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Ptychography is a lensless coherent diffractive imaging that uses

intensity measurements of multiple diffraction patterns collected

with a localized illumination probe from overlapping regions of

an object. A novel iterative algorithm is proposed targeted on

optimal processing noisy measurements. The noise suppression

is enabled by two instruments. First, by the maximum likeli-

hood technique formulated for Poissonian (photon counting)

measurements, and second, by sparse approximation of phase

and magnitude of object and probe. It is shown in particular,

that for noisy data the maximum likelihood estimate of the

wavefield at the sensor plane is essentially different from the

famous Gerchberg-Saxton-Fienup solution, where the magnitude

of the estimate is replaced by the square root of the intensity

measurement. The simulation experiments demonstrate the

state-of-the-art performance of the proposed algorithm both

numerically and visually. c© 2012 Optical Society of America

OCIS codes: 070.2025, 100.2000, 100.3010, 100.3190
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1. Introduction

The ptychography is a method of lensless coherent diffractive imaging

that uses multiple overlapping diffraction patterns in order to obtain high-

resolution reconstructions of phase and magnitude of an object. It is envis-

aged in the original formulation by Hoppe [1] that such patterns could be

obtained by placing a very narrow probe-aperture in the plane of the object

so that each diffraction pattern would overlap with one another. The name

ptychography, from the Greek for fold, derives from this optical configura-

tion: each object area is modulated by the probe and convolved with some

wavefield propagation function, and thus made to interfere with its neigh-

bors. Measuring only the intensities of diffraction patterns leads to the phase

retrieval formulation of the ptychographical imaging. Only recently this prin-

cipal was implemented. It has been demonstrated that phase and magnitude

of the object and the probe can be extracted from ptychographical data with a

good accuracy (e.g. [2—5]). Ptychographical imaging has resulted in increased

spatial resolution microscopy without the need for lenses at both optical and

X-ray wavelengths [6,7].

First of all, as the recent state-of-the art we wish to mention the ptycho-
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graphical iterative engine (PIE) algorithm by Rodenburg and Faulkner [8]

developed for the complex-valued object reconstruction assuming that the il-

lumination probe is known. In the further development the requirement that

an accurate model of the probe function is known is removed. The extended

ptychographical iterative engine (e-PIE) proposed by Maiden and Rodenburg

in the paper [9] reconstructs both the object and the probe complex-valued

transmissive functions. Another type of the iterative algorithm (known as

parallel ptychographical iterative engine (p-PIE)) for reconstruction of the

object and the probe is proposed by Thibault et al. [10]. This latter algo-

rithm is based on projections of successive iterations on restrictions in the

object and sensor planes using the so-called difference map. Superresolution

ptychographical imaging proposed by Maiden et al. [11] is a further develop-

ment of the e-PIE algorithm.

All these iterative algorithms are based on methods developed for the phase

retrieval problem and exploit the ideas of the Fienup’s hybrid input-output

algorithm [12, 13]. The algorithms cycle through all data sets sequentially

to update both the object and probe wave front reconstructions. In these

iterations modules of the diffraction patterns are replaced by the square roots
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of the observed intensity measurements and phase values obtained from the

forward propagation procedure are preserved. Overall these algorithms can be

treated as sequential projections of reconstructions on convex sets defined by

the measurements and forward propagation models. General representation

and discussion of these techniques can be seen in [14,15].

The application of maximum-likelihood principle to the ptychographical

image reconstruction is demonstrated by Thibault and Guizar-Sicairos [16].

The minus Poissonian log-likelihood function is used as the criterion. The

proposed iterative algorithm is based on the unconstrained conjugate gradient

minimization and includes preconditioning, regularization and some typical

modifications of the statistical noise model.

In this paper we are focussed on a variational formalization of the ptycho-

graphical imaging and a development of an optimal algorithm. Our approach

is original in two aspects. First, starting from Poissonian modeling of inten-

sity measurements we propose a constraint maximum likelihood technique for

reconstruction both object and probe. In this way the approach is targeted

on optimal suppression of noise in intensity measurements. Second, a sparse

modeling is used for object and probe functions of interest. This parametric
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modeling being flexible and universal enables improved quality reconstruc-

tions. It is used separately for phase and magnitude characteristics of object

and probe. Thus, the reconstruction is formulated as a variational problem

incorporating both the noisy measurement modeling and the sparse model-

ing for object and probe. The solution (algorithm) is iterative designed for

optimization of the introduced objective functions.

The term compressive imaging in the title of the paper refers to the very

popular recent development in imaging known also as compressive (or com-

pressed) sensing (CS) (e.g. [17—19]). The main constructive idea of this tech-

nique, as it is used in our paper, to build shortest (simplest) models for object

and probe. It is done by using l0 or l1 norms as a prior for functions to be

reconstructed. While CS is targeted on minimization of number of used ob-

servations, in our approach we are focussed on optimization of accuracy and

quality of imaging assuming that the number of observation is fixed.

The proposed approach is quite flexible allowing multiple further develop-

ment: compensation of errors in probe locations, ambiguity in support of the

probe, various prior information of phase and magnitude of object and probe,

superresolution imaging, etc.
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For object and probe sparse approximation and compressive imaging we

use the technique developed in our previous papers, where they are exploited

for: complex-valued transmissive object reconstruction from complex-valued

observations [20], the phase retrieval in 4f optical setup with SLM phase

modulation [21] and for the ghost imaging of the magnitude object [22].

The rest of the paper is organized as follows. In Section 2 the image forma-

tion for ptychographical digital imaging and Poissonian observation model

are presented. The sparse modeling for phase and magnitude are discussed

in subsection 2.C. The decoupled constrained variational approach for the

image retrieval from intensity observations are presented in Section 3. The

proposed algorithm is obtained in Section 4. In Section 5 the proposed algo-

rithm is discussed in comparison with the most popular modern p-PIE and

e-PIE techniques. Simulation experiments are shown and discussed in Sec-

tion 6. Algorithm derivation from the variational formulation of the problem

is presented in Appendix.

2. Image formation and sparse object and probe modeling

We consider a microscope ptychographical imaging in the setup illustrated

in Fig. 1. A tested transmissive object (O) is illuminated by a narrow laser

7



beam through a pinhole (P). A phase diffusor in front of the object generates a

speckle wavefield enabling an improved high-frequency sensing of the object.

The laser beam propagating through the pinhole and the diffusor at the

object plane forms a probe wave front. The object is mounted on a motorized

x/y translation stage. The interaction of the object with the probe beam

produces the exit wavefield impinging on the digital sensor registering the

intensity of this wavefield. Stage x/y movements are used for scanning of

the whole object by the overlapping probe beams. A spacial light modulator

(SLM) can be used as a computer programmable diffusor.

We use a notation ψj(r) for the product of the object o(r) and probe p(r)

waves at the object plane. It is convenient to represent ψj(r) in the form

ψj(r) = o(r + rj)p(r). (1)

Here rj = (xj, yj) is a vector defining a location of the probe beam with

respect to the object.

For the far field Fraunhofer’s approximation, the wavefield at the sensor

plane is calculated (within a factor of an invariant magnituder) as

uj(ω) = F{ψj(r)} = F{o(r + rj)p(r)}, (2)

where r ∈ R2 and ω ∈ R2 are object/probe and reciprocal (Fourie) space
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coordinate vectors, and F{·} stands for the 2D integral Fourie transform.

Then the intensity of the wavefield incident on the sensor is calculated as

Ij(ω) = |uj(ω)|2 = |F{o(r + rj)p(r)}|2, (3)

The ptychography imaging problem is to reconstruct both the object

o(r) and probe p(r) wavefields from a set of measured diffraction patterns

{Ij(ω)}j=1,...J . Both unknowns o(r) and p(r) are complex-valued thus the

phase as well as the magnitude of these wavefields should be reconstructed.

If p(r) is known the reconstruction of o(r) is from the class of inverse

imaging problems. If p(r) is unknown the reconstruction of o(r) is from the

class of blind inverse imaging problems.

2.A. Discrete image formation

In discrete modeling of uj(ω) and ψj(r), the continuous arguments ω and r are

replaced by digital one with a corresponding replacement of all continuous

functions by their sampled and finite support counterparts: uj(ω) → uj[l],

ψj(r)→ ψj[k] with a 2D integer arguments l = [l1, l2] and k = [k1, k2].

Let the discrete sensor of the camera be of Ms × Ns square pixels of the

size ∆l × ∆l, and a discrete model for the object and probe has, in general

rectangular, pixels of the size ∆x ×∆y.
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Assume the following link between pixel’s size in the object/probe and

sensor domains

[∆x,∆y] =
λz

∆l
[

1

Ms
,

1

Ns
], (4)

where λ is the wave length and z is a distance between the sensor and the

object planes.

Then the discrete model for the Fraunhofer wavefield propagation defined

by Eq.(2) takes the form

uj[l] = DFT {ψj[k′]}, (5)

ψj[k
′] = o[k′ + kj]p[k

′], (6)

k = k′ + kj, (7)

where k′ are coordinates in probe, k are coordinates in object.

In this model the Discrete Fourie transform (DFT) is used instead of the

integral Fourier transform in Eq. (2) due to the conditions (4), and Ij[l], o[k],

p[k′] are the sampled versions of the corresponding Ij(u), o(r + rj), p(r). We

assume for simplicity that rj are such that the corresponding k, k′ and kj in

(5)-(7) are integer.

The support of the probe p is much smaller than that for the object, thus

the support of ψj[k] is defined by the support of the probe. In DFT the pixel
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sizes for the signal and frequency domains can be different, but the number

of the pixels in these domains is assumed to be equal.

In order to exploit the full capacity of the sensor and to improve the accu-

racy of numerical modeling for forward wavefield propagation the dimension

of uj[l] in the DFT domain is taken equal or close to the size of the sensor.

If the size of the sensor in pixels is larger than that pixel size of the probe

ψj[k
′] is zeropadded to the size of the sensor.

In what follows we use a vector-matrix notations for images and DFTs.

These vectors are obtained from the standard matrix representation for im-

ages by concatenating the columns of these matrices. We use bold lower case

characters for these vectors.

Let uj ∈ Cns, ns = MsNs, and ψj ∈ Cnp, np = MpNp, be vectorial rep-

resentations for the matrixes uj[l], Ms × Ns, and ψj[k], Mp × Np. Then the

forward propagation of the wavefield ψj from the object to the sensor plane

can be presented as a linear transformation given in the matrix form

uj = Aψj, (8)

where A is a generic notation for any discrete forward propagation operator

(complex-valued ns × np matrix, A ∈ Cns×np).
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For the DFT model in Eq. (5) the columns of the matrixA are orthonormal

and ATA = Inp×np. If the conditions (4) are not fulfilled more general Fresnel

and Fraunhofer models could be used instead of Eq.(5). All these models

allow representation in the generic form (8).

In order to express ψj through o[k] and p[k] we introduce the object-vector

o ∈Cno corresponding to the Mo × No matrix-image o[k], no = MoNo, and

the probe-vector p∈ Cnp, corresponding to the Mp × Np matrix-image p[k],

np = MpNp.

Let oj∈Cnp be a vector corresponding to a part of the vector-object o ∈Cno

covered by the probe p in ψj[k
′] = o[k′ + kj]p[k

′]. The links between the

vectors oj and o can be given in the forms

oj = Go
jo,

where Go
j is an incidence matrix of the size np × no. The items of these

matrices equal to 1 show a location of the corresponding items of o in the

vector oj. All other items of Go
j are equal to zero. Each line of Go

j has only

one element equal to 1.

Then, the vectorized input-output model for Eqs. (5)-(6) takes the following
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equivalent forms

uj = A · (oj◦p) = (9)

A·diag(p)Go
jo = (10)

A·diag(Go
jo)p. (11)

Here ’◦’stands in Eq. (9) for the Hadamard element wise product of two

vectors oj and p. Operation diag( ·) means that the vector-argument is trans-

formed in the diagonal matrix (np × np) with diagonal elements equal to the

items of the corresponding vector. Eq. (10) gives ψj as a product of the vector

o and a fixed matrix, provided that p is given. Contrary to it Eq.(11) gives ψj

as a product of the vector p and a fixed matrix provided that o is given. We

use these relations for minimization of some objective functions with respect

to o and p.

The resolution of the object imaging is defined by the sampling intervals∆x

and∆y, respectively, for the coordinates x and y. Accordingly to the formulas

(4) for a smaller z and largerMs, Ns these sampling intervals are smaller and

the resolution is higher.

The noiseless intensity observations for the introduced modeling of the pty-
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chographical system has the following form

Ij[l] = |uj[l]|2, j = 1, ..., J. (12)

Thus, the observations are given for intensities obtained at all sensor pixels

at various J locations of the probe. In vector notations the set of observations

(12) is given in the form

Ij = |uj|2, Ij ∈ Rns, j = 1, ..., J . (13)

2.B. Poissonian observations

We consider Poissonian random observations of the intensities (12). In Pois-

sonian modeling observations take random integer values interpreted as a

counted number of photons detected by the sensor. This discrete distribu-

tion has a single parameter µ and defined by the formula p(Ij[l] = L) =

exp(−µ)µ
L

L! . Here p(Ij[l] = L) is the probability that a random Ij[l] takes

value L, where L ≥ 0 is an integer. The parameter µ is the intensity flow of

Poissonian random events.

For the considered system the parameter µ is different for different experi-

ment j and different l with values µ = Ij[l]. Then the probabilistic Poissonian
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observation model is given by the formula

p(Ij[l] = L) = exp(−Ij[l]χ)
(Ij[l]χ)L

L!
. (14)

According to the properties of the Poissonian distribution, we have for the

mean value and the variance of the observed Îj[l], E{Îj[l]} = var{Îj[l]} =

Ij[l]χ. In these formulas χ is a scaling parameter which can be interpreted

as an exposure time. A larger χ means a larger exposure time, and a larger

number of the photons with the intensity Ij[l] is recorded.

The probabilistic observation model corresponding to (3) can be written in

the form

Îj[l] = Poisson{Ij[l]χ}, (15)

where Poisson{·} stands for a generator of random Poissonian numbers with

the corresponding intensity.

Instead of (15) the normalized intensity (per sec.) is measured as

Îj[l] = Poisson{Ij[l]χ}/χ. (16)

It is not diffi cult to realize that E{Îj[l]} = Ij[l] and var{Îj[l]} = Ij[l]/χ.

Thus, larger χ (larger observation time) results in a smaller value of the

variance, and always Îj[k] is an unbiased estimate of Ij[k].
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Note that the distribution of Îj[l] defined by Eq. (16) is not Poissonian

anymore, in particular just because E{Îj[l]} 6= var{Îj[l]}.

For a suffi ciently large Ij[l]χ, Ij[l]χ > 1000 (even for much smaller Ij[l]χ),

the Poissonian distribution (14) is well approximated by the Gaussian dis-

tribution with the mean and the variance equal to Ij[l]χ [23]. Then, Îj[l] in

Eq. (16) is also Gaussian with the distributions N (Ij[l], Ij[l]/χ).

With this Gaussian approximation the observed random Îj[l] can be repre-

sented in the form with an additive random noise

Îj[l] = Ij[l] + σj,lεj,l, (17)

σ2
j,l = Ij[l]/χ. (18)

where εj,l is the standard zero-mean Gaussian white random noise, εj,l ∼

N (0, 1).

In the vector notations the observation model (17)-(18) is of the form

Îj = Ij + σj ◦ εj, (19)

σ2
j = Ij/χ, j = 1, ..., J , (20)

where εj ∼ N (0, Ins×ns). A thermal Gaussian random noise usual for digital

sensors can be included in the models (17) and (19) as Gaussian random
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summands.

2.C. Sparse object and probe modeling

One of the fundamental assumptions and facts of CS is that natural signals

are sparse. The sparsity assumes that there exists a basis consisting of a small

number of items where the image can be represented exactly or approximately

with high accuracy. This ideal sparse basis is prior unknown and selected from

a given set of potential bases (dictionary or dictionaries). The popularity and

success of CS are due to the attractive theory, the effi cient algorithms and

the evidence that the developed formalism fits perfectly to many important

applications. In CS the image is reconstructed from subsampled data. A total

number of available observations can be smaller (much smaller) than size of

the image. CS can be treated as a special regularization technique for inverse

imaging where regularization is introduced through a sparse image modeling.

For sparse imaging we exploit two complementary ideas. First, an over-

complete dictionary (set of potential bases) is designed. Second, a suitable

basis actually used for modeling of object and probe are selected from this

dictionary. The overcomplete dictionary is composed from linear dependent

functions (known as frames) and should be reach enough in order indeed
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include the desirable sparse basis. The overcomplete frame representations

are discussed further in this subsection. The suitable sparse basis selection

is obtained by solving special optimization problems considered in the next

section.

Overcomplete approximation for real-valued signal Y can be given in two

different synthesis and analysis forms, respectively, as follows

Y = Ψθ, θ = ΦY. (21)

Here, Y ∈Rn, θ ∈Rm, and Ψ and Φ are transform matrices of n × m and

m × n, respectively. The vector θ, usually called spectrum, gives the para-

meters for the parametric approximation of the image Y as Y = Ψθ. Thus,

Y =
∑m

j=1 Ψj ·θj, where Ψj are the columns of the matrix Ψ, and θj are the

items of the vector θ. It is recognized that overcomplete representations for

Y with m � n and linearly dependent Ψj form a much more powerful tool

for advanced imaging than the classical orthonormal bases, where m = n.

The concept of frame is a generalization of the classical bases developed for

overcomplete (synthesis and analysis) representations with linearly depen-

dent approximating functions (e.g. [24]). There are special links between the

analysis and synthesis frames. The requirement, Ψ ·Φ = In×n, where In×n is
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the n×n identity matrix, enables a perfect reconstruction of any Y from the

corresponding spectrum θ, indeed Y = Ψθ = Ψ ·ΦY = Y. For the so-called

tight frames, ΦT ·Φ = In×n and Ψ = ΦT .

For details and applications of overcomplete, in particular, frame based

modeling for imaging we refer to the recent book [25].

Modeling of the object and probe functions o and p lies at the core of

the variational approach to ptychographical imaging proposed in this paper.

Following to Katkovnik and Astola [20] separate sparse models are used for

magnitude and phase. The following equations link magnitude and phase of

the object function with their corresponding transform (spectrum) represen-

tations:

mod(o) = Ψa,oθa,o, angle(o) = Ψϕ,oθϕ,o, (22)

θa,o = Φa,o ·mod(o), θϕ,o = Φϕ,o · angle(o), (23)

where θa,o and θϕ,o are vectors of the magnitude and phase spectra for the

object. The modulus and angle operations applied to vectors in (22)-(23)

are elementwise. Thus abs(o) and angle(o) are the vectors of magnitude and

phase values.

The frame synthesis and analysis matrices Ψa,o, Φa,o, Ψϕ,o, Φϕ,o are shown
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with the indices a and ϕ for magnitude and phase, respectively.

Eqs. (22) define the synthesis giving magnitude (abs(o)) and phase

(angle(o)) from the magnitude and phase spectra θa,o and θϕ,o. On the other

hand, the analysis Eqs. (23) give the spectra for magnitude and phase of o.

The l0-norm of the vector θ, denoted by ||θ||l0, is defined as a number of

nonzero elements of the vector. The l1−norm of θ is defined as the sum of

the absolute values of all items of the vector, ||θ||l1 =
∑

s |θs|. Both these

norms are used in order to characterize sparsity of approximation. A smaller

value of the norm means a higher sparsity of approximation.

In our approach the sparsity is evaluated separately for phase and magni-

tude by the lp-norms, ||θϕ,o||lp and ||θa,o||lp, where lp = l0, l1 for the l0− and

l1−norms, respectively. Overall, the main intention is to find sparsest (short-

est) models for phase and magnitude with smallest values of the lp-norms.

The modeling of the probe function p is used in the form similar to (22)-(23)

with the transforms matrices where the index ‘o’is replaced by the index ‘p’:

mod(p) = Ψa,pθa,p, angle(p) = Ψϕ,pθϕ,p, (24)

θa,p = Φa,p ·mod(p), θϕ,p = Φϕ,p · angle(p), (25)

where θa,p and θϕ,p are vectors of the magnitude and phase spectra for the
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probe p.

The above formulas represent general and formal aspects of overcomplete

modeling for CS. The problem is how to obtain frames (dictionary) which are

indeed so reach that they can be quite universal and effi cient in applications.

A family of the BM3D algorithms for various imaging problems were recently

proposed within the framework of nonlocal patch-wise image modeling by

Dabov et al. [26]. The corresponding analysis and synthesis frames, formaliz-

ing BM3D image modeling, are developed by Danielyan et al. [27]. We exploit

these BM3D frames in this paper for implementation of our algorithm. The

success of BM3D image processing for various applications works in favor of

this choice. We wish to note that the analysis and synthesis frame operations

are implemented algorithmically without explicit calculation of the analysis

and synthesis matricesΨa,o, Φa,o,Ψϕ,o, Φϕ,o, which may have extremely large

dimensions.

3. Decoupled compressive imaging technique

Conventionally the compressive imaging assumes that reconstructed images

are obtained as solutions of optimization problems with objective functions

including two kind of terms. First ones are obtained from the probabilistic
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observation models. Second ones give evaluation of the image complexity

calculated from the spectra θ using their lp-norms.

In this paper instead of the standard single-objective minimizations, we

consider an algorithm based on multi-objective optimization proposed for

real- and complex-valued imaging in the papers [27] and [20], respectively.

The motivations of this approach are as follows:

(A) The algorithm produces a better imaging and better accuracy than

those of the algorithms using the fidelity and regularization terms together

in single-objective optimization.

(B) The algorithm is simple in implementation because the inversion and

the filtering are decoupled. An effi cient procedures based on DFT are devel-

oped for the inversion steps, and hard- and soft- thresholdings for the phase

and magnitude filtering.

Let us introduce the following two objective function:

L1(o, p, Θ) =
χ

2

J∑
j=1

||(̂Ij − |uj|2)./|uj|||22 + (26)

1

γo
||o− vo||22 +

1

γp
||p− vp||22, (27)

vo = (Ψa,oθa,o) ◦ exp(jΨϕ,oθϕ,o), (28)

vp = (Ψa,pθa,p) ◦ exp(jΨϕ,pθϕ,p); (29)
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L2(o, p, Θ) = τ a,o · ||θa,o||lp + τϕ,o · ||θϕ,o||lp + (30)

τ a,p · ||θa,p||lp + τϕ,p · ||θϕ,p||lp + (31)

1

2
||θa,o − Φa,o mod(o)||22 +

1

2
||θϕ,o − Φϕ,oangle(o)||22 + (32)

1

2
||θa,p − Φa,p mod(p)||22 +

1

2
||θϕ,p − Φϕ,pangle(p)||22. (33)

The first summand in Eq. (26) is the fidelity term obtained due to the

maximum likelihood method as the minus logarithm of the joint probabilistic

distribution of the Gaussian observations (19)-(20). The second (27), third

(28) and fourth summands (29) are the synthesis constraints (22) and (24)

given for complex-valued o and p through quadratic penalties. γo and γp are

parameters of this penalization.

Summands in Eqs.(30)-(31) define the complexity (sparsity) of the models

for phase and magnitude. The summands in Eqs.(32)-(33) are the analysis

constraints (25) and (23) given using the quadratic penalties. The quadratic

penalization of constraint-equations is the usual practice in order to reduce

the constrained optimization to an unconstrained one. Smaller values of the

corresponding penalization parameters (γa,o, γϕ,o, γa,p, γϕ,p) mean that in the

solution the corresponding equations will be fulfilled more accurately.
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The objective functions L1 and L2 include the observation model as well

as the all constraints linking the variables of the problem. Following to the

approach developed in [20] we use the alternating minimization of L1 and L2,

provided that L1 is minimized with respect to o, p and L2 is minimized with

respect to Θ = (θa,o, θϕ,o, θa,p, θϕ,p).

It results in the following type of the iterative algorithm:

(ot+1, pt+1) = arg min
o, p
L1(o, p, Θt), (34)

Θt+1= arg min
Θ
L2(o

t+1, pt+1, Θ). (35)

In Eq. (34) minimization of L1 on (o, p) inverses the nonlinear forward

propagation operators from o, p to {Ij} and, filters noise in the observations

{Îj}. Minimization of L2 on Θ filters phase and magnitude of the object o

and the probe p from observation noise appeared in (ot+1, pt+1) and looks for

the suitable basis for reconstruction of o and p.

Thus, in the proposed algorithm the inverse and model selection for o and

p are decoupled. Instead of minimization of a single objective function the

algorithm (34)-(35) is looking for a quite different solution which is known as
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a fixed-point (o∗, p∗,Θ∗) defined by the equations:

(o∗, p∗) = arg min
o, p
L1(o, p, Θ∗), (36)

Θ∗= arg min
Θ
L2(o

∗, p∗, Θ).

This fixed-point balances two different intentions: minimization of the fi-

delity term (accuracy of observation fitting) and the complexity of the used

model (defined by the norms ||θa,o||lp, ||θϕ,o||lp, ||θa,p||lp, ||θϕ,p||lp).

In terms of the game theory the problem (36) can be interpreted as a game

of two players identified, respectively, with two groups of variables (o, p)

and Θ [28]. An interaction between the players is noncooperative because

minimization of L1 with respect to (o, p) in general results in increase of L2

and minimization of L2 with respect to Θ increases L1. The equilibrium of

this game called Nash equilibrium defines the fixed point (o∗, p∗, Θ∗) of this

optimization. For p = 1, the problem (36) is convex.

Hence the Nash equilibrium provides a balance between the fit of the recon-

structions o and p to the observations Îj and the complexity of the models

for the magnitude and phase for the object and probe.

In the algorithm development we modify the objective function L1(o, p, Θ)
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by replacing it for

L1(o, p, w, Θ) =
χ

2

J∑
j=1

||(̂Ij − |wj|2)./|wj|||22 + (37)

1

γ1

J∑
j=1

||uj −wj||22 +
1

γo
||o− vo||22 +

1

γp
||p− vp||22,

vo = (Ψa,oθa,o) ◦ exp(jΨϕ,oθϕ,o), vp = (Ψa,pθa,p) ◦ exp(jΨϕ,pθϕ,p).

In the fidelity term of this new L1 the variable uj is replaced by its esti-

mate wj. This additional variable serves as a splitter simplifying minimiza-

tion. This estimate of uj is obtained due to the quadratic penalization term

1
γ1

∑J
j=1 ||uj −wj||22.

With this new variable the optimization procedure (34) is complemented

by minimization on wj. Thus Eqs.(34)-(35) take the form

(ot+1, pt+1,wt+1)= arg min
o, p, w

L1(o, p, w, Θt), (38)

Θt+1= arg min
Θ
L2(o

t+1, pt+1, Θ). (39)

We replace optimization of L1 simultaneous with respect to variables o, p,
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w on the successive one thus the algorithm becomes

ot+1= arg minoL1(o, pt, wt, Θt), (40)

pt+1= arg minpL1(o
t+1, p, wt, Θt), (41)

wt+1= arg minw L1(o
t+1, pt+1, w, Θt), (42)

Θt+1= arg minΘL2(o
t+1, pt+1, Θ). (43)

4. Algorithm development

Solution of the problems (40)-(43) are detailed in Appendix. In this section

we present the corresponding results and discuss how they are used in the

successive steps of the developed algorithm.

4.A. Solution of optimization problems

1. The problem (40) gives as a solution the following expression for the

object o:

o[k] =
vo[k]/γo + 1

γ1

∑J
j=1 ψ̂j[k − kj]p∗[k − kj]

1/γo + 1
γ1

∑J
j=1 |p[k − kj]|2

, (44)

ψ̂j[k] = DFT −1{wj},

where k is an integer 2D argument variable for the object function.

Let us check the scaling of the estimate of o[k] in Eq.(44). In this solution,

vo[k] is an estimate of o[k], and ψ̂j[k] is an estimate of ψj[k] = o[k +

27



kj]p[k]. Assuming for a moment that vo[k] ' o[k] and ψ̂j ' ψj[k]and

inserting these functions in Eq.(44) we obtain o[k] ' o[k]. Thus, the

solution (44) enables an accurate scaling for the estimate of o[k].

2. The problem (41) gives as a solution for the probe p:

p[k′] =
vp[k

′]/γp + 1
γ1

∑J
j=1 ψ̂j[k

′]o∗[k′ + kj]

1/γp + 1
γ1

∑J
j=1 |o[k′ + kj]|2

. (45)

Note, that the argument variable k′ is different from the one used in

Eq.(44). In Eq.(45) it takes values in the area defined by the probe

support sp(k′). The scaling of the solution p[k′] can be checked assuming

that vp[k′] ' p[k′] and ψ̂j[k
′] ' o[k′ + kj]p[k

′]. Then, we can see that

p[k′] ' p[k′]. Thus, the scaling in Eq.(45) as the estimate of p[k′] is quite

accurate.

3. A solution of the problem (42) has a form of the nonlinear operator

wj[l] = G(Îj[l], uj[l]) , |ŵj[l]| exp(jangle(uj[l])), (46)

where the phase is equal to the phase (angle) of uj[l], and where the

magnitude is a solution of the optimization problem

|ŵj[l]| = arg min
|wj [l]|

χ

2
(Îj[l]−|wj[l]|2)2/|wj[l]|2 +

1

γ1

(|uj[l]|− |wj[l]|)2. (47)
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The solution |ŵj[l]| belongs to the interval [|uj[l]|,
√
Îj[l]]. For a small

noise level, when χγ1 is comparatively large, χγ1 → ∞, this solution

takes the form

wj[l] =
uj[l]

|uj[l]|

√
Îj[l]. (48)

Thus, we arrive to the well known rule commonly used in the phase

retrieval algorithms: the variable wj[l] has the absolute value equal to

the square root of the observation, and the phase is equal to the one

predicted by the wavefield propagation model. The conventional solution

(48) is optimal for noiseless data but for essentially noisy observations

can be very different from the optimal solution (46).

4. The problem (43) is additive with respect to the components of Θ. It

follows that the solution can be given in the form independent for each

component of Θ. In the explicit form these solutions are as follows:

θa,o = Thτa,o (Φ mod(o)) , θϕ,o = Thτϕ,o (Φϕ,oangle(o)) , (49)

θa,p = Thτa,p (Φa,p mod(p)) , θϕ,p = Thτϕ,p (Φϕ,pangle(p)) , (50)

where the vectors Φa,o mod(o), Φϕ,oangle(o), Φa,p mod(p), and

Φϕ,pangle(p) are the analysis spectra calculated for magnitude and phase
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of object and probe defined accordingly to the analysis operations given

in Eq.(23).

The threshold operator Thτ with a parameter τ is applied independently

to each elements of the corresponding vectors. For an arbitrary scalar

variable b it is defined according to the generic formulas

b̂ = Thτ (b) = (51)
Thhard√

2τ
(b) = b · 1

(
|b| ≥

√
2τ
)
, if lp = l0,

Thsoftτ (b) = sign (b) ·max (|b| − τ , 0) , if lp = l1,

where hard and soft indicate the type of the thresholdings: hard or soft.

It is emphasized that these different thresholding operations obtained as

solutions for the problem (43). The hard-thresholding is an operation ob-

tained for the l0-norm and the soft-thresholding is an operator obtained

for the l1-norm in the criterion L2. Note that in Eqs.(51) the threshold

parameters for the soft- and hard thresholdings are different.

The thresholding enables a strong filtering for magnitude and phase of

the object and probe functions performed in the spectral domain. The

hard thresholding keeps only large spectral components in such way that

b̂ = b for |b| ≥
√

2τ and b̂ = 0 otherwise. For the soft thresholding b̂ = 0
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if |b| ≤ τ . When the spectral components are not zero, |b| > τ , they have

absolute values which are smaller than the absolute values of the original

b, these nonzero spectral components are calculated as sign (b) (|b| − τ).

4.B. Proposed C-PI algorithm

Combining the solutions (44)-(51) we developed the following iterative algo-

rithm.
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Algorithm C-PI

Input: o init, pinit, {Îj}

Set t = 0, o0 = v0
o = o init, p0 = v0

p = pinit,

Repeat until convergence

1. Forward propagation: utj[l] = DFT {ot[k + kj]p
t[k]};

2. Observation filtering: wt
j[l] = G(Îj[l], u

t
j[l]);

3. Back propagation: ψ̂
t

j[k − kj] = DFT −1{wt
j}, j = 1, ..., J ;

4. Object update:

ot+1[k] =
vto[k]/γo + 1

γ1

∑J
j=1 ψ̂

t

j[k − kj](pt[k − kj])∗

1/γo + 1
γ1

∑J
j=1 |pt[k − kj]|2

;

5. Probe update:

pt+1[k′] =
vtp[k

′]/γp + 1
γ1

∑J
j=1 ψ̂

t

j[k
′](ot+1(k′ + kj))

∗

1/γp + 1
γ1

∑J
j=1 |ot+1[k′ + kj]|2

;

6. Probe relaxation: pt+1[k′] = (1− α)pt+1[k′] + αpt[k′];

7. Object filtering: v t+1
o = BM3D-filter(ot+1);

8. Probe filtering: v t+1
p = BM3D-filter(pt+1);

t = t+ 1.

The input variables of the algorithm are: the intensity observations {Îj}J1 ;
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initial guesses for object o init and probe pinit.

Step 1 corresponds to the wavefield propagation from the object/probe

plane to the sensor (Eq.(5)). It gives the complex wavefields ut+1
j [l]. Step 2

based on the solution (46)-(47) is used in order to correct the sensor wavefield

predictions by observed intensities {Îj}J1 . This correction is done in the DFT

space and returned to the image domain by the inverse DFT (step 3).

Step 4 and Step 5 update the object and probe wavefields using the solutions

(44) and (45).

Step 6 slows down changes in the probe update. This relaxation of the probe

variations stabilizes the blind inverse imaging and improve the accuracy of

reconstruction for both the object and the probe. In our simulation α = .9.

BM3D-filter shown in Step 7 and Step 8 combines the following four opera-

tions. First, the design of the analysis and synthesis frames Φ and Ψ. Second,

the analysis of the object and probe images ot+1and pt+1(see Eqs.(23) and

(25)). Third, the filtering of these spectral representations of these images us-

ing the thresholding solutions (49)-(50). Fourth, inverse the filtered spectral

representations into the image domains (see Eqs.(22) and (24)). At this final

step we obtain the the images v t+1
o and v t+1

p . These wavefields are filtered
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versions of the object and probe images ot+1and pt+1. The analysis, filtering

and return of images from the spectral representations are produced for both

the magnitude and phase of the wavefields ot+1and pt+1. The filtered v t+1
o

and v t+1
p are used in Step 3 and Step 4, where they are aggregated with the

estimates of the object and probe images obtained from noisy observations

{Îj}J1 .

BM3D-filter allows two different modes: first, with fixed analysis and syn-

thesis frames obtained on the previous iterations and, second, with the design

of the analysis and synthesis frames for varying ot+1and pt+1.

In our experiments we assume that the first t0 − 1 iterations are produced

with no BM3D-filtering. It means that Step 6 and Step 7 are dropped, and

v t
o = v t

p = 0 and 1/γo = 1/γp = 0 in Steps 4 and 5.

The mode of BM3D-filter with the frame design is compulsory for the iter-

ation t = t0. The BM3D frames are data dependent and for this step they are

obtained for ot0and pt0. These frames (different for object and probe) may

be fixed up to the end of reconstruction or updated by BM3D-filter after

a number of iterations. It was noticed that only a few updates are able to

improve the reconstruction.
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We use the name C-PI for the proposed algorithm as the abbreviation for

Compressive Ptychographical Imaging.

4.C. Basic (no filtering) C-PI algorithm

As a simplified version of the C-PI algorithm we present it in “no-filtering”

mode where BM3D-filtering is dropped and the optimal observation filtering

is replaced by the conventional operator (48). This simplified algorithm which
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we call Basic C-PI takes the form.

Algorithm: Basic C-PI (no filtering)

Input: o init, pinit, {Îj}

Set t = 0, o0 = o init, p0 = pinit,

Repeat until convergence:

1. Forward propagation: utj[l] = DFT {ot[k + kj]p
t[k]};

2. Observation processing, Eq.(72): wt
j[l] =

utj[l]

|utj[l]|

√
Îj[l];

3. Back propagation: ψ̂
t

j[k − kj] = DFT −1{wt
j}, j = 1, ..., J ;

4. Object update:

ot+1[k] =

∑J
j=1 ψ̂

t

j[k − kj](pt[k − kj])∗∑J
j=1 |pt[k − kj]|2

;

5. Probe update:

pt+1[k′] =

∑J
j=1 ψ̂

t

j[k
′](ot+1[k′ + kj])

∗∑J
j=1 |ot+1[k′ + kj]|2

;

6. Probe relaxation:

pt+1[k′] = (1− α)pt+1[k′] + αpt[k′]

t = t+ 1.
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5. Comparison of the algorithms

In this section we compare the proposed algorithm versus two algorithms

which are the most popular in the field. For reader’s convenience and more

transparent discussion we briefly present these algorithms using our notation

for variables.

5.A. Parallel Ptychographical Iterative Engine (p-PIE)

This algorithm is proposed by Thibaut et al. [10]. The algorithm iterates

the object and probe reconstructions between the image and Fourier trans-

form spaces and “projects”these reconstructions on constraints given in these

spaces. In our notation the object and probe are updated according to the

formulas:

ot+1[k] =

∑J
j=1 ψ

t
j[k − kj](pt[k − kj])∗∑J

j=1 |pt[k − kj]|2sp[k − kj]
, (52)

pt+1[k′] =

∑J
j=1 ψ

t
j[k
′](ot+1[k′ + kj])

∗∑J
j=1 |ot+1[k′ + kj]|2

.

The main iterations produced for the variables ψt+1
j are as follows (see Eq.

(9) in [10]):

ψt+1
j [k] = ψtj[k] + ΠF{2 ψ̃

t+1

j [k]− ψt+1
j [k]} − ψ̃t+1

j [k], j = 1, ..., J , (53)

where ψ̃
t

j are calculated according to Eq.(1) using the estimates o
t and pt
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from Eqs.(52):

ψ̃
t

j[k] = ot[k + kj]p
t[k], (54)

and ΠF{} is the “projection operator”corresponding to the rule (48). It con-

sisting from three successive step: DFT, replacement of the DFT magnitude

by
√
Îj[k] and the inverse DFT.

The algorithm given by Eqs.(52)-(54) is referred in [9] as p-PIE algorithm

due to the fact that all views ψt+1
j are used in parallel simultaneously in the

updates (52).

5.B. Extended Ptychographical Iterative Engine (e-PIE)

The e-PIE algorithm by Maiden and Rodenburg [9] is different from p-PIE

first of all by sequential use of the observed diffraction patterns one-by-one.

The patterns are addressed in a random sequence q(i), i = 1, ..., J , and ran-

dom q(i) takes one of the values in the set {1, ..., J}. The object and probe

updates are calculated according to the formulas

oi+1[k] = oi[k] + (55)

α
(ψ̃

i

q(i)[k − kq(i)]− ψiq(i)[k − kq(i)])(pi[k − kq(i)])∗

|pi[k − kq(i)]|2max

,

pi+1[k′] = pi[k′] + β
(ψ̃

i

q(i)[k
′]− ψiq(i)[k′])(os(i)[k′ + kq(i)])

∗

|os(i)[k′ + kq(i)]|2max

. (56)
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Here ψiq(i) are calculated using Eq.(54), and ψ̃
i

q(i) is calculated from ψiq(i)

according to the rule (48) by replacing the magnitudes of its DFT by
√
Îq(i)

and then inverse this modified DFT, the step parameters α = β = 1.

The iterations (55) can be treated as a gradient descent (gradient

with respect to o) for a sequence of the objective functions Lio[k] =

|ψ̃i[k − ki]− ψi[k − ki]|2
|pi[k − ki]|2max

, j = 1, ..., J , taken in random order. It is a sort

of vectorial optimization where the successive steps are done with respect to

different objective functions.

Similarly, the iterations (56) can be treated as a gradient descent (gradient

with respect to p) for the objective functions Lip[k] =
|ψ̃i[k′]− ψi[k′]|2
|oi[k + ki]|2max

, j =

1, ..., J , taken in the random order used for the iterations (55).

It is not diffi cult to realize that the sum
∑J

i=1

∑
k |ψ̃i[k′] − ψi[k

′]|2 gives

an indirect estimate of
∑J

i=1

∑
k(

√
Îi[k] −

√
Ii[k])2 where Îi is an estimate

obtained from ψi for the observations Ii. Thus, minimizations of L
i
o and L

i
p

are targeted on minimization of
∑J

i=1

∑
k(

√
Îi[k]−

√
Ii[k])2.

5.C. C-PI versus p-PIE and e-PIE

The C-PI algorithm differs from the p-PIE and e-PIE algorithms in three

principal aspects. First of all, the C-PI algorithm is derived for noisy Pois-
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sonian data. Minimization of the minus log-likelihood summand χ
2

∑J
j=1 ||(̂Ij−

|uj|2)./|uj|||22 in L1 enables the ability of C-PI to filter Poissonian sig-

nal dependent noise. The problem of noise filtering is not formulated in

derivation of the p-PIE and e-PIE algorithms. Minimization of the criteria∑J
i=1(
√
Îi−
√
Ii)

2 discussed in Subsection 5.B actually means that the p-PIE

algorithm tries to fit the observed noisy data as accurately as possible. The

noise filtering effects in the p-PIE and e-PIE algorithms appear only due to

the overcompleteness of observations.

Second, the C-PI algorithm uses the sparse modeling for phase and mag-

nitude. It enables the principal advantage of this algorithm in the accuracy

and quality of imaging. p-PIE and e-PIE belong to the class of nonparamet-

ric algorithms which are oriented on reconstruction of arbitrary object and

probe without any approximation of their variations.

Third, contrary to p-PIE and e-PIE the C-PI algorithm is derived from

variational formulation of the reconstruction problem as a result of mini-

mization of special objective functions. Thus the design of the algorithm is

highly formalized. This variational approach is quite general and flexible. It

can be extended in order to include, for instance, extra priory information
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on object and probe, or uncertainties in modeling of image formation and

experimental parameters.

The C-PI algorithm similar to p-PIE has a parallel structure using all obser-

vations simultaneously (Step 3 and Step 4). However, these parallel updates

of object and probe are different in these algorithms.

6. Simulation experiments

6.A. Settings and parameters

In the presented results we use a complex valued transmissive object o =

aO exp(j · ϕO), where the modulus aO is given by the gray scale test-image

“lena”and the phase ϕO by the binary test-image “chessboard”. Both images

are of the size 256 × 256. The modulus is scaled to range [0.1, 1.1] and the

phase to interval [0, π/2].

The sensorMS×NS (MS = NS = 128) has square pixels∆S×∆S,∆S = 7.4

µm. A pixelation (discretization) of the object plane is defined by the object

pixels∆x = ∆y = ∆O,∆O = ∆S/4. The wavelength λ = .532 µm corresponds

to the green laser.

The object scan is produced by the 21 × 21 probe array. The step size of

the scan is equal to 10 object’s pixels, i.e. 10 · ∆O = 18.5 µm, with array
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overlapping of about 70%.

The probe positions are known and given but integer random offsets from

a regular square grid. These offsets have uniform distributions over the in-

terval [−2, 2] and introduced in order to suppress periodic artefacts in the

reconstruction [9]. The probe beam is generated by propagating the pinhole

wavefield a short distance z/5 from the pinhole to the object.

The observations or are Poissonian generated according to Eq. (16). Pa-

rameter χ in Eq. (15) defines the level of random noise in observations. In

our experiments χ ∈ [.01, 104]. For the introduced object the mean count

of photons in each observation pattern is varying from 3.4 · 104 to 3.4 · 1010,

respectively. Thus, χ = 0.01 corresponds to the noisiest case, while χ = 104

corresponds to the nearly noiseless observations.

In what follows we show the results obtained for the hard-shresholding

filtering in BM3D only, corresponding using in the C-PI algorithm the l0-

norm in (51). Our experiments show that the l0-norm usually results in a

better image reconstruction than the l1-norm.

According to Eq. (1) the observations depend on the products o(r+rj)p(r).

It follows that the object and probe can be reconstructed only within invariant
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complex-valued factors. In order to avoid this ambiguity in evaluation of the

algorithm accuracy, following to [9], we use the corrected reconstructions

oth and p
t
h instead of the reconstructions o

t and pt given by the algorithm

iterations:

oth = othto , p
t
h = pthtp, (57)

hto = (ot)∗o/||ot||22, htp = (pt)∗p/||pt||22.

The correction factors ho and hp, calculated for the object and the probe,

are found from minimizations with respect to h of two criteria, respectively

||o − oth||22 and ||p − pth||22. We will use the term h − corrected for these

reconstructions.

The phase of the factors h corrects the phase of the reconstructions and

the modulus of of the factors enables a proper scaling of the modulus recon-

structions. The quality of fit for the complex-valued object and probe are

calculated using the relative root-mean-squared error criteria [9]:

E0,object(t) =

√
||o− oth||22
||o||22

, E0,probe(t) =

√
||p− pth||22
||p||22

. (58)

We calculate also the standard root-mean-squared-error (RMSE) sepa-

rately for the magnitude and phase reconstructions. It is done for h-corrected

reconstructions. It is emphasized that the h-corrected reconstructions are
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used only for the accuracy criteria calculation and for visualization of the

reconstructions. In the algorithm the original uncorrected estimates of the

variables are used.

In our experiments we use BM3D filtering only for the object reconstruction

and omit it for the probe. It is done because the data for the probe are highly

overcomplete and suffi cient for non-parametric reconstruction without any

special modeling for the phase and magnitude of the probe.

The computational complexity of the algorithm is characterized by the

time required for 100 iterations. This time depends on the configuration of

the algorithm. In the all filtering operations are excluded (Basic C-PI) the

C-PI reconstruction takes about 110 sec. If BM3D filtering is on in C-PI but

the filtering of observations is excluded (step 3 of the algorithm) the time of

calculations is about 120 sec.

The observation filtering is the most demanding operation. If both obser-

vation and BM3D filtering are activated in C-PI the time of calculation is

increased to 280 seconds.

100 iterations of the e-PIE algorithm requite about 160 sec. This data

are obtained for the computer and the software used in the experiments:
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Intel Core 2Duo E8400 @ 3GHz, RAM 4GB, Windows Xp SP3, Matlab 7.9.0

(R2009b).

We make our MATLAB programs for the demo version of

our C-PI and e-PIE algorithms are publicly available for testing:

http://www.cs.tut.fi/~lasip/DDT/.

6.B. Results and algorithm comparison

For the noiseless observations (χ = 10000) the both e-PIE and C-PI al-

gorithms works well and reconstruct the object and probe wavefields being

initialized by the free space models for the object and the probe (O = 1 and

P = 1).

However, for noisy data a much more accurate initial guess for the probe

is important. In the further shown results this initial guess is obtained by

applying C-PI in the noiseless scenario, χ = 10000, with 200 iterations. Thus,

a noiseless experiment with blind reconstruction of the probe and the object

is used as a special test-experiment done for reconstruction of the probe,

produced provided a larger exposure time corresponding χ = 10000. In this

calibration experiment we can use any transmissive object and the algorithm

reconstructs both the unknown object and probe.
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It is noticed that the free space object recommended in some publications

for the probe reconstruction is a poor choice. Much better quality reconstruc-

tions can be obtained using the objects with strongly varying modulus/phase

enabling a reach diversity of the intensities registered in diffraction patterns.

Fig. 2 shows E0,object and E0,probe curves obtained after 100 iterations for χ

varying from 0.01 to 10000 (photon count from 3.4 · 104 to 3.4 · 1010).

First, we compare the results corresponding to the e-PIE and Basic C-PI

(without filtering) algorithms . Starting from about count 106 the curves for

E0,object and E0,probe are more or less horizontal. It means that the level of the

noise is so low that the reconstructions only slightly depend on it.

For this χ interval the values of E0,object and E0,probe for e-PIE are lower

than those for C-PI. Thus, the e-PIE algorithm performs better that the

C-PI algorithm without filtering.

For the higher noise level, count smaller than 106, the situation is changed,

and the C-PI algorithm performs better with the lower values of E0,object and

E0,probe , in particular for counts of the order 104−105.

The best results are demonstrated by the C-PI algorithm where the both

BM3D and observation filtering are exploited. The most essential advantage
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is demonstrated for the high level noise observations with photon counts of

the order 104 − 105.

This advantage of the C-PI algorithm with filtering is supported by the

results shown in Fig. 3 for RMSE criteria shown for the modulus and phase

reconstructions. We wish to note that the observation filtering for the interval

of low noise level is not compulsory and can be dropped. It allows essentially

accelerate the C-PI algorithm.

The comparative converge rate of the algorithms is demonstrated in Fig. 4.

The C-PI algorithm is faster than the e-PIE and Basic C-PI algorithms.

The filtering properties of C-PI are defined mainly by the following parame-

ters: γ1/γo (in the inverse formula (44)), γ1/γp (in the inverse formula (45)),

γ1χ (in the observation filtering formula (47)), and (τ a,o, τϕ,o). The last two

parameters define the thresholdings in BM3D thresholding Eqs. (49)-(50).

For the results given by the C-PI algorithm with BM3D and observation

filtering these parameters have been selected for the heavy noise case, χ = .02,

with the following values: γ1/γo = .25, γ1/γp = 0, γ1χ = 10χ and τ a,o = .02,

τϕ,o = 1.0. These parameters for filtering are unchanged for all other values

of χ ∈ [.01, 10000]. The curves for C-PI with filtering in Figs 2 and 4 are
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obtained for these fixed values of the parameters.

The observation filtering is started from the iteration 10. The BM3D filter-

ing starts from iteration 25. At this iterations BM3D frames (transforms Φ

and Ψ) are calculated for the corresponding reconstructions of the modulus

and phase. These frames are fixed up to iteration 50, where they are updated

accordingly to the current reconstructions of the modulus and phase. The

third and the last update is produced for iteration 75.

Further improvement of reconstructions can be achieved using different

strategies of BM3D filtering and selection of various thresholds τ a,o, τϕ,o and

the algorithm parameters for different noise level and different experiment

parameters.

The visual results for reconstruction of the modulus and the phase for very

noisy data χ = .01 (photon count 3 × 104) are shown in Figs. 5 and 6. In

these figures, the first row shows the reconstruction images of the modulus

and the phase from left-to-right. In the second row one can see the cross-

sections of these reconstructions where also the true values of the modulus

and the phase are given. The reconstructions shown in Fig. 5 are obtained by

e-PIE. Both the magnitude and phase images are damaged severely by noise
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and diffraction artifacts. The e-PIE algorithm fails to separate the modulus

(lena) and phase (chessboard) images. We can see the chessboard squares

in the modulus reconstruction as well as some features of lena’s hat in the

phase reconstruction. The imaging obtained by the Basic C-PI (without fil-

tering) looks quite similar (images are not shown) despite of some numerical

advantage shown by lower values of RMSEs for the modulus and phase.

The reconstruction by the C-PI algorithm equipped by both BM3D and

observation filtering is shown Fig. 6. The advantage over the data shown in

Fig. 5 is obvious. The modulus and phase information are perfectly separated,

noise and diffraction effects are suppressed.

In Fig. 7 we show the nearly perfect reconstructions obtained by C-PI for

the low noise level, χ = 10000. These results are obtained by using the above

BM3D filtering where the threshold τ a,o = .02 is replaced for τ a,o = .01, and

the observation filtering is dropped. For comparison in Fig. 8 we show also

very good reconstructions given by the e-PIE algorithm. However, RMSE

values are slightly worse than those for C-PI in Fig. 7, and visually the phase

reconstruction is not so perfect. One can see slight traces of lena’s hat in the

phase image and the cross-section of the phase is not smooth.
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Finally, in Fig. 9 we show the probe reconstruction obtained by the C-PI

algorithm with BM3D filtering for χ = 10000 after 200 iterations and the

initial guess P = 1. This probe reconstruction is used as the initial guess for

the all results discussed above.

7. Conclusion

A novel iterative algorithm targeted on optimal processing noisy measure-

ments is proposed for ptychographical reconstruction of complex-valued ob-

ject and probe. The noise suppression is enabled by two instruments. First, by

the maximum likelihood technique formulated for Poissonian (photon count-

ing) measurements, and second, by sparse approximation of phase and mag-

nitude of the object and probe. It is shown, in particular, that for noisy data

the maximum likelihood estimate of the wavefield at the sensor plane is es-

sentially different from the famous Gerchberg-Saxton-Fienup solution, where

the magnitude of the estimate is replaced by the square root of the intensity

measurement. The simulation experiments demonstrate the state-of-the -art

performance of the developed algorithm both numerically and visually.

The proposed approach to the algorithm design is quite flexible and can

be extended for various developments, in particular, such as a compressive
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super-resolution ptychographical imaging and compensation of unknown ob-

ject positions. Our experiments show that using a phase SLM as a diffusor as

it is shown in Fig. 1 allows significantly improve the reconstruction. However,

the problem of a proper selection of this phase mask is out of scope of this

paper.
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Appendix: Derivation of the C-PI algorithm

Minimization of L1 on o (problem 40 )

L1(o, p, w, Θ) =
χ

2

J∑
j=1

||(̂Ij − |wj|2)./|wj|||2 + (59)

1

γ1

J∑
j=1

||uj −wj||2 +
1

γo
||o− vo||22 +

1

γp
||p− vp||22,

vo = (Ψa,oθa,o) ◦ exp(jΨϕ,oθϕ,o), vp = (Ψa,pθa,p) ◦ exp(jΨϕ,pθϕ,p).

A necessary minimum condition with respect to complex-valued o has a

form:

∂L1/∂o∗ =
1

γo
(o− vo) +

1

γ1

J∑
j=1

∂uHj
∂o∗

(uj −wj) = 0. (60)

Using the formula (10) we obtain

∂L1/∂o∗ =
1

γo
(o− vo) +

1

γ1

J∑
j=1

∂(A·diag(p)Go
jo)H

∂o∗
(uj −wj) = (61)

1

γo
(o− vo) +

1

γ1

J∑
j=1

(A·diag(p)Go
j)
H(A·diag(p)Go

jo−wj) = 0.

It follows

[
1

γo
Ino×no +

1

γ1

J∑
j=1

(Go
j)
Tdiag(p∗)AHA·diag(p)Go

j ]o = (62)

1

γo
vo +

1

γ1

J∑
j=1

(Go
j)
T ·diag(pH)AHwj.
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For the matrix A corresponding to DFT AHA = Ins×ns and the linear

equation for o is of the form:

[
1

γo
Ino×no+

1

γ1

J∑
j=1

(Go
j)
Tdiag(|p|2)Go

j ]o =
1

γo
vo+

1

γ1

J∑
j=1

(Go
j)
T ·diag(pH)AHwj.

(63)

It is easily to check that 1
γ1

∑J
j=1(G

o
j)
Tdiag(|p|2)Go

j is a diagonal ma-

trix, then Eq.(63) can be easily solved by calculating the elements of the

vector o independently by inverting the diagonal elements of the matrix

[ 1
γo

Ino×no + 1
γ1

∑J
j=1(G

o
j)
Tdiag(|p|2)Go

j ]. This solution can be presented in the

image domain by going back from the vectorized to the image domain vari-

ables. It can be verified that this passage gives the solution of the problem

(40) in the form (44).

Minimization of L1 on p (problem (41))

Similar transformations starting from the minimum condition ∂L1/∂p
∗ = 0

give the linear equation for p:

∂L1/∂p∗ =
1

γp
(p− vp) +

1

γ1

J∑
j=1

∂uHj
∂p∗

(uj −wj) = 0.
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Using Eq.(11) it gives

∂L1/∂p∗ =
1

γp
(p− vp) +

1

γ1

J∑
j=1

∂(A·diag(Go
jo)p)H

∂p∗
(uj −wj) =

1

γp
(p− vp) +

1

γ1

J∑
j=1

(A·diag(Go
jo))H(A·diag(Go

jo)p−wj) =⇒

[
1

γp
Inp×np +

1

γ1

J∑
j=1

diag(Go
jo

H)AHAdiag(Go
jo)]p =

1

γp
vp +

1

γ1

J∑
j=1

(A·diag(Go
jo))Hwj.

For AHA = Inp×np we obtain

[
1

γp
Inp×np +

1

γ1

J∑
j=1

diag(Go
j |o|

2)]p =
1

γp
vp +

1

γ1

J∑
j=1

diag(Go
jo

H)AHwj. (64)

The matrix in the left-hand size of this equation is diagonal. Thus, the

solution of this equation is very simple and can be given in the image domain

variables in the form of Eq. (45).

Minimization of L1 on wj ∈ CMsNs (problem (42))

The only part of L1 depending on wj is

L̃1 =
χ

2

J∑
j=1

||(̂Ij − |wj|2)./|wj|||2 +
1

γ1

J∑
j=1

||uj −wj||2 (65)

This criterion is separable with respect to the components of the vector
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necessary wj. Thus, the problem is reduced to multiple scalar nonquadratic

optimization problems

min
wj [l]

χ

2
(̂Ij[l]− |wj[l]

2)2./|wj[l]|2 +
1

γ1

|uj[l]−wj[l]|2, (66)

where wj[l] is complex-valued. The only term of this criterion depending on

the phase of wj[l] is the second one. It is easy to conclude that the minimum

with respect to the phase angle is achieved for

angle(ŵj[l]) = angle(uj[l]). (67)

Then the criterion (66) takes the form

χ

2
(̂Ij[l]− |wj[l]|2)2./|wj[l]|2 +

1

γ1

||uj[l]| − |wj[l]||2, (68)

and depends on the magnitude of wj[l] only. This optimal magnitude is a

solution of the real valued problem

|ŵj[l]| = arg min
|wj [l]|

χ

2
(̂Ij[l]− |wj[l]|2)2./|wj[l]|2 +

1

γ1

||uj[l]| − |wj[l]||2. (69)

Then the optimal solution of minimization of (65) with respect to the com-

plex valued wj takes the form
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ŵj[l] = |ŵj[l]| exp(jangle(uj[l])), (70)

where the magnitude |ŵj[l]| is found numerically from Eq.(69). It can be

shown that this solution belongs to the interval [
√

Îj[l], |uj[l]|].

For brevity we denote the nonlinear operator giving the solution (70) as

wj[l] = G(Îj[l], uj[l]). (71)

The following comment is of importance. It can be seen easily that |wj[l]| →√
Îj[l] for larger γ1χ. Then

wj[l] = G(Îj[l], uj[l]) =
uj[l]

|uj[l]|

√
Îj[l]. (72)

Thus, we arrive to the well known and popular rule commonly used in the

phase retrieval algorithms: the variable wj[l] has the absolute value equal

to the square root of observation and the phase predicted by the wavefield

model. Of course, it is not an optimal solution of minwj
L1 and but it is close

to the optimal one if the noise level in the observations is small, it has a place

when γ1χ→∞.

Minimization of L2 on Θ (problem (43))

The objective function L2 is additive with respect to the elements of the
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spectral vectors Θ. The optimization with respect to these variables can be

solved independently for each one. This optimization is reduced to consider-

ation the following scalar problem:

θi = arg min
θi

τ · ‖θi‖p +
1

2
(θi −Bi)

2 . (73)

There is an analytical solution for (73) known as the hard- and soft thresh-

olding (or hard- and soft shrinkage) operators, respectively for l0 and l1.

Let us denote this operator as

θ = Thτ (B) , (74)

whereB is an input-vector and θ is a solution-vector returned by the operator.

For l0 and l1 this elementwise operator is specified as (e.g. [25])

θ = Thτ (B) = (75)
Thhard√

2τ
(B) = B ◦ 1

(
|B| ≥

√
2τ
)
, if lp = l0,

Thsoftτ (B) = sign (B) ◦max (|B| − τ , 0) , if lp = l1,

where the indexes ′soft′ and ′hard′ indicate the type of the solution. The

threshold parameters for the soft- and hard thresholdings are different.

With this notation the solution for the problem (34) is of the form (49)-(50).
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List of Figure Captions

Figure 1. Schematic of ptychographical imaging.

Figure 2. E0 criteria calculated for object (solid) and probe (dashed) ver-

sus the photon count. Results for three algorithms are compared: e-PIE

(’squares’, blue in color); basic (no filtering) C-PI (’o’, green in color); C-

PI (’stars’, red in color). The best fitting object and probe complex-valued

functions is enabled by C-PI algorithm with BM3D and observation filtering.

Figure 3. RMSE calculated for modulus (solid) and phase (dashed) of

object (solid). Three algorithms are compared: e-PIE (’squares’, blue in

color); basic (no filtering) C-PI (’o’, green in color); C-PI (’stars’, red in

color). The best accuracy is achieved by C-PI algorithm with BM3D and

observation filtering.

Figure 4. E0 criteria calculated for object versus iteration number. Three

algorithms are compared: e-PIE (’squares’, blue in color); basic (no filtering)

C-PI (’o’, green in color); C-PI (’stars’, red in color). The best convergence

rate is obtained by C-PI algorithm with BM3D and observation filtering.

Figure 5. Complex object reconstruction. Very noisy observations, χ = .01.

e-PIE algorithm: First row: images of modulus and phase reconstructions;
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second row: cross-sections of the true image (solid, red in color) and the

reconstruction (dash, blur in color).

Figure 6. Complex object reconstruction. Very noisy observations, χ = .01.

C-PI algorithm: First row: images of modulus and phase reconstructions;

second row: cross-sections of the true image (solid, red in color) and the

reconstruction (dash, blur in color).

Figure 7. Complex object reconstruction. Noiseless observations, χ =

10000. C-PI algorithm: First row: images of modulus and phase reconstruc-

tions; second row: cross-sections of the true image (solid, red in color) and

the reconstruction (dash, blur in color). Visually perfect reconstruction.

Figure 8. Complex object reconstruction. Noiseless observations, χ =

10000. e-PIE algorithm: First row: images of modulus and phase reconstruc-

tions; second row: cross-sections of the true image (solid, red in color) and the

reconstruction (dash, blur in color). Phase reconstruction is a bit corrupted

by noise as well as some features of lena’s image.

Figure 9. Complex probe reconstruction used for initialization of all algo-

rithms. Noiseless observations, χ = 10000, 200 iterations. C-PI algorithm:

First row: images of modulus and phase reconstructions; second row: cross-
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sections of the true image (solid, red in color) and the reconstruction (dash,

blur in color).

64



Fig. 1. Schematic of ptychograpical imaging.
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Fig. 2. E0 criteria calculated for object (solid) and probe (dashed) versus the

photon count. Results for three algorithms are compared: e-PIE (’squares’,

blue in color); basic (no filtering) C-PI (’o’, green in color); C-PI (’stars’, red in

color). The best fitting object and probe complex-valued functions is enabled

by C-PI algorithm with BM3D and observation filtering.
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Fig. 3. RMSE calculated for modulus (solid) and phase (dashed) of object

(solid). Three algorithms are compared: e-PIE (’squares’, blue in color); basic

(no filtering) C-PI (’o’, green in color); C-PI (’stars’, red in color). The best

accuracy is achieved by C-PI algorithm with BM3D and observation filtering.
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Fig. 4. E0 criteria calculated for object versus iteration number. Three algo-

rithms are compared: e-PIE (’squares’, blue in color); basic (no filtering) C-PI

(’o’, green in color); C-PI (’stars’, red in color). The best convergence rate is

obtained by C-PI algorithm with BM3D and observation filtering.
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Fig. 5. Complex object reconstruction. Very noisy observations, χ = .01. e-

PIE algorithm: First row: images of modulus and phase reconstructions; second

row: cross-sections of the true image (solid, red in color) and the reconstruction

(dash, blur in color).
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Fig. 6. Complex object reconstruction. Very noisy observations, χ = .01. C-

PI algorithm: First row: images of modulus and phase reconstructions; second

row: cross-sections of the true image (solid, red in color) and the reconstruction

(dash, blur in color).
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Fig. 7. Complex object reconstruction. Noiseless observations, χ = 10000. C-

PI algorithm: First row: images of modulus and phase reconstructions; second

row: cross-sections of the true image (solid, red in color) and the reconstruction

(dash, blur in color). Visually perfect reconstruction.
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Fig. 8. Complex object reconstruction. Noiseless observations, χ = 10000. e-

PIE algorithm: First row: images of modulus and phase reconstructions; second

row: cross-sections of the true image (solid, red in color) and the reconstruction

(dash, blur in color). Phase reconstruction is a bit corrupted by noise as well

as some features of lena’s image.
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Fig. 9. Complex probe reconstruction used for initialization of all algorithms.

Noiseless observations, χ = 10000, 200 iterations. C-PI algorithm: First row:

images of modulus and phase reconstructions; second row: cross-sections of the

true image (solid, red in color) and the reconstruction (dash, blur in color).

73


