ y)(x) (5.9)

Here ~ denotes the 2D convolution of the signal y(x) and the kernel gh(x).
Thus, yh(x) is an output of the filter defined by the weight function gh(x).

The following is assumed for gh(x) :
(G1) The m order vanishing moments hold:

(gh ~ xk)(0) = δ|k|,0, |k| ≤ m, (5.10)

where k = (k1, k2) is a multi-index, k1, k2 nonnegative integer, and |k| =
k1 + k2, x

k = xk11 x
k2
2 , δ|k|,0 is equal to one for |k| = 0 and to zero otherwise.

(G2)
||gh||2 =

X
x∈X

|gh(x)|2 ≤ Bh−b, B, b > 0. (5.11)

Then, we say that the gh is a smoothing kernel estimator (low-pass filter)
of the order m. The order means that the operator is reproductive with
respect to 2D polynomial functions of the power less or equal to m, i.e. for
a such polynomial f(x)

(gh ~ f)(x) = f(x). (5.12)

The condition (5.11) means that the gh is a low-pass filter with the
bandpass narrowing as the scale h increasing. The norm ||gh||2 defines the
variance of the operator output with respect to the input white noise of the
variance equal to 1.

The LPA as it is presented in Chapter 1 is a perfect tool for design of
the kernels gh satisfying the conditions (G1)-(G2). Remark that the window
size h can also be interpreted as the scale parameter of the estimator.

If h is small the bandpass of the estimate is large and the signal y(x) is
reproduced by the filter without distortions. If h is large then the bandpass
of the estimate is narrow and only low frequency components of y(x) can
be observed at output of the estimator. Thus for large h we obtain smooth
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signal yh(x) with suppressed high frequency features, while for small h all
these small features and details are preserved . If the signal is given with an
additive random noise then there exists an optimal value of the bandwidth
corresponding to the usual trade-off between random and systematic errors
of the signal reconstruction. The smoothing properties of the kernel gh(x)
are well controlled by the parameter h. The super index h in notation yh(x)
emphasizes that we deal with the smoothed version of the signal y(x) and
the level of smoothing involved is defined by value of h.

5.2.1 Basic idea

A basic idea of the proposed deblurring algorithm is to introduce the smoothed
function yh(x) = (gh~ y)(x) instead of the original y(x) as a solution of the
inverse problem and use the kernel estimator gh equipped with the smooth-
ing parameter h in order to suppress noise as much as possible while preserve
the details of the object function y(x).

We denote the noisy version of yh(x) as ŷh(x). The main intention in the
adaptive estimation is to select h in ŷh(x) in such a way that the estimate
is close to y(x) as much as possible.

Let us start from derivation of the equation for the estimate ŷh(x). Ap-
plying the kernel operator gh to the both sides of the equation (5.1) we
have

zh(x) = (gh ~ (y ~ v))(x) + (gh ~ ε)(x) = (5.13)

(v ~ (y ~ gh))(x) + εh(x) =

(yh ~ v)(x) + εh(x) = (y ~ vh)(x) + εh(x), (5.14)

where

zh(x) = (gh ~ z)(x),
yh , yh(x) = (gh ~ y)(x),
vh , vh(x) = (gh ~ v)(x),
εh(x) = (gh ~ ε)(x).

In the frequency domain these equations can be presented in two equiv-
alent forms:

Zh(f) = Yh(f)V (f) + εh(f), (5.15)

Zh(f) = Y (f)Vh(f) + εh(f),

where Zh(f), Yh(f), Vh(f) and εh(f) stay for the 2D DFT of the corre-
sponding functions zh(x), yh(x), vh(x), and εh(x).
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It is clear that Zh(f) = Gh(f)Z(f), Yh(f) = Gh(f)Y (f) as well as
Vh(f) = Gh(f)V (f), where Gh(f) is the 2D DFT of gh(x).

We use the following three types of ”solutions” for (5.15) as estimates
of y(x):

(A) Pure inversion (PI)

Ŷh(f) =
1

V (f)
Zh(f), V (f) 6= 0, f ∈ F, (5.16)

(B) Regularized pure inversion (RI)

Ŷh(f) =
V (−f)

|V (f)|2 + ε2
Zh(f), (5.17)

(C) Regularized Wiener inversion (RWI)

Ŷh(f) =
V (−f)|Yh(f)|2

|V (f)Yh(f)|2 + ε2σ2|Gh(f)|2Zh(f) =
V (−f)|Gh(f)|2|Y (f)|2

|Gh(f)|2|V (f)Y (f)|2 + ε2σ2|Gh(f)|2Zh(f) =
V (−f)|Y (f)|2

|V (f)Y (f)|2 + ε2σ2
Zh(f). (5.18)

Here σ2|Gh(f)|2 is the spectrum of the random noise at the output of
the LPA kernel filter and |Y (f)|2 stay for the spectrum of the image to
estimate. The hat on Ŷh(f) stays for estimate.

The parameter ε, called the regularization parameter, controls the trade-
off between the amount of a signal distortion (smoothing) and of noise sup-
pression. We believe that in what follows the regularization parameter ε
cannot be confused with the noise ε(x).

The pure Wiener inversion corresponds to ε = 1. The inversion 5.18 is
the most general from the above three algorithms. If ε = 0, then (5.18) gives
the PI (5.16). If the spectrum |Y (f)|2 being the weight in the Wiener filter
is assumed to be equal to 1, then (5.18) coincides with the RI (5.17).

The pure inversion (5.16) is a direct implementation of the basic idea.
The estimate ŷh(x) defined as the inverse Fourier transform of Ŷh(f) is unbi-
ased with respect to the smoothed object yh(x) with the variance σ2y(x, h):

E{ŷh(x)} = yh(x), (5.19)

σ2y(x, h) = var{ŷh(x)} =
σ2

n1n2
||Gh(f)
V (f)

||2, (5.20)

where the Euclidian norm means ||Gh(f)V (f) ||2 =
P
f∈F |Gh(f)V (f) |2.

The properties of the kernel operator gh should be agreed with the PSF
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convolution kernel v. Roughly speaking the ratio Gh(f)/V (f) and the esti-
mate variance σ2y(x, h) should be finite and a decaying function of h as h is
growing. The low pass filter operator gh should be stronger than the PSF
operator v in order to suppress high-frequency components in the output of
the inverse PSF operator.

In Section 5.3 we present accurate statements concerning the asymptotic
accuracy of the PI estimate for two classes of the PSFs and formulate
restrictions on the join properties of the convolution and estimate operators.

Actually, the kernel transfer function Gh(f) is able to transform the
initial problem, ill-posed with respect to the object Y (f), in a well-defined
with the respect to the smoothed object Yh(f) or at least to improve the
conditioning of the initial problem.

The regularized inversion RI (5.17) is used instead of PI when V (f) can
be equal to zero at some f or in order to improve the conditioning of the
inverse operator 1/V (f).

In the regularized Wiener inversion RWI (5.18) the algorithm requires
knowledge of the object function y(x) as the transfer function of the Wiener
filter depends on |Y (f)|2. An independent estimate of |Y (f)|2 can be used
in (5.18), for instance as it is implemented in [100], or the algorithm can be
recursive and uses in (5.18) the estimate of Yh(f) obtained in the pervious
steps of the procedure.

5.2.2 Pointwise adaptive deblurring

Further, the parameter h is selected in such way that the noise in ŷh(x) will
be suppressed as much as possible provided that the specific features of the
object y(x) are preserved in ŷh(x). The ICI rule is used in order to achieve
this goal in the pointwise manner, i.e. to find the adaptive varying window
size for every x.

Let H be a finite set of smoothing parameter h:

H = {h1 < h2 < .... < hJ}, (5.21)

starting with a quite small h1, and determine a sequence of the confidence
intervalsD(j) (2.5) of the biased estimates obtained with the windows h = hi
as follows

D(i) = [ŷhi(x)− Γ · σy(x, hi), ŷhi(x) + Γ · σy(x, hi)], (5.22)

where σy(x, hi) is the standard deviation of the estimate ŷhi(x) and Γ is a
threshold (2.4) of the confidence interval.

The standard ICI rule (2.7) is used in order to obtain the adaptive
window size. Determine the sequence of the upper and lower bounds of the
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confidence intervals D(i) as follows

D(i) = [Li, Ui], (5.23)

Ui = ŷhi(x) + Γ · σy(x, hi),
Li = ŷhi(x)− Γ · σy(x, hi).

Let

L̄i+1 = max[L̄i, Li+1], U i+1 = min[U i, Ui+1], (5.24)

i = 1, 2, ..., J, L̄1 = L1, U1 = U1

then the adaptive window length h+i is defined by the largest i when

L̄i ≤ U i (5.25)

is still satisfied. This i+ is the largest of those i for which the confidence
intervals D(i) have a point in common as it is discussed above in Section
(2.3). It defines the adaptive window size and the adaptive LPA estimate
as follows

ŷ+(x) = ŷh+(x)(x), h
+(x) = hi+ . (5.26)

We wish to emphasize once more that this window size ICI selection
procedure requires a knowledge of the estimate and its variance only. It is
equally applicable to all three introduced algorithms PI, RI, RWI. The
only difference between the algorithms is that the corresponding estimates
ŷh(x) are given by (5.16), (5.17), (5.18) and their variances defined respec-
tively by the formulas:

σ2y(x, h) =
σ2

n1n2
||Gh(f)
V (f)

||2, (5.27)

σ2y(x, h) =
σ2

n1n2
||V (−f)Gh(f)|V (f)|2 + ε2

||2, (5.28)

σ2y(x, h) =
σ2

n1n2
||V (−f)|Y (f)|

2Gh(f)

|V (f)Y (f)|2 + ε2σ2
||2. (5.29)

The threshold Γ in (5.23) is a design parameter of the algorithms.

5.2.3 Optimality of pointwise adaptive deblurring

The theoretical analysis produced in [40] for 1D deblurring shows that the
ICI adaptive window size selection gives the best possible pointwise MSE
and in this way it proves that the adaptive window sizes are close to the
idea best possible choice of h assuming that the the object function y(x) is
known. This claim can be extended to the considered 2D discrete observa-
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tion deblurring imaging.

5.3 Accuracy of LPA deblurring

Different filter design methods can be used for gh where h is just one of the
parameters responsible for the bandwidth of the filter. We find that the
LPA is one of the useful technique here because it is natural way to obtain
the filters obeying to the vanishing moment equations (5.12) and the local
approximation idea perfectly fits to the image restoration problem.

What follows assumes that the LPA kernels gh are applied for deblur-
ring. The accuracy analysis produced in this section is based on the asymp-
totic integral representation of the LPA estimates and the corresponding
accuracy results presented in Section (1.7.2).

5.3.1 Useful asymptotics

Let the object y(x) can be treated as a 2D function defined on the field of
continuous argument and the observations be sampled values of this function
obtain on grid with the sampling interval ∆ on the both variables x1 and
x2. Then, provided that ∆ → 0, h/∆ → ∞ the introduced LPA operator
gh(x) allows the integral representation 1.6.

This representation is beneficial at least in two aspects. Firstly, it pro-
vides a clear links with integral smoothing LPA operators commonly used
for the filter design and in many applications. Secondly, this integral repre-
sentation gives a simple and explicit dependence of the operator on h which
is useful for understanding of the nature of this operators as well as for ac-
curacy analysis. Once more we wish to note the meaning of the assumption
h/∆ → ∞. The parameter h is a ”size” of the operator window and the
ratio h/∆ is a number of samples in this window. The large number of
samples enables one to replace the convolution-sum of the discrete operator
by the corresponding convolution integral.

In the frequency domain the DFT is replaced by the integral Fourier
transform (IFT ) with the definition

G(λ) =

Z
R2
g(x) exp(−i2π < λ, x >)dx, (5.30)

g(x) =

Z
R2
G(f) exp(i2π < λ, x >)dλ.

Here < λ, x >= λ1x1 + λ2x2 is the inner product of λ and x, and λ is a
notation for the frequency in the integral Fourier transform.

Remind that the Parseval’s equation in the integral case is of the formZ
R2
g2(x)dx =

Z
R2
|G(λ)|2dλ. (5.31)
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The sampling interval ∆ means that the lattice X in (5.1) is replaced
by X∆. Then, the discrete convolution in the observation model (5.1) has
a sense for ∆→ 0 only provided that the kernel v is replaced by ∆v.

Then

(y ~ v)(x)→
Z
R2
v(u)y(x− u)du.

In all limit considerations it is assume that v is replaced by ∆v.

Proposition 7 : Let the window w in (1.29) be a continues function. Then
the following hold as ∆→ 0 and h/∆→∞ :

(1) The smoothed object function yh(x) approaches to the integral repre-
sentation

yh(x)→ 1

h2

Z
R2
g(
x− u
h

)y(u)du =

Z
R2
g(u)y(x− hu)du, (5.32)

where

g(x) = w(x)φT (0)Φ−1φ(x), (5.33)

Φ =

Z
R2
w(u)φ(u)φT (u)du,

(2) The DFT Gh(f) of the estimator kernel gh(u) approaches to the form

Gh(f)→ 1

h2

Z
R2
g(
x

h
) exp(−i2π < λ, x >)dx = G(λh), (5.34)

where G(λ) is defined by (5.30),

(3) For the squared norm of gh(x) we obtainX
x

g2h(x)→
∆2

h2

Z
R2
g2(u)du = ∆2

Z
R2
|G(λh)|2dλ. (5.35)

(4) The formulas (5.27)-(5.29) for the variances approaches to the form

σ2y(x, h)→ σ2∆2
Z
|Gh(λ)
V (λ)

|2dλ, (5.36)

σ2y(x, h)→ σ2∆2
Z
|V (−λ)Gh(λ)|V (λ)|2 + ε2

|2dλ, (5.37)

σ2y(x, h)→ σ2∆2
Z
|V (−λ)|Y (fλ)|

2Gh(λ)

|V (λ)Y (λ)|2 + ε2
|2dλ. (5.38)

The proof of Proposition 7 is given in Section 5.6.1 .
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5.3.2 Mean squared error of PI

Let us consider the accuracy analyses of the PI as an estimator of the object
y(x). The estimation error is defined as a difference between the estimate
and the estimated signal ey = y(x) − ŷh(x). For the observation model
(5.1) and the estimator (5.16) this errors are composed from the systematic
(bias), E{ey}, and the random component, e0y = ey −E{ey}.

The expectation of ŷh(x) is equal to yh(x) and thus

E{ey} = y(x)− yh(x). (5.39)

The variance of the random component in the frequency domain is calculated
according to (5.27).

We produce the accuracy results for the asymptotic case h/∆ → ∞,
where ∆ → 0 is the sampling interval of the lattice X equal for both vari-
ables. As it was mentioned above this assumption mainly means that the
large number of observations is involved in the kernel operator estimation
and the summation in the discrete convolution can be replaced for the analy-
sis purposes by the corresponding 2D integrals.

Actually this assumption is introduced mainly on technical reasons in
order to obtain the bias and the variance in the form where the dependence
on h is given explicitly. It allows to find the locally optimal values of h and
give a clear presentation of the ICI adaptive scale algorithm.

Further the following is used in the analysis:

(A1) The object function y(x) is deterministic locally smooth belonging
to a nonparametric class of continuous r−differentiable functions (1.4)

Fr(L̄r) = { max
r1+r2=r

¯̄̄
D(r1,r2)y(x)

¯̄̄
= Lr(x) ≤ L̄r, ∀ r1 + r2 = r}, (5.40)

where D(r1,r2) = ∂r1+r2

∂x
r1
1 ∂x

r2
2

is a differentiation operator and L̄r is a finite
constant.

(A2) The discrete convolution kernel in (5.1) is a sampled continues
function v(x) with the IFT V (λ) satisfying one of two conditions:

(a) Polynomial decaying Fourier transform (ordinary smooth PSF ).

There exist real positive c0, c1, A, α such that

|V (λ)| ≥ c0||λ||−α, ∀ ||λ|| > A, (5.41)

min
||λ||≤A

|V (λ)| = c1,

(b) Exponentially decaying Fourier transform (supersmooth PSF ).
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There exist real positive c0, c1, A, α such that

|V (λ)| ≥ c0 exp(−γ||λ||α), ∀ ||λ|| > A, (5.42)

min
||λ||≤A

|V (λ)| = c1.

(A3) The estimator kernel g defined by (5.33) has IFT G(λ) (5.30)
satisfying one of the conditions:

(a) Z
R2
|G(λ)|2dλ = B20 <∞, (5.43)Z

R2
|G(λ)|2||λ||2αdλ = B21 <∞,

Z
R2
|G(λ)| · ||λ||αdλ <∞,

(b) G(λ) is supported on the finite rectangular |λ1| ≤ Λ̄, |λ2| ≤ Λ̄ andZ
R2
|G(λ)|2dλ = B20 <∞. (5.44)

The conditions (A2) give the lower bound on the rate of decaying |V (λ)|
as ||λ|| → ∞. They are given in the form of restrictions on frequency
properties of the convolution kernel v. The conditions (5.41) and (5.42)
define ordinary smooth and supersmooth PSF , respectively.

The conditions (A3) give the properties of the filter gh as they are agreed
with the properties of V (λ).

We use the kernel estimate gh subjected to the assumptions (A3 a) for
deblurring of the ordinary smooth PSF and gh subjected to (A3 b) for
deblurring of the supersmooth PSF . This combination of the assumptions
(A2 a)-(A2 b) with (A3 a)-(A3 b) suffices the bounded variance of the output
signal of the system G(λ)/V (λ) and the considered estimates for all h > 0.

The results are different for the ordinary and super smooth PSF and
we present them separately.

5.3.3 Ordinary smooth PSF

Proposition 8 : Consider the discrete PI estimate (5.16) with gh of the
order m given by (1.29) for the asymptotic ∆ → 0, h/∆ → ∞. Let the
assumptions (A1), (A2 a) and (A3 a) hold. Then:

(I) The estimation bias is bounded as

|E{ey}| ≤ me(x, h), (5.45)

me(x, h) = h
MLM(x)Ae,

where
M = min(m+ 1, r), (5.46)
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and

Ae =
X
|r|=M

1

r!

Z
R2
|g(u)ur|du; (5.47)

(II) The estimation variance is bounded as

var{e0y} ≤ σ2y(x, h), (5.48)

σ2y(x, h) = σ2(
1

c21
B20
∆2

h2
+
1

c20
B21

∆2

h2α+2
).

The proof of this proposition is given in Section 5.6.2.
Note that in (5.47) r is the multi-index, i.e. r! = r1!r2!, u

r = ur11 u
r2
2 ,

|r| = r1 + r2.
Here me(x, h) in (5.45) and σ2y(x, h) in (5.48) denote the upper bounds

of the bias and the variance, respectively.
The finite variance of the estimate (5.48) means that the estimate (5.16)

is well-defined for any h > 0.
It follows from (5.45) and (5.48) that the upper bound of the pointwise

mean squared risk r(x, h) of y(x) estimation can be represented as follows

r(x, h) , E(y(x)− ŷh(x))2 ≤ r̄(x, h),
r̄(x, h) = m2

e(x, h) + σ2y(x, h) = (5.49)

(hMLM(x)Ae)
2 + σ2

∆2

h2α+2
(
1

c21
B20h

2α +
1

c20
B21).

This upper bound risk r̄(x, h) is convex on h. Its minimization on h
gives an ”ideal” scale

h∗ = argmin
h
r̄(x, h),

found from the equation
∂

∂h
r̄(x, h) = 0.

Let us assume that 1
c21
B20h

2α << 1
c20
B21 . Then the formula for the variance

in (5.49) is simplified to

σ2y(x, h) ' σ̃2y(x, h) = σ2∆2B21/(c
2
0h
2α+2)

and an explicit analysis can be produced.
Calculations show that in this case

h∗(x) =
µ

σ2B21∆
2

c20A
2
eL

2
M(x)

γ2
¶1/(2M+2α+2)

, γ2 =
α+ 1

M
(5.50)

and
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r̄∗(x) = r̄(x, h∗(x)) = σ2y(x, h
∗(x))(1 + γ2), (5.51)

γ = me(x, h
∗(x))/σ̃y(x, h∗(x)),

σ̃2y(x, h
∗(x)) = σ2B21

∆2

c20(h
∗(x))2α+2

, (5.52)

γ =

r
α+ 1

M
(5.53)

Here the parameter γ is introduced as a ratio of the bias me(x, h
∗(x)) to the

estimation standard deviation σ̃y(x, h∗(x)), when the both are calculated for
the ideal scale h∗(x). These calculations show that this ratio is a constant
depending only onM = min{m+1, r} and the properties of the convolution
kernel given by the parameter α.

Thus, γ depends only on the power LPA, the smoothness of the function
defined by the value of r and the filtering properties of the convolution kernel.
This result is exactly similar to discussed in Section (1.7.3).

The formulas (5.50) and (5.51) demonstrate that the ideal scale h∗(x)
depends on theM − th derivatives of y(x) and the ideal variance-bias trade-
off is achieved when the ratio between the bias and standard deviation γ is

equal to
q

α+1
M . It can be seen also that

|me(x, h)| =
½
< γ · σy(x, h) if h < h∗(x)
> γ · σy(x, h) if h > h∗(x). . (5.54)

Test of the hypotheses: h ≶ h∗(x) is used in the ICI rule in order to
obtain the adaptive values of the scale approximating h∗(x).

Inserting (5.50) in (5.52) we can see that the order of the MSE with
respect to ∆ is defined as

σ2y(x, h
∗(x)) = 0 (∆

2M
M+α+1 ). (5.55)

The sampling interval ∆ in (5.1) is inverse proportional to the numbers
of samples on x1 and x2. Let n1 = n2 = n. It means that with respect to n
(5.55) gives

σ2y(x, h
∗(x)) = 0 (n−

2M
M+α+1 ). (5.56)

This formula is quite interesting. It shows the ideal MSE convergence
rate with respect to the number of samples in the image. It is the best
possible convergence rate achieved provided that the optimal scale is se-
lected, which actually requires the knowledge of the derivatives of y(x).
This convergence rate cannot be better than 0 (n−2). Increasing M , i.e. the
smoothness of y(x) and the LPA order m, improves the convergence rate,
while the increasing α results in the slower convergence rate. With α = 0
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the formula (5.56) gives the results coinciding with ones obtained for the
nonparametric estimation in the direct observations which do not require
the data deblurring (see Section 1.7).

The deblurring reduces the ideal convergence rate.

5.3.4 Supersmooth PSF

Let start from a simple example. Assume that

g(x) =
1

2πσ2g
exp(− ||x||

2

2σ2g
).

This kernel because of its symmetry defines the kernel estimator of the
first order. In the frequency domain it corresponds to

G(λ) = exp(−2σ2g||λ||2π2).

Assume also that a supersmooth PSF is given as the 2D Gaussian den-
sity

v(x) =
1

2πσ2v
exp(− ||x||

2

2σ2v
)

with the IFT as

V (λ) = exp(−2σ2v||λ||2π2).
We have for the variance of estimation (5.36)Z

R2
|G(hλ)
V (λ)

|2dλ =
Z
R2
exp |Gh(λ)

V (λ)
|2dλ =Z

R2
exp((−h2σ2g + σ2V )||λ||2π22)dλ =

=

(
1

2π(h2σ2g−σ2V )
, if h2σ2g − σ2V > 0

∞, otherwise .

The estimation variance is finite only provided that h > σv/σg. Thus,
in this case it is not allowed to use small h and only the small h enable the
estimator to preserve the image details.

It is an example what can happen if there is no a proper coordination
between the properties of the estimator g and PSF v. In order to obtain
a finite variance for all h for the super smooth PSF the kernel estimator
should be a stronger filter in the high frequency domain.

The finite frequency support assumption in (A3 b) is an example of such
stronger filter used in the following proposition.

However, even we achieve the finite variances for all h for the super
smooth PSF the asymptotic convergence rate appeared to be much slower
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than it is for the ordinary smooth PSF . It give an illustration of the general
claim that the deblurring of the supersmooth PSF is more difficult problem.

Proposition 9 : Consider the discrete PI estimate (5.16) with gh of the
order m given by (1.29) for the asymptotic ∆ → 0, h/∆ → ∞. Let the
assumptions (A1), (A2 b) and (A3 b) hold. Then

(I) The estimation bias is bounded as in (5.45);
(II) The estimation variance is bounded as

var{e0y} ≤
(

σ2B20∆
2( 1
c21h

2 +
exp(2γΛ̄αh−α)

c20h
2 ), if h ≤ A/Λ̄,

σ2B20∆
2 1
c21h

2 , if h > A/Λ̄.
(5.57)

(III) For the window size h = c(log 1
∆2 )

−1/α with c > (2γ)1/αΛ̄ the mean
square error of the estimation bounded as

r(x, h) ≤ (cLM(x)Ae)2((log 1

∆2
)−2M/α + o(1)), (5.58)

where o(1) stays for terms smaller in order.

The proof of Proposition 9 is given in Section 5.6.3.
For ∆ ∼ 1/n the formula (5.58) gives

r(x, h) ≤ (cLM(x)Ae)2((logn2)−2M/α + o(1)), (5.59)

where n2 is a total number of samples in the image.
Comparison (5.59) versus (5.56) shows that the convergence rate for de-

convolution of super smooth PSF is much slower than that for the ordinary
smooth PSF . Note also that there is no a better choice for the window
h = c(log 1

∆2 )
−1/α which is able to improve the asymptotic accuracy (5.59).

5.3.5 The ICI rule

The problem of the pointwise adaptive scale has been studied in Chapter 2.
Here we apply this ICI technique. The above accuracy analysis is used to
show that the ICI rule is applicable for the deblurring.

Ordinary smooth PSF

The ICI rule can be derived for the deconvolution problem from speculations
which copy the logic exploited in Chapter 2 where the ICI rule was obtained
for the direct observation.

According to the results given in Proposition 8 and formulas (5.49)-(5.53)
the estimation error of the PI estimator can be represented in the form

|e(x, h)| = |y(x)− ŷh(x)| ≤ ωe(x, h) +
¯̄
e0(x, h)

¯̄
, (5.60)
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where ωe(x, h) stays for the bias and e0(x, h) = y(x)−E{ŷ(x, h)} is a random
error with the probability density N(0,σ2y(x, h)).

Using

σ2y(x, h) ≤ σ̄2y(x, h) = σ2(B20/h
2 +Q2∆2/h2α+2) '

σ̄2y(x, h) = σ2Q2∆2/h2α+2

we obtain that ¯̄
e0(x, h)

¯̄ ≤ χ1−α/2 · σ̄y(x, h)
holds with the probability p ≥ 1−α, where χ1−α/2 is (1−α/2)− th quantile
of the standard Gaussian distribution, and with the same probability p

|e(x, h)| ≤ ωe(x, h) + χ1−α/2σ̄y(x, h). (5.61)

It follows from (5.54) that for h ≤ h∗(x) the inequality (5.61) can be
weakened to

|e(x, h)| ≤ Γ · σ̄y(x, h), h ≤ h∗(x), (5.62)

Γ = γ + χ1−α/2, (5.63)

where according to (5.53)

γ =

r
α+ 1

M
=

s
α+ 1

min{m+ 1, r} .

Now we use a finite set of window sizes H (5.21) and, according to (5.62),
determine a sequence of the confidence intervals D(j) (5.22) of the biased
estimates obtained with the windows h = hj .

Then for h = hj (5.62) is of the form

y(x) ∈ D(j), (5.64)

and we can conclude from (5.61) and (5.62) that while hj < h∗(x) holds for
h = hj , 1 ≤ j ≤ i, all of the intervals D(j), 1 ≤ j ≤ i, have a point in
common, namely, y(x).

In the opposite case, when the intersection of the confidence intervals is
empty it indicates that hj > h∗(x). Thus we arrive to the ICI rule in the
form given in the section 2.2 with the adaptive scale estimate (5.26).

Super smooth PSF

It follows from Proposition 9 that the upper bounds of the bias and variance
of the estimate are increasing and decreasing functions of h respectively. It
immediately means that the justification of the ICI given in the previous
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section is completely valid for deconvolution of the super smooth PSF . The
only difference is that it is impossible to obtain the accurate value of the
optimal scale and to verify if the bias-to-variance is invariant as it is for the
ordinary smooth PSF .

Thus, we can use the ICI scale selection for any ordinary and super
smooth PSF .

5.4 Algorithm implementation

The implementation of the pointwise adaptive algorithms is completely sim-
ilar to the LPA− ICI procedures considered in Chapter 2.

Here we present the basic implementation of the PI, RI and WI meth-
ods. The practical algorithms include the basic ones as elements of more
complex structures.

The basic PI algorithm consists of the following steps:
1. Set H = {h1 < h2 < .... < hJ}, m, Γ;
2. For h = hi, i = 1, ..., J, calculate:
(a) The kernels gh(x),
(b) The DFT of the kernels Gh(f),
(c) The variance of the estimates (5.27).
3. For h = hi, i = 1, ..., J, and xs, s = 1, 2, .., N , calculate the estimates

ŷh(xs) according to the algorithm (5.16)
4. Use the ICI algorithm (5.23)-(5.25) to find the adaptive window sizes

h+(xs) for all xs.
5. Define the adaptive estimates according to (5.26).

The step 2 defines a bank of the filters with different bandwidth h. Step
3 serves for calculation of the estimates for all h ∈ H. The ICI rule in step
4 selects the adaptive varying bandwidths for each xs. The final step 5 gives
the estimates with the adaptive bandwidths. Actually, the steps 4 and 5 are
integrated in the ICI and produced simultaneously.

The basic RI algorithm consists of the same steps as the PI algorithm
with the following two changes: the regularization parameter ω should be
settled in Step 1 and the formula (5.28) is applied for variance calculation.

The basic WI algorithm consists of the same steps as the PI algo-
rithm with the formula (5.29) is applied for variance calculation. It requires
also knowledge of the object function which can be estimated by some aux-
iliary procedure independent on the main algorithm or obtained by the re-
cursive implementation of the main algorithm using for the object function
in (5.29) the estimates obtained on the previous steps.

The standard deviation σ used for the variance calculations in 2(a) is
estimated according to (2.14).

A symmetric weight w is a good choice if y(x) is isotropic in a neigh-
borhood of the estimation point. However, if y(x) is anisotropic directional
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varying, as it happens near discontinuities or image edges the nonsymmetric
approximation of y(x) is more reasonable way to obtain a better result. Two
different approaches to deal with anisotropy of y(x) are proposed. Those
are the multiple window estimate in Section 2.6 and the combined window
estimate in Section 2.7. These two approaches are completely applicable for
nonparametric adaptive scale deblurring.

5.5 Simulation

The LPA − ICI algorithms developed in Chapter 2 for image denoising
and modified to the image deblurring problem in Section 5.4 are tested in a
number of experiments.

The test signal is the 256× 256 ”Cameraman” image (8 bit gray-scale)
corrupted by an additive zero-mean Gaussian noise. The blurred SNR
(BSNR) is defined in dB as

BSNR = 10 log10[
X
x

E{(z(x)− (y ~ v)(x))2}/σ2n1n2]

with n1 = n2 = 256. The results presented are mainly obtained forBSNR=40dB.
The discrete-space blur convolution PSF is 9× 9 uniform box-car square .

For the parameters of the LPA− ICI we assume: the power m = 2 and
the Gaussian window

w(x) = exp(−||x||2/2σ2w)

with σw = 0.4.
The window size set (scales) used in the ICI is as in (3.4)

H = {1, 2, 3, 4, 5, 7, 10, 14, 20, 29}.

The basic design parameters of the proposed LPA − ICI deblurring
algorithm are the threshold Γ for the ICI and the regularization parameter
ε for the deblurring operator. The bias-variance trade-off here is clear.
Smaller values of these parameters result in decreasing smoothing properties
of the algorithm, i.e. the distortion of the original image becomes smaller
while the level of the random components becomes stronger. Larger values
of the parameters Γ and ε result in a vise versa effects. For the LPA− ICI
algorithm this sort of behavior of the image denoising is shown, in particular,
in [67] and it is a common knowledge for the regularization parameter.

For estimation of the original image spectrum |Y (f)|2 we exploit the
iterative Wiener algorithm proposed in [48].

First, we wish to determine the optimal or nearly optimal parameters
Γ∗ and ε∗ from the analysis of the LPA − ICI deblurring algorithm by
optimizing performance criteria (3.7)-(3.12):
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(1) Root mean squared error (RMSE):

RMSE =

s
1

#

X
x

(y(x)− ŷ(x))2;

(2) SNR in dB:

SNR = 10 log10
X
x

|y(x)|2/
X
x

|y(x)− ŷ(x)|2;

(3) Improvement in SNR (ISNR) in dB:

ISNR = 20 log10(σ̂/RMSE);

(4) Peak signal-to-noise ratio (PSNR) in dB:

PSNR = 20log10(maxx|y(x)|/RMSE);

(5) Mean absolute error (MAE):

MAE =
1

#

X
x

|y(x)− ŷ(x)|;

(6) Maximum absolute difference (error):

MAXDIF = max
x
|y(x)− ŷ(x)|.

These criteria allow to evaluate the performance of the algorithm quan-
titatively, while PSNR is treated as a criterion linked with a visual image
perception. However, the visual evaluation is considered as an independent
performance criterion required to be evaluated. For deblurring we use the
multiple window version of the algorithms.

The performance criteria are calculated for symmetric and four quad-
rant window estimates as well as for the weighted final estimates (2.17).
We have studied few versions of the fusion for the final estimate which are
different in a window estimates used for fusion as well as the weights used
in the fusion. In particular, we considered the final estimate obtained from
four (quadrants 1,2,3,4 only) and from five estimates (quadrants 1,2,3,4 plus
symmetric window). We considered also two types of the weights of the fu-
sion: inverse variance of the estimates as in (2.17) and the simple mean of
the fused estimates.

The analysis is in the favor of the four quadrant estimates (symmetric
window estimate is not included) with the inverse variance weights what
is used further. Sometimes the difference between these estimates is neg-
ligible. However, mainly the four-quadrant estimate gives a better detail
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preservation and better visual effects.

The above performance criteria achieve their extrema for slightly differ-
ent values of Γ and ε. However, the criteria functions are relatively slow
varying. It allows to select compromise values of Γ and ε which are nearly
optimal for all criterion functions. These compromise values which can be
treated as the rule of thumb for the parameter selection are Γ∗ = 1.6 and
ε∗ = 0.015 for the RI algorithm and Γ∗ = 1.6 and ε∗ = 0.4 for the RWI
algorithm. Naturally for the particular images and SNR the performance
may be improved by further tuning and adaptation of these parameters.

For the considered image and the simulation scenario with box-car PSF
and the Gaussian window for the LPA the behavior of the criteria as func-
tions of Γ and ε for the symmetric and quadrant window estimates is il-
lustrated in Figures 5.1 and 5.2 for the RI algorithm. The curves in these
Figures show that the different criteria for different quadrant windowed es-
timates indeed can be agreed in terms of their extremum values achieved for
the parameters Γ and ε having the compromise values shown above.

For the algorithm RWI similar curves are shown in Figures 5.3 and 5.4
with the similar conclusions on Γ and ε values.

Figure 5.5 shows the varying adaptive scales produced by the ICI rule
in the RWI algorithm for each of the five (symmetric and nonsymmetric
quadrant) windows. Small and large scales are shown by black and white,
respectively. The adaptive scales are quite sensitive with respect to edges
in images. The ICI rule selects smaller windows in a neighborhood of the
intensity changes and larger window for areas of a flat image intensity. The
adaptive window sizes delineate and shade contours of the cameraman, cam-
era, and other image details. The obtained window sizes actually correspond
to the intuitively clear behavior of the varying window size relevant to the
smoothing of the data if the true image is known. The character of these
figures is quite similar to having place in application of the ICI rule to
image denoising of direct (not blurred) observations (see Chapter 3). The
quadrant estimates corresponding to the ICI windows shown in Figure 5.5
can be seen in Figure 5.6. The final four quadrant fused estimate-images
are of nearly equivalent quality for the RI and RWI methods.

One of these images the WRI image is shown in Figure 5.7b. For com-
parison purposes we show also: the blurred noisy image in Figure 5.7a and in
Figure 5.7c,d the images restored by the image deblurring routines available
from the Image Processing Toolbox (Version 3.1) of MATLAB.

Those are two routines deconvreg.m and deconvwnr.m implementing
the regularized deconvolution and Wiener deconvolution, respectively.

Let us make clear details of using these routines. The regularized decon-
volution was done in two stage manner as follows:
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(1) [y1, LARGA] = deconvreg(z, PSF, nσ2), (5.65)

(2) [Matlab1] = deconvreg(z, PSF, [], LARGA · ε1).

Here z is the noisy blurred image, PSF is v, LARGA is an auxiliary
variable of the algorithm. The output image estimate is denoted asMatlab1.

We use the parameter ε1 in order to maximize the SNR of this estimate.
The maximum was achieved at ε1 = 0.26 with the optimal SNR = 21.35
dB and ISNR = 6.16 dB. The corresponding image restoration is given in
Figure 5.7c.

The Wiener deconvolution routine has two modes of using different by
information available on the noise. The first mode assumes that the NSR
(noise-to-original image ratio) is known and we denote the corresponding
image restoration as Matlab21. The second mode assumes that the spec-
trums of the original image and the noise are given. Then, we denote the
corresponding image restoration as Matlab22.

The corresponding restorations are obtained using the routine as follows

(1) [Matlab21] = deconvwvr(z, PSF,NSR · ε2);
(2) [Matlab22] = deconvwvr(z, PSF,NCORR, ICORR),

where NCORR, ICORR are correlation matrices of the noise and the orig-
inal image (details can be seen in MATLAB’s Help).

We use the parameter ε2 in the reconstruction Matlab21 in order to
maximize SNR of the corresponding estimate. The maximum was achieved
at ε2 = 55 and yields SNR = 20.75 dB and ISNR = 5.567 dB. This image
estimate called Matlab21 is demonstrated in Figure 5.7d.

Comparison of all three reconstructions is definitely in favor of the LPA−
ICI estimates as in the numerical values of the criteria as well as in visual
evaluation. In particular, the both MATLAB reconstructions suffer from
artifacts in the form of multiple spots spread over the image and in particular
clear seen on the sky-background. The LPA−ICI reconstruction gives also
a sharper and cleaner image.

The reconstructionMatlab22 gives a valuable improvement of the criteria
values as much as SNR = 22.07 dB and ISNR = 6.885 dB. However, now
for the fair competition we need to use the RWI reconstruction assuming
that the spectrum of the original image in known exactly. In this case
the the RWI algorithm also improves its performance. It gives the values
SNR = 22.70 dB and ISNR = 7.51 dB as well as the visual quality is again
in favor of the RWI algorithm.

This figures as well as visual evaluation demonstrate an advance perfor-
mance of the developed algorithms.
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In more details algorithm performance is characterized numerically by
criteria values in Table 5.1.

These figures are obtained for the image intensity functions normalized to
the segment [0,1]. The first two columns correspond to the developed LPA−
ICI estimates using the RWI and RI deblurring. Third-fifth columns
shows results obtained by the algorithms of the Image Processing Toolbox.
The all criteria figures are in favor of the RWI − LPA − ICI algorithm,
further follows the RI−LPA−ICI algorithm and after that the algorithms
Matlab1, Matlab21.
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Table 5.1

Box-car blur PSF and Gaussian window LPA with m = 2

Criteria
RWI
ε = 0.4

RWI
ε = 0.4
|Y (f)|
given

RI
ε = 0.015

Matlab1
ε1 = 0.26

Matlab21
ε2 = 55

Matlab22
|Y (f)|
given

SNR,
dB

22.04 22.70 21.94 21.35 20.75 22.07

ISNR, 6.855 7.515 6.749 6.162 5.567 6.88

RMSE,
dB

0.0419 0.039 0.0424 0.0454 0.0486 0.0418

PSNR,
dB

27.56 28.22 27.32 26.86 26.26 27.60

MAE 0.0249 0.0230 0.0251 0.0306 0.0331 0.0287

MAX −
DIFF

0.4542 0.4337 0.4572 0.4920 0.5018 0.4450

Finally, Figure 5.8 shows the performance (SNR of the restored image)
as a function of BSNR for all considered algorithms. We use the design
parameter values Γ, ε, ε1 and ε2 found from the analysis of the middle
level BSNR = 40 dB. The RWI algorithm definitely demonstrates the best
performance for all BSNR.
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Figure 5.1: The Regularized Inverse (RI) LPA− ICI estimates. The Car-
Box PSF and Gaussian window of the LPA. The performance criteria
as functions of the threshold Γ for ε = 0.015. Criteria are given for the
symmetric, quadrant and final estimates. Notation used: solid line for the
symmetric window estimate, stars * for the final fused estimate, dotted lines,
dash-dot lines, lines with squares and diamonds for the Q1, Q2, Q3, and Q4
quadrant estimates respectively. Extremum values of SNR, ISNR, PSNR,
RMSE for the final estimate are at Γ ' 1.6. Symmetric and quadrant
estimates achieve their extremum values at the values close to Γ ' 1.6.
Thus, Γ ' 1.6 can be treated as a compromise value for all criteria and for
all estimates.
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Figure 5.2: The Regularized Inverse (RI) LPA− ICI estimates. The per-
formance criteria as functions of the threshold ε for Γ = 1.6. Criteria are
given for the symmetric, quadrant and final estimates. Notation used: solid
line for the symmetric window estimate, stars * for the final fused estimate,
dotted lines, dash-dot lines, lines with squares and diamonds for the Q1,
Q2, Q3, and Q4 quadrant estimates respectively. All criteria have their ex-
tremum values for the final estimate at ε ' 0.015. Symmetric and quadrant
estimates achieve their extremum values at ε values close to 0.015. Thus,
ε ' 0.015 can be treated as a compromise optimal value for all criteria and
for all estimates.
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Figure 5.3: The Regularized Wiener Inverse (RWI) LPA− ICI estimates.
The Car-Box PSF and Gaussian window of the LPA. The performance
criteria as functions of the threshold Γ for ε = 0.4. Criteria are given for
the symmetric, quadrant and final estimates. Notation used: solid line for
the symmetric window estimate, stars * for the final fused estimate, dotted
lines, dash-dot lines, lines with squares and diamonds for the Q1, Q2, Q3,
and Q4 quadrant estimates respectively. Extremum values of SNR, ISNR,
PSNR, RMSE for the final estimate are at Γ ' 1.6. Symmetric and
quadrant estimates achieve their extremum values at the values close to
Γ ' 1.6. Thus, Γ ' 1.6 can be treated as a compromise value for all criteria
and for all estimates.
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Figure 5.4: The Regularized Wiener Inverse (RWI) LPA− ICI estimates.
The performance criteria as functions of the threshold ε for Γ = 1.6. Criteria
are given for the symmetric, quadrant and final estimates. Notation used:
solid line for the symmetric window estimate, stars * for the final fused
estimate, dotted lines, dash-dot lines, lines with squares and diamonds for
the Q1, Q2, Q3, and Q4 quadrant estimates respectively. All criteria have
their extremum values for the final estimate at ε ' 0.4. Symmetric and
quadrant estimates achieve their extremum values at ε values close to 0.4.
Thus, ε ' 0.4 can be treated as a compromise optimal value for all criteria
and for all estimates.
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ORIGINAL IMAGE SYMMETRIC WIND

WIND Q1 WIND Q2

WIND Q3

QUADRANT ADAPTIVE WINDOW SIZES,  m=2, Γ=1.6, ε=0.015

WIND Q4

Figure 5.5: The RWI algorithm, Car-Box PSF , Gaussian window in the
LPA. Cameraman images show true image and adaptive varying window
sizes obtained by ICI for the symmetric window and quadrant image esti-
mates. Small and large window sizes are shown by black and white, respec-
tively. The adaptive window sizes are quite sensitive with respect to edges
in images. The ICI rule selects smaller windows in a neighborhood of the
intensity changes and larger window for areas of flat image intensity. The
ICI sensitivity is directional and the varying window sizes are different
for different quadrant estimates giving directional shadowing image edges.
The adaptive window sizes delineate and shade contours of the cameraman,
camera, and other image details. The obtained window sizes actually corre-
spond to the intuitively clear behavior of the varying window size relevant
to the smoothing of the data if the true image is known.



242

Q0, RMSE=21.2,  ISNR=6.05 dB Q1, SNR=20.5,  ISNR=5.35 dB

Q2, SNR=20.6,  ISNR=5.42 dB Q3, SNR=20.6,  ISNR=5.43 dB

Q4, SNR=20.6,  ISNR=5.42 dB

QUADRANT AND FINAL ESTIMATES,  m=2, Γ=1.6 , ε=0.4

FINAL EST, SNR=22,  ISNR=6.85 dB

Figure 5.6: The RWI algorithm, Car-Box PSF , Gaussian window in the
LPA. Quadrant and final four quadrant estimate.
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NOISY IMAGE, SNR=15.19,  ISNR=0

a)

WienRI, SNR=22.04,  ISNR=6.855

b)

Matlab1, SNR=21.35,  ISNR=6.162

c)

PERFORMANCE OF LPA-ICI vs MATLAB ALGORITHMS

Matlab21, SNR=20.75,  ISNR=5.567

d)

Figure 5.7: The RWI algorithm, Box-Car PSF , Gaussian window in the
LPA. (a) The observed blurred noisy Cameraman image; (b) the final
LPA− ICI estimate fused from the four quadrant estimates. The estimate
obtained by using the Wiener Inversion (RWI) demonstrates a performance
with SNR = 22 dB and ISNR = 6.85 dB; (c) The estimateMatlab1 obtain
by the MATLAB routine deconvreg.m with optimization on regularization
parameter with SNR = 21.35 dB and ISNR = 6.16 dB; (d) The estimate
Matlab21 obtain by the MATLAB routine deconvwnr.m with optimization
on some regularization parameter with SNR = 20.75 dB and ISNR = 5.57
dB. The criteria values and the visual inspection of the image reconstructions
are definitely in favor of the LPA− ICI based RWI algorithm.
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Figure 5.8: SNR of the image reconstruction versus BSNR. The Bar-Box
blurred 9× 9 PSF and the Gaussian window function LPA for deblurring
kernel. The estimators and parameters: (a) RI with ε = 0.015 and Γ = 1.6
( curve with ’o’), (b) RWI with ε = 0.4 and Γ = 1.6, PSF estimated
(curve with stars *), (c) RWI with ε = 0.4 and Γ = 1.6, PSF given (dotted
curve), (d) Matlab1 with ε1 = 0.26 (curve with triangles); (e) Matlab21
with ε2 = 55, PSF estimated (curve with squares); (f) Matlab22, PSF
given (curve with diamonds).
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Let us consider another group of experiments which are different from the
discussed above only by using the Gaussian PSF for blurring and deblurring.
In order to have a scenario comparable with the box-car PSF we define the
parameters of the Gaussian PSF in such way that the L2 norms of PSF
in the both scenarios are equal. Then, the level of the noise in blurred and
ideally deblurred image are the same for the box-car and Gaussian PSF .

This equivalent Gaussian blurring kernel have a size 15× 15 and kernel

v(x1, x2) = exp(−(x21 + x22)/0.2048), x1, x2 = −8,−7, ..0, ..., 7, 8.

First, we wish to determine the optimal parameters Γ∗ and ε∗ from the
analysis of the LPA − ICI deblurring algorithm by optimizing the above
six performance criteria.

These performance criteria are calculated for symmetric and four quad-
rant window estimates as well as for the weighted final estimates (2.17).
We have studied few versions of the fusion for the final estimate which are
different in a window estimates used for fusion as well as the weights used
in the fusion. In particular, we considered the final estimate obtained from
four (quadrants 1,2,3,4 only) and from five estimates (quadrants 1,2,3,4 plus
symmetric window). We considered also two types of the weights of the fu-
sion: inverse variance of the estimates as in (2.17) and the simple mean of
the fused estimates.

The analysis is again as it was above in the favor of the four quadrant
estimates (symmetric window estimate is not included) with the inverse
variance weights what is used further.

The criteria functions are relatively slow varying. It allows to select com-
promise values of Γ and ε which are nearly optimal for all criterion functions
equal to selected ones for the uniform box-car PSF . These compromise val-
ues are Γ∗ = 1.6 and ε∗ = 0.015 for the RI algorithm and Γ∗ = 1.6 and
ε∗ = 0.4 for the RWI algorithm.

In this scenario the behavior of the criteria as functions of Γ and ε for
the symmetric and quadrant window estimates is illustrated in Figures 5.9
and 5.10 for the RI algorithm. The curves in these Figures show that the
different criteria for different quadrant windowed estimates indeed can be
agreed in terms of their extremum values achieved for the parameters Γ and
ε having the compromise values shown above.

For the algorithm RWI the corresponding criteria curves are shown in
Figures 5.11 and 5.12.

Table 5.2 similar to Table 5.1 presents criteria values for the case of the
Gaussian PSF .
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Table 5.2

Gaussian blur PSF and Gaussian window LPA with m = 2

Criteria
RWI
ε = 0.4

RWI
ε = 0.4
|Y (f)|
given

RI
ε = 0.015

Matlab1
ε1 = 0.26

Matlab21
ε2 = 55

Matlab22
|Y (f)|
given

SNR,
dB

19.46 19.77 19.47 19.14 19.02 19.35

ISNR, 3.270 3.574 3.276 2.945 2.833 3.160

RMSE,
dB

0.0564 0.0545 0.0564 0.0585 0.0593 0.0571

PSNR,
dB

24.98 25.28 24.98 24.64 24.54 24.86

MAE 0.0302 0.0297 0.0301 0.0329 0.0325 0.0327

MAX −
DIFF

0.5903 0.5659 0.5979 0.6051 0.6091 0.5854

The criteria based comparison of the algorithms results in conclusions
which are quite similar to those we had for the box-car PSF. Again it is in
favor to the RWI algorithm both in the criteria figures as well as visually.

One of the goals of the experiment with the Gaussian PSF is to demon-
strate that the deconvolution of the Gaussian PSF is a more difficult prob-
lem than it is for the box-car PSF. The comparison of the criteria values
in Table 5.1 versus Table 5.2 shows that the all criteria values are worse for
the Gaussian PSF . It confirms also the theoretical results of Propositions 8
and 9 that the deconvolution of the super-smooth kernel (Gaussian) is more
complex problem than the deconvolution of the smooth kernel (box-car).
Further illustrations for the Gaussian PSF are presented in Figures 5.13
and 5.14.
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Figure 5.9: The Regularized Inverse (RI) LPA − ICI estimates. The
Gaussian PSF and the Gaussian window function in the LPA. The per-
formance criteria as functions of the threshold Γ for ε = 0.015. Criteria are
given for the symmetric, quadrant and final estimates. Notation used: solid
line for the symmetric window estimate, stars * for the final fused estimate,
dotted lines, dash-dot lines, lines with squares and diamonds for the Q1,
Q2, Q3, and Q4 quadrant estimates respectively. Extremum values of SNR,
ISNR, PSNR, RMSE for the final estimate are at about Γ ' 1.6. Sym-
metric and quadrant estimates achieve their extremum values at the values
close to Γ ' 1.6. Thus, Γ ' 1.6 can be treated as a compromise value for
all criteria and for all estimates.
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Figure 5.10: The Regularized Inverse (RI) LPA − ICI estimates. The
Gaussian PSF and the Gaussian window function in the LPA. The per-
formance criteria as functions of of ε for Γ = 1.6. Criteria are given for
the symmetric, quadrant and final estimates. Notation used: solid line for
the symmetric window estimate, stars * for the final fused estimate, dotted
lines, dash-dot lines, lines with squares and diamonds for the Q1, Q2, Q3,
and Q4 quadrant estimates respectively. Extremum values of SNR, ISNR,
PSNR, RMSE for the final estimate are at about ε ' 0.015. Symmetric
and quadrant estimates achieve their extremum values at the values close
to ε ' 0.015. Thus, ε ' 0.015 can be treated as a compromise value for all
criteria and for all estimates.
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Figure 5.11: The Regularized Wiener Inverse (RWI) LPA−ICI estimates.
The Gaussian PSF and Gaussian window of the LPA. The performance
criteria as functions of the threshold Γ for ε = 0.4. Criteria are given for
the symmetric, quadrant and final estimates. Notation used: solid line for
the symmetric window estimate, stars * for the final fused estimate, dotted
lines, dash-dot lines, lines with squares and diamonds for the Q1, Q2, Q3,
and Q4 quadrant estimates respectively. Extremum values of SNR, ISNR,
PSNR, RMSE for the final estimate are at about Γ ' 1.6. Symmetric
and quadrant estimates achieve their extremum values at the values close to
Γ ' 1.6. Thus, Γ ' 1.6 can be treated as a compromise value for all criteria
and for all estimates.
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Figure 5.12: The Regularized Wiener Inverse (RWI) LPA−ICI estimates.
The Gaussian PSF and the Gaussian window function in the LPA. The
performance criteria as functions of of ε for Γ = 1.6. Criteria are given for
the symmetric, quadrant and final estimates. Notation used: solid line for
the symmetric window estimate, stars * for the final fused estimate, dotted
lines, dash-dot lines, lines with squares and diamonds for the Q1, Q2, Q3,
and Q4 quadrant estimates respectively. Extremum values of SNR, ISNR,
PSNR, RMSE for the final estimate are at about ε ' 0.4. Symmetric
and quadrant estimates achieve their extremum values at the values close to
ε ' 0.4. Thus, ε ' 0.4 can be treated as a compromise value for all criteria
and for all estimates.



251

NOISY IMAGE, SNR=16.19,  ISNR=0 WienRI, SNR=19.46,  ISNR=3.27

Matlab1, SNR=19.14,  ISNR=2.945

PERFORMANCE OF LPA-ICI vs MATLAB ALGORITHMS

Matlab21, SNR=19.02,  ISNR=2.834

Figure 5.13: The RWI algorithm, Gaussian PSF , Gaussian window in the
LPA. (a) The observed blurred noisy Cameraman image; (b) the final
LPA− ICI estimate fused from the four quadrant estimates. The estimate
obtained by using the Wiener Inversion (RWI) demonstrates a performance
with SNR = 22 dB and ISNR = 6.85 dB; (c) The estimateMatlab1 obtain
by the MATLAB routine deconvreg.m with optimization on regularization
parameter with SNR = 21.35 dB and ISNR = 6.16 dB; (d) The estimate
Matlab21 obtain by the MATLAB routine deconvwnr.m with optimization
on some regularization parameter with SNR = 20.75 dB and ISNR = 5.57
dB. The criteria values and the visual inspection of the image reconstructions
are definitely in favor of the LPA− ICI based RWI algorithm.
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Figure 5.14: SNR of the image reconstruction versus BSNR. The Gaussian
15×15 PSF and the Gaussian window function LPA for deblurring kernel.
The estimators and parameters: (a) RI with ε = 0.015 and Γ = 1.6 ( curve
with ’o’), (b) RWI with ε = 0.4 and Γ = 1.6, PSF estimated (curve with
stars *), (c) RWI with ε = 0.4 and Γ = 1.6, PSF given (dotted curve), (d)
Matlab1 with ε1 = 0.26 (curve with triangles); (e) Matlab21 with ε2 = 55,
PSF estimated (curve with squares); (f) Matlab22, PSF given (curve with
diamonds).
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5.6 Proof of propositions

5.6.1 Proposition 7

(1) The first part of the proposition follows from Proposition 1. Let us
outline this derivation. Substituting the weight gh from (1.29) in the con-
volution for ŷh(x) we obtain

ŷh(x) =
X
l

gh(∆(x− l))y(∆l), (5.66)

gh(∆x) = wh(∆x)φ
T (0)Φ−1h φ(∆x), (5.67)

Φh =
X
x

wh(∆x)φ(∆x)φ
T (∆x).

Note, that the infinite 2D lattice is used here, the sampling intervals
are equal to ∆ on both variables x1and x2, x = (x1, x2), l = (l1, l2) andP
l =

P
l1

P
l2
.

First consider the matrix Φh:

Φh = Td(h)
1

h2

X
x

w(
∆x

h
)φ(
∆x

h
)φT (

∆x

h
)Td(h) =

1

∆2
Td(h)

X
x∈X∞

w(
∆x

h
)φ(
∆x

h
)φT (

∆x

h
)(
∆

h
)2Td(h)

→ 1

∆2
Td(h)ΦTd(h)

where Td(h) = diag{φ(h)} is a diagonal matrix composed from the elements
of the vector φ(h) (see 1.46).

Inserting the limit expression for Φh in (5.67) we obtain

gh(∆x)→ ∆2

h2
w(
∆x

h
)φT (0)T−1d (h)Φ−1T−1d (h)φ(∆x) = (5.68)

∆2

h2
w(
∆x

h
)φT (0)Φ−1φ(

∆x

h
) =

∆2

h2
g(
∆x

h
),

where
g(x) = w(x)φT (0)Φ−1φ(x). (5.69)

Further, substituting this formula in (5.66) we have

ŷ(x, h)→ ∆
2

h2

X
l

g(
∆(x− l)

h
)y(∆l)→

1

h2

Z
R2
g(
x− u
h

)y(u)du =

Z
R2
g(u)y(x− hu)du.
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It proves (5.32).

(2) For DFT of gh we have

Gh(f) =
X
x

gh(∆x) exp(−i2π < f, x >)

and substituting (5.68) in it we obtain

Gh(f)→ 1

h2

X
x∈X∞

∆2g(
∆x

h
) exp(−i2π < 1

∆
f,∆x >)→

1

h2

Z
R2
g(
x

h
) exp(−i2π < λ, x >)dx =Z

R2
g(x) exp(−i2π < λh, x >)dx = G(λh).

It proves (5.34).

(3) Using (5.68) we obtain for the squared norm of gh(x)

X
x

g2h(x)→
∆2

h2

X
x

∆2

h2
g2(
∆x

h
)→ ∆

2

h2

Z
R2
g2(u)du = ∆2

Z
R2
|G(λh)|2dλ.

(4) According to (5.34) Gh(f) → Gh(λ) and V (f) → V (λ). Then the
formula (5.20) for the variance of PI gives

σ2ŷh =
σ2

n1n2
||Gh(f)
V (f)

||22 = σ2
X
f

|Gh(f)
V (f)

|2 1

n1n2
→

σ2
Z
R2
|Gh(f)
V (f)

|2df = σ2∆2
Z
R2
|Gh(λ)
V (λ)

|2dλ,
λ = f/∆.

It proves (5.36). In a similar way the formulas (5.37)-(5.38) can be
verified.

It completes the proof of Proposition 7.
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5.6.2 Proposition 8

(I) For the analysis of the bias we use the Taylor series of y(x− u) with the
remainder term in the Lagrange form (1.155):

y(x− u) =
MX
s=0

X
|r|=s

(−1)|r|
r!

urD(r)y(x) + (5.70)

X
|r|=M+1

1

r!
urD(r)y(x− λu),

0 ≤ λ ≤ 1.

Then, according to Proposition 7 the estimation bias is defined as

E{ey} = y(x)− ŷh(x) = y(x)−
Z
R2
g(u)y(x− hu)du. (5.71)

Substituting the series (5.70) in (5.71) with M = min{m + 1, r} and
taking into consideration the vanishing moments properties of the m − th
order estimator we arrive to the equality for the estimation bias

E{ey} = −hM
X
|r|=M

1

r!

Z
R2
|g(u)urD(r)y(x− λhu)|du. (5.72)

The inequality (5.45) immediately follows from (5.72). Note that M =
min{m+1, r} defines the maximum power of the Taylor series which can be
used for the estimation error approximation.

(II) According to Proposition 7 the asymptotic variance of estimation by
the PI method is given by the formula (5.36)

var{e0y} ≤ ∆2σ2
Z
R2
|Gh(λ)
V (λ)

|2dλ. (5.73)

Substituting (5.41) in (5.73) we haveZ
R2
|Gh(λ)
V (λ)

|2dλ = (5.74)Z
||λ||≤A

|Gh(λ)
V (λ)

|2dλ+
Z
||λ||>A

|Gh(λ)
V (λ)

|2dλ ≤
1

c21

Z
||λ||≤A

|G(λh)|2dλ+ 1

c20

Z
||λ||>A

|G(λh)|2||λ||2αdλ ≤
1

c21h
2

Z
R2
|G(λ)|2dλ+ 1

c20h
2α+2

Z
R2
|G(λ)|2||λ||2αdλ =

B20
c21h

2
+

B21
c20h

2α+2
. (5.75)
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It proves (5.48) and completes the proof of Proposition 8.

5.6.3 Proposition 9

(I) The analysis of the bias is completely the same as it is in the proof of
Preposition 8.

(II) The variance of the estimate is obtained by modification of the cor-
responding proof of Preposition 8. Substituting (5.42) in the formula for the
variance (5.36), and using (5.75) we haveZ

R2
|G(hλ)
V (λ)

|2dλ = (5.76)Z
||λ||≤A

|G(hλ)
V (λ)

|2dλ+
Z
||λ||>A

|G(hλ)
V (λ)

|2dλ ≤
1

c21

Z
||λ||≤A

|G(λh)|2dλ+ 1

c20

Z
||λ||>A

|G(λh)|2 exp(2γ||λ||α)dλ ≤

B20
c21h

2
+

1

c20h
2

Z
||u||>Ah

|G(u)|2 exp(2γ||u||αh−α)du =

B0
c21h

2
+

(
1

c20h
2

R
||u||>Ah |G(u)|2 exp(2γ||u||αh−α)du, if Ah ≤ Λ̄,

0, Ah > Λ̄
≤

B0
c21h

2
+

(
1

c20h
2 exp(2γΛ̄

αh−α)
R
R2 |G(u)|2du,

0, Ah > Λ̄
=

B0
c21h

2
+

(
B20
c20h

2 exp(2γΛ̄
αh−α), if Ah ≤ Λ̄,

0, Ah > Λ̄
. (5.77)

It proves (5.57).

(III) Let us assume that h = c(log 1
∆2 )

−1/α and substitute it in (5.77).
It gives as ∆→ 0

1

σ2
var{e0y} ≤

∆2B0
c21h

2
+
∆2B20
c20h

2
exp(2γΛ̄αh−α) '

∆2B20
c20h

2
exp(2γΛ̄αh−α) =

∆2B20
c20h

2
(
1

∆2
)2γ(Λ̄/c)

α
=

B20
c20h

2
(∆2)1−2γ(Λ̄/c)

α
=
B20
c20c

2
(log(

1

∆2
))2/α

1

( 1
∆2 )1−2γ(Λ̄/c)

α
.

Compare the order of the last expression with the order of the bias
term in the mean square error. For the squared bias we have the order
0 (h2M) = 0 ((log 1

∆2 )
−2M/α).
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For the ration of the variance to the squared bias we have

(log( 1∆2 ))
2/α 1

( 1
∆2
)1−2γ(Λ̄/c)α

1
(log 1

∆2
)−2M/α =

(log( 1
∆2 ))

(2+2M)/α

( 1
∆2 )1−2γ(Λ̄/c)

α
→ 0

as ∆→ 0.

It is used here that 1−2γ(Λ̄/c)α > 0 and that (logn)a/n→ 0 as n→∞
for a ≥ 0.

Then we can conclude that the bias defines the main term of the mean
squared error.

It proves (5.58) and completes the proof of Proposition 9.
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