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We consider a reconstruction of a wavefield distribution in an
input/object plane from data in an output/diffraction (sensor)
plane. A contribution of this paper concerns a digital modeling
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(DDT) originated in [1] is proposed for the forward modeling
which is aliasing free and precise for pixel-wise invariant object
and sensor plane distributions. This "matrix DD7T " is a base for
formalization of the object wavefield reconstruction (backward
propagation) as an inverse problem. The transfer matrices of the
matrix DD7 are used for calculations as well as for the analysis
of conditions when the perfect reconstruction of the object
wavefield distribution is possible. We show by simulation that
the developed inverse propagation algorithm demonstrates an
improved accuracy as compared with the standard convolutional
and discrete Fresnel transform algorithms. (©) 2009 Optical
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1. Introduction

A wavefield reconstruction from intensity and phase measurements is one of
the basic problems in digital wavefield imaging and holography [2]. In a typical
holography scenario one distinguishes input/object and output /sensor planes
(Fig.1). The object plane is a source of light radiation/reflection propagating
along the optical axis. The sensor plane is parallel to the object plane with a
distance z between the planes.

A contribution of this paper concerns a digital modeling the forward and
backward wavefield propagation. The discrete diffraction transform (DDT)
proposed in [1] links discrete pixelated values of the object and sensor dis-
tributions. It is the so-called discrete-to-discrete modeling which is aliasing
free and accurate for a pixel-wise invariant object distribution and pixelated
sensor. In this paper we generalize and develop this model in two important
aspects. First, the pixels in the object and sensor planes can be of different
size. Second, instead of the frequency domain DD7T (F — DDT) exploited
in [1] we introduce an algebraic approach based on the matrix transform of
the wavefield distributions. This novel matrix DDT is also aliasing free and

accurate for the pixelated object and diffraction plane distributions. Fur-



thermore, this matrix DD7 does not require double-size image calculations
as it is in F — DD7T. The reconstruction of the object distribution from a
distribution given in the sensor plane is formulated as an inverse problem.
Depending on the pixel size and the distance between the object and sensor
planes D D7 matrices can become very ill-conditioned what makes the recon-
struction of the object distribution difficult or even impossible. The ability
of the perfect/good quality reconstruction is well characterized by the rank
and conditioning number of the transform matrices of the introduced matrix
DDT. The forward matrix transform modeling is a natural and very produc-
tive tool to study limitations of the wavefield reconstruction and to develop

novel effective algorithms.

2. Discretization of backward wavefield propagation

In this section we consider a wavefield reconstruction based on a discretization
of the backward propagation integral operator. In this way we arrive to the

well known standard techniques as well as introduced some novel ones.



2.A. Integral models

Let ug(y,z) be a complex-valued 2D wavefield defined in the sensor plane
z = d of the 3D space (z,y, z) as a function of the lateral coordinates x and
y (see Fig. 1). According to the scalar diffraction theory there is a linear op-
erator which links this sensor wavefield distribution with the object wavefield
up(y, z) in the plane z = 0 as ug(y, x) = Dy{up}, where D, stays for a dif-
fraction operator D, with a distance parameter z = d. The thorough theory
of this operator representation can be found in [3], [4].

The diffraction operator can be given as the convolution

wr) = Defuat = | ) / " gy —ma - Ouoln, Odnde, (1)

(y,z) € R?

where the kernel g, is shift invariant defined by the first Raylegh-Sommerfeld

solution of the Maxwell-Helmholtz equation [4]

exp(j2mr/A)
G- 12

g.(y,x) =z ,r:\/x2+y2+22,z>>)\, (2)

where )\ is a wavelength.
It is shown in [3] that the operator D, is invertible, and the inverse operator

also can be presented as the convolution with a shift-invariant kernel. If the



diffraction wavefield u,(y, z) is given the wavefield in the object plane z = 0

can be reconstructed using the inverse operator D, ! as

The term diffraction transform is used in [3] for the forward D, and back-

ward D, ! operators. Thus, the reconstruction problem is reduced to calcula-

tion of the inverse transform and the corresponding wavefield.
2.B.  Convolutional discrete models

Discretization of the integral diffraction transforms defined by the formulas
(1) and (3) is a straightforward idea in order to derive digital models for
the forward and backward wavefield propagation. This discrete modeling is
a subject of many publications and the discrete Fourier transform (DFT)
based techniques are very popular. While the review of this area is beyond
the scope of this paper, we wish to mention that the discrete space domain
modeling for holography is discussed in details in [2] and the accuracy of the
frequency domain approach can be found in [5]. The DF7T based algorithm
with a detailed accuracy analysis is presented in [6]. A number of recent
developments concern continuous and discrete Fresnel transforms and their

multiresolution versions (e.g. [7]- [11]).
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Two spatial domain approaches are the most popular ones for derivation
of discrete models of the wavefield propagation: the DF7 convolution and
Fresnel transform.

The discrete convolutional models as sampled versions of the formulas (1)

and (3) are of the form

uz(Ay,zsa Ax,zt) = (4)
Z UO(Ay,Ok; Ax,Ol)gz(Ay,zs - Ay,Ok; A:v,zt - A:E,Ol) ’ Ay,OAaz,O-

k,l

ﬂO(Ay,Oka A3c,0l) = (5)

Z uz(Ay,zsa Aa:,zt)g—z(Ay,Ok - Ay,zsa Aaz:,Ol - Ax,zt) : Ay,zAx,Za
St

where the hat in 7%y means an estimate of ug, and A, o X< Ao, A, . X A, , are
pixel’s sizes (sampling intervals) in the object and sensor planes, respectively.

Assuming that the pixel sizes are equal both for the object and sensor
planes, A, . = Ayo = A, and A, . = A, o = A, we can treat this equation
as a discrete shift-invariant convolution and apply DF7 to the both parts of

these equations (e.g. [2], [12]):

Uz(fyafm) - GZ(fyafx)UO(fy’fx)a (6)

Uo(fy fo) = G_a(fy, f)U-(fy. fo)- (7)



where U, = DFT{u.}, Uy = DFT{uy}, Uy = DFT{iy} and G, =
DFT{g.} are calculated over the N, x N, pixels.

It is shown, in particular in [6], that the model (6)-(7) can be essentially
improved if the kernel g, in (4) is zero-padded to the double size and all
calculations are produced for respectively double-sized U, U, Uo, G,. This
zero-padding of the kernel g, is applied in ( [1], Section 3b) as a tool to obtain
the accurate forward propagation modeling implemented in the frequency

domain.

2.C. Fresnel discrete transform

If z > /22 + y? the following approximation of the kernel ¢, is valid

() = ST ol T4 ) ©

The approximation (8) is used for calculation of the integrals (1) and (3),
further for discrete modeling by discretization of these integrals and deriva-
tion of the Fresnel transform [2].

These discretization results are summarized in the following proposition.

Proposition 1. 1. Provided (8), the discrete wavefield modeling of the



forward propagation can be presented in the form:

U2<Ay,z5> Ax,zt) = (9)

—jexplj(2mz/A + 7((Ay25)° + (A et)?)/(A2))]
Az

D {expli T (A0k)” + (Auol)uo(Ayak, Asal)} x

,QWAy’OAy’ZSk + Am,OAx,ztl
exp[—J =

X

EANYAY S
and the modeling of the backward propagation as:

o(Ay ok, Ay pl) £ (10)

jexp[—j(2mz/A + m((Ayok)® + (Asol)?)/(A2))]
Az

LT
D expl =i (Aya) + (Auat)us(Ay s, Agot) x
st

X

21 (A o, L8k + AL oA\, Lt
epr ( y,0=2y, v 027, )

] : AI,sz,z-

II. Let the object and sensor planes be of the same size N, x N, and the

following conditions be fulfilled

Az Az
N=—""" N=""°"" 11
Y Ay,OAy,z’ Ax,OAx,z ( )

then forward and backward propagations (9)-(10) can be calculated using



DFT:

Uz (Ay 28, Ay st) £ (12)

)\_—.‘7:2 expli(2mz/A + (A, .5)* + (A,.1)%)/(A2))] x

T
DJfL_Tk,l{eXPLYE((Ay,ok’)2 + (A ol))]uo(Ay 0k, A ol) s, 1] - Ay oAy o

and
o (Ay ok, Ayol) £ (13)
L expl—j(2me/ A+ w(Byok) + (Besl))/(02)] %
DFT Hexpl—j3- (Aye) + (Dat))us( A o, At I 1] %
NyNoAg Ay 2,

where

ﬁ() = Uyp. (14)

The subscripts in DF7T; and DFT ;tl show with respect to which variables
these transforms are calculated.

While the formulas (9)-(13) are well known, often they are given in shorten
forms where some of the factors (in particular phase factors) are omitted.
For convenience of the reference and comparison with novel algorithms we

present here these transforms in the complete forms.
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Conventionally, the term discrete Fresnel transform is applied to the trans-
forms defined by the formulas (12) and (13) valid provided the sampling con-
ditions (11). This transform enables the perfect reconstruction of ug, ug = uy.

More general formulas (9) and (10) are valid as discrete approximations
of the integrals (1)-(3) for arbitrary parameter values, i.e. for any size of
the object and diffraction planes and the pixels in these planes. However, in
general, if the conditions (11) are not satisfied 4 defined by (10) is not equal
to ug, Uy # Up-

The sums in (9) and (10) have a form

2m(Ay 0, - Ay oAy, -
Zexp[j 7T( y,053y,2 sk + z,087,2 tl)]-w(s,t),

Az

s,t

where w(s,t) is a function of integers s and ¢. These sums are called the
discrete-time/space Fourier transforms and treated as the integral Fourier
transform of the discrete sequences (e.g. [13]). These sums are not DFT
because the factors of sk and tl in the argument of the exponent are not
integer. However, these sums become DF7T provided the conditions (11) and
the fast Fourier transform algorithms can be used for calculations.

Let us illustrate the fact that (10) does not give the perfect reconstruction

if the conditions (11) are not fulfilled.
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Assume that N, = N, = 512, Ay = A, = Ao = A, = dum and
%z = dy where the "in-focus" distance d; is defined accordingly to (11) as
= NyA;O /A = 0.0202 m. In our numerical experiments through the pa-
per we assume the amplitude modulation of the object distribution, i.e. u is
non-negative real-valued, 0 < uy < 1, and the phase of uy is equal to zero.
This amplitude distribution of u is defined by the Baboon test-image. Fig. 2a
demonstrates the "perfect" reconstruction of the amplitude distribution for
the "in-focus" distance z = dy. Now let us assume that the distance is differ-
ent from dy for instance equal to z = 3dy. The corresponding reconstruction
shown in Fig. 2b is far from being accurate. It confirms that the backward
Fresnel transform is not inverse for the forward Fresnel transform. Fig. 2c
shows the reconstruction of ug for z = 3d; using the regularized inverse tech-
nique M — DD7T introduced later. We can see a significant improvement in
this reconstruction in comparison with what is achieved in Fig. 2b.

Proposition 2. The discrete Fresnel transform formulas (9) and (10) can

be represented in the following matrix forms

(15)



whe,r‘e Cyaz - (Cyaz[s7sl:|)Ny,zXNy,07 Cxaz - (Cxaz[s7sl:|)Nm,z><Nz,07 Cyvfz -
(Cy—:[5, 5N, oxN,.» Cu— = (Cu—:[5,5]) N, oxnN, . are the matrices with the
elements calculated according to the formulas:

v

Cy,z[sa 5/] - eXp(jE(SAy,z - S,Ay,0)2)7 (17)
Cx,z[sa 5/] - eXp(j%(SAx,z - S/AJJ,O)2)7

My = - A:U,OAy,m Mo = IU* : Am,sz,Za

_exp(j2mz/A)
Az

Accordingly, u, = (u.[s,t])n, xn,., G = (Go[k,]) N, xN,, are the matrices
of the sizes Ny, x N, . and N,y x N, ¢, respectively.

The proof of this proposition is elementary by inserting (17) into (15) and
(16). Note that the derived formulas are valid for the non-square matrices of
arbitrary sizes.

There is a serious difference between standard Fresnel transforms (12)-(13)
valid provided the sampling conditions (11) and the formulas (9)-(10) valid
in much more general case when these sampling conditions are not satisfied.
Despite this difference the term discrete Fresnel transform is used addressing

to both kind of the transforms. However, we use the term matriz (forward

and inverse) discrete Fresnel transform (M — DFrT and M — IDFrT ) for
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the transforms defined by the matrix formulas (15) and (16), respectively. In
our simulation experiments we use this matrix version of the discrete Fresnel
transform.

It follows from (15)-(16) that the reconstruction of uy from u, can be
obtained also as a solution of the equation (15). In this way we arrive to the
backward propagation modeling quite different from the standard equation
(16). For instance, for the square nonsingular C, ., and C, . this backward

propagation is of the form

1
tgy=—-C,}-u.-C, (18)

T,z
o ’

and it is different from (16) because in general C;i # C, _. and C;ﬁ #+C,_..
Concerning the discussed above invertability of M — DFr7 we can see that it
has a place if and only if C,.C, _, and C,.C, _, are the identity matrices.
This condition can be guaranteed under the assumptions (11) and has no

place in the general case.
2.D. Principal limitations of the backward propagation integral

In order the back propagation integral (3) enables the perfect restoration of
the object ug the distribution u, should be given for all z and y, i.e. the

sensor in the diffraction plane should of the infinite size. For the finite-size
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sensor the perfect restoration of any u is not possible. Thus, there is a sort of
non-symmetry for the forward and backward propagation integral operators.

In this discussion and in what follows the term the perfect restoration is
a property of the algorithm to give the accurate (precise) reconstruction for
any applicable object distribution. Thus, the backward diffraction transform
is always non-perfect for the finite-size sensor as it is not able to give the
perfect reconstruction for any object distribution while it can be achieved
for some particular distributions. The perfect restoration property should
guarantee the precise result for any distribution.

The property of the inverse integral diffraction transform to be non-perfect
for a finite sensor is inherited by all discrete restoration algorithms based on

approximations of the kernel g_. in (3).

3. Matrix discrete diffraction transform

The standard techniques discussed in the previous section consider discrete
models as approximations for forward and backward wavefield propagation
integrals. In the approach originated in [1] and further developed in this pa-
per we follow different ideas. First, we develop the accurate forward discrete

modeling which is precise for a class of pixel-wise invariant distributions. Sec-
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ond, we reconstruct the object distribution by inverting this precise forward
model. We show that under some assumptions the forward model can be
inverted and then we can achieve the perfect reconstruction of any object
distribution, of course from the class of the pixel-wise invariant distributions.
The essential point is that for reconstruction we do not exploit the backward
propagation integral (3), which is valid for the infinite sensor only. Instead
we use the accurate discrete forward propagation model.

Let us assume that the input of our model is discrete defined by a pixel-
wise constant object distribution and the output is also discrete as defined by
the outputs of the sensor pixels. For these pixel-wise invariant distributions
DDT gives an accurate discrete-to-discrete modeling because this model is
obtained by the accurate integration of (1). In this development the standard
assumptions concerning sampling and bandlimitedness can be omitted as not
relevant and replaced by hypotheses of piece-wise constant distributions.

In [1] the DDT transform is proposed in two different complementary forms:
spatial algebraic and frequency domains. The frequency form is exploited for
calculations, while the algebraic form is used mainly for interpretations and

illustrations.
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In this paper we present a novel algebraic form of DD7 based on two (line-
and column-transform) matrices enabling the following goals: the forward
propagation modeling, calculation of the inverse wavefield propagation and
the analysis of the conditioning of the DD7 forward propagation operator.
We name this novel transform as Matrix Discrete Diffraction Transform
(M — DDT). In order to make a difference between this novel DD7 and
the old one we name DDT introduced originally in [1] as Frequency domain
Discrete Diffraction Transform (F — DDT ). The latter model has been pre-
sented assuming the same size square pixels in the input and output planes

and the square matrices of the input and output data.
3.A. Forward propagation modeling

Let the pixels in the object and sensor planes can be rectangular of the sizes
(Ayo x Agp) and (A, . x A, ), respectively. The sizes of the images in the
object and sensor planes measured in pixels can be also different IV, o x N,

and Ny, X N, .. Then the formulas (10)-(13) from [1] are generalized to the
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following form

u,(y,x) = (19)
Ny,o/2_1 Nm,()/2 1 m0/2 y0/2
Z Z k l]/ df/ y kAy0+77,x—lA:co+f)d777

k=—N, /2 l=—N, /2 Az0/2 Ay, o/2

uglk, t] = uo(EAy 0 + 0,100+ &), 1] < Ayo/2, €] < Aro/2,

where the sum is calculated over N,y x N, pixels of the input rectangular
array.
Let the output signal of a sensor’s pixel be the average value of the dis-

tribution impinging on this pixel:
u.ls, 1] = / / u(sAy. + 1,10, .+ &)dE'dn’. (20)
Ay, Ax V2 Ay /2 2y2/2

Inserting (19) into (20) we arrive to the space domain DDT introduced as

a discrete convolution with a shift-varying kernel a,:

Nyo/2—1 Ngo/2—1

wls t] =Y > axfs kst 1] - uglk, 1], (21)

k=—Ny0/21l=—Ny /2
s = — y7z/2,...,Ny,Z/2—1
t=— x’z/Q,...,Nx’z/Q—l
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where

mz/2 xO/2
asls, k;t,l] = / dédg’ x (22)
Ay ZAQ?Z —Ay /2 Ago/2
AyZ/2 yO/2
/ / — kA o+ 1 +1,tA . — 1A o+ &+ &)dndr,
_Ay,Z/Q yO/2
—Ny)Z/Q,...,N%Z/Q—l, k= — y,O/Q,...,Ny’O/Q—l

t=—N,./2 ... Ny./2—1,1=—=N,0/2, ... Nuo/2 — 1.

The kernel a, in (22) is an averaged (pixel-wise double-averaged) version

of the original kernel g, in (1).

For the Fresnel approximation of g, (8) the kernel a, in (22) allows a fac-

torization
2 A
asls, kit 1] = pA,[s, )ALt 1, 1 _ exply2mz/) (23)
JA -z
where
A = (24)
yZ/Q yO/2
eXp SAy,z - kAy,O + 77/ + 77)2)d77d77/7
y z2J=Ny /2 =0y 0/2
L1 =
12/2 ’1'0/2
eXp j_ Am,z - lAm,O + 5/ + g)Q)dfdf/
zz/2 m0/2
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Inserting (23) into (21) we arrive to the formula

Nyo/2—=1 Nuo/2—-1

wls,tl=p > > Ayls, kuglk, ALt 1], (25)

k=—N,0/2l=—N,0/2

what defines the matrix form of the discrete input-output forward propaga-
tion model

w, =p-A,-u- AL (26)

Note, that calculations of the double integrals in (24) can be reduced to
integration on a single variable using the formulas from Appendix 1.

The kernel a,[s, k;t,l] in (21) becomes shift-invariant depending on the
differences of the arguments s — k and ¢ — [ as soon as the pixels at the object
and sensor planes take equal sizes, A, , = Ay o= A, and A, = Ay o = A,
In this case the DD7 becomes essentially simpler because the matrices in
(26) are symmetrical with the elements depending on the differences of the
indexes only, A, [s, k] = A [s—k| = Ay[k—s], Ayt 1] = A [t—1] = Al —1].
If Ay =A; and N, = N, then A, = A,

The formula (26) defines what we call the matriz discrete diffraction trans-
form (M — DDT) with the averaged matrices. The matrices A, and AT
manipulate respectively by the rows and columns of the matrix ug. The link

between the object and diffraction plane distributions can be written in the
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operator form u, = M — DDT {u}.

It follows from the definition formulas (19)-(20) as well as from the results
presented in [1] that M — DDT is aliasing free and gives the accurate dis-
tribution in the sensor plane provided that the object distribution is pixel-wise

invariant.
3.B.  Backward (inverse) modeling and perfect reconstruction

An inverse of M — D DT can be defined as an operator mapping u, into wy.
This inverse of M — DD7T gives the perfect reconstruction of the pixel-wise
object distribution if the forward operator M —DD7 is non-singular. In this
section, we clarify the assumptions when the M —DD7T is non-singular, ana-
lyze the conditioning of this transform and introduce the regularized inverse
algorithm for the ill-conditioned M — DDT.

Using the matrix vectorization technique (e.g. [21]) the equation (26) can
be rewritten in the standard matrix form explicitly resolved with respect to

the variables in the equation as

W= Gou, G=A, A, (27)

2 g

col)

where the index (°”) means vector-variables built from columns of the cor-

responding matrix and the symbol ® stands for the Kronecker product of
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matrices. The dimension of the matrix G is equal to N, ,N,. , x N, 0N 0, and

col

the vectors uf

and u8°1 have the lengths N, .N, ., Ny, 0N, o, respectively.
Let the size N, N, . of the sensor-vector is equal or larger than the size
N,

40Nz 0 of the object-vector, then the least square estimate A of ud’ is a

solution of the normal equation
G"u = p- GG - 0. (28)
For G = A, ® A, we obtain [21]

GH‘G:(Ax®Ay)H‘(Ax®Ay):

(Al AN A, 0A,=AVA, @ AA,

The matrices AZA, and Af A, are Hermitian and have real-valued non-
negative eigenvalues. Let p;,, ¢ = 1,..., N, o, and A;, 7 = 1,..., N, o, be these
eigenvalues respectively for A A, and Alyq A,. Then, the N, ¢N, o eigenvalues
of G - G are defined by the products p;Aj, i =1,..., Nyo, 7 = 1,..., N, o [21].
It follows that the conditioning number as well as the rank of the matrix
G . G are the products of the conditioning numbers and ranks calculated

separately for the matrices A7 A, and Af A,

condg = condana, - condana , rankg = rankana, - rankama, (29)
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The conditioning numbers and ranks of G¥ - G conventionally serve as a
measure of the complexity of the numerical solution of the set of the normal
equations (28). Despite the fact that the representation in the form (27)-(28)
is straightforward for use the standard linear algebra techniques we prefer to
base our algorithms on the matrix representation (26), what allows to build
numerical algorithms using the matrices Af A, and AZ A, of much smaller
dimensions than the dimension of the matrix G. In a similar way, we will
characterize the complexity of these problems using the ranks of the matrices
Af A, and A7 A, separately.

If the matrices A, and A, in (26) are square and non-singular then the
perfect reconstruction of uy from u, is achieved with the solution in the

obvious form

1
iy = ;Ay_luzA;T, (30)

where Gy = uy.
For rectangular object and sensor planes the perfect reconstruction is

achieved provided the following assumptions:

1. The support of the sensor plane distribution is equal or larger than the

23



support of the object plane distribution

Nx,z > Nx,O and Ny,z > Ny,O; (31)

2. A, and A, are full rank matrices, i.e.

rank(A,) = Ny, rank(A;) = Nyy. (32)

If the conditions 1 and 2 are held then the perfect reconstruction is given

by the formula

1
G = (AJA) T ATWALATAD T B = w, (33)

where () stands for the Hermitian conjugate, Af = (A"

The numerical study shows that depending on the parameters, in particular,
on the distance z, the pixel’s sizes, and object and sensor sizes the matrices A,
and A, can be extremely ill-conditioned. This sort of ill-conditioning means
that these matrices are numerically singular and the formulas (30) and (33)
being formally correct practically are useless. The corresponding calculations
cannot be fulfilled and gives unstable results highly sensitive with respect
to the parameter variations, round off errors of calculations and observation

noise.
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To deal with this situation we replace the concept of the rank in (32) by
the numerical rank calculated based on the singular value spectrum of the
matrices and the perfect reconstruction by the numerical perfect (practically
high accuracy) reconstruction. The algorithm (33) is also should be modified.
One of the efficient ways to deal with the ill-conditioning is to involve a prior
information on the distribution in question. The regularization is one of the
conventional techniques for this goal.

Let us consider the standard Tikhonov’s regularization [14], [15]. Instead of
the solution of the equation (26) we are looking for the regularized estimate

of uy defined by minimization of the quadratic criterion

iy = argmin L, (34)
Up

L = |ju. — pAyuoALllr + of|uol[F, (35)

where the quadratic Frobenius matrix norm as defined by the formula

[Twol [ = > luo(k, DI,
The regularization penalty ||[ug||% in L serves in order to enable a bounded

and smooth estimate @iy of the object distribution uy. The regularization

2

parameter o controls the level of the smoothness of the estimate @y [14].

Proposition 3. The regqularized inverse 0y defined as a minimizer of (34)
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18 a solution of the linear equation

(lulA, A, + al)io(|u| AL A} + al)— (36)

alulig AL AY — oz\p,|A§IAyf10 = ,u*AfuZA;, a>0.

This proposition is proved in Appendix 2.
It is checked numerically that the second and the third components in the
left-hand side of this equation are not essential and can be dropped with an

approximate solution given in the explicit non-recursive form

1

o= (ATA, + ) 'ATu AL (ATAL + S 1) (37)
o i i

Comparing the latter equation with (33) we note that the inverse of AJ/A,

o
and AT A* is replaced by the inverse of their regularized versions Af A, +—1

1)
[0

and ATA* + —1.
iz
The square complex-valued matrices AfA, (N,o x N,o ) and ATA;
(Nyo X Nzo) are Hermitian with the real-valued non-negative spectrums
(eigenvalues): {p; > py > ... > p;}, where J is equal to N, for AJ'A, and
equal to N, for Af A,. The spectrums can be different for these matrices.

The numerical ranks of the matrices Af A, and ATA? are calculated as a

number of eigenvalue elements of the corresponding matrix which are larger
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than a given threshold value. In our experiments we use the threshold equal
to 10712,

rank = max(j : p;/p; > 107"). (38)
J

For @ > 0 the regularized inverse (37) gives a biased estimate of the true
distribution. Smaller o means a smaller bias. However, too small a are not
applicable as the estimate 1iy can be completely destroyed.

It follows from our numerical experiments that if the numerical rank is
defined according to (38), and the value of this rank is equal to NNV, for
Af A, and N, for AT A, then there is a small « enabling the high accuracy
(numerically perfect) reconstruction of the object distribution.

Let the pixel’s sizes be so small that the averaging in the forward propa-

gation integrals (22) is not essential. Denote the corresponding A, and A,
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matrices with no averaging as B, and B,, respectively, then

R _
B,[s, k] = Ay,}AIBoHO Ayls, k] = (39)
T

B.t,]]= lim A.[l,t]=

T,29 .'L',Z_>0

™

AiB,O . eXp(])\—(tAx,z — lAm70)2) = ACE,O . Cx,z[ty l],
Z
s=-N,./2,...N,./2—1,k=—N,0/2,....N,0/2 — 1,

t=—N;./2,.. Ny./2—1,1=—N;0/2,...;, Nyo/2 — 1,

where C, , and C, ., are defined in (17).
Thus,

By = Ay,() . Cy,z and Bx = ijo . Cx,z; (40)

i.e. within the scalar factors A, , A; ¢ the matrices B, and B, are identical
to the matrices of the matrix Fresnel transform. We will call these B, and
B, matrices "non-averaged”, in order to emphasize that the averaging effect
is omitted.

Proposition /4.

Let the object and sensor planes be of the equal pizel-size N, x N, and the
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conditions (11) be fulfilled. Then for the non-averaged matrices

1 1

AQ BHB IN XNya A2 BCZ—‘B>!< = IN XNy - (4]_)
or
1 H 1 T *
FCWCW = In,x,; ch,zcx,z = In,xn,- (42)
Yy T

The proof of (41) is given in Appendix 3, and (42) follows from (40).
Proposition 4 proves that provided the conditions (11) the matrices Af A,
and ATA* to be inverted in (37) become well conditioned, does not require

any regularization, a = 0, and can be inverted analytically with

1
ao:;uzf B,) 'Bu.B!(B/B:) ' = (43)

1 1
B!/'u.B} =
/VLA Ag ON N ,LLA%OA%ONxNy

H *
C,.u.C, ..

It can be checked using (11) that (43) is equivalent to the discrete Fresnel
backward propagation (16). Thus, in these conditions M — DD7T with non-
averaged matrices becomes equivalent to the inverse discrete Fresnel trans-
form.

Using the result (41) we may rewrite the regularized inverse solution (37)
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as

1 — _
fg=———(BI'B, + 6, 1) 'B/uw.B,(BIB; +a,1) ",  (44)

BB, = BI'B,/», B/B; = BIB; /1.,
ay=a/(lul - 7,), da=c/ (el - 7,), vy = A2 Ny, 7 = A% o N,
where &, and &, are normalized regularization parameters. Under assump-
tions of Proposition 4 ]SZI/?/By and ]gf\/B;; are the identity matrices.

With the averaged matrices the solution for iy has a form (44) where the
matrices B, and B, are replaced by A, and A, respectively. In this case,
the normalized matrices are different from the identity matrices. However, as
a rule they are quasidiagonal with diagonal items close to 1 and very small

absolute values of non-diagonal items. Then the standard requirements to the

regularization parameters can be done in the form &, < 1, &, < 1, i.e.
0 < < a < |p[min(y,,7,). (45)

This upper bound guarantees that the regularization does not change the
main diagonal terms of the matrices, and the lower bound oy guarantees the
regularization effects.

Let as evaluate the order of this upper bound for «. Note that |u| zé,
then for the pixels of the equal size A and square image N x N we obtain
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lminy, o BN ANy dy
1 == = = —
PR Yy o) = 5™ = "Ndd, ~ d

. It means that roughly o < dy/d.
Thus, for the distances close to the in-focus ones, o < 1. Evaluation of the
lower bound « is a difficult problem. It has been found experimentally, that
a values from the interval [1077,1071] on many occasions are able to give a
good accuracy reconstruction of the object distribution.

A generalized Tikhonov’s regularization uses various quadratic norms of
linear functionals of uy mainly such as gradients or the Laplacian [14], [15].
Further developments of the regularization techniques results in nonlinear
penalty functions such as the total variation [16] and [y and /; norms. The
latter leads to the recent compressed sensing estimators are able to built lower
complexity estimates with strong denoising properties [17], [18]. All that sort
of approaches are applicable to the considered inverse wavefront restoration

problems.

4. Experiments on wavefield reconstruction

4.A.  Simulations

Simulation is used as an universal tool for accurate study of the reconstruction

accuracy and qualitative effects.
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4.A.1. Sensor redundancy and reconstruction accuracy

It is assumed that images in object and sensor planes are square but can be of
different size, N, g = N0 = Npand N, , = N, . = N, = ¢y, ¢ > 1, the pixels
are square of the equal size for the sensor and object planes, A, o = A, o = Ay,
Ay, =20, =A,, Ay = A, = A. The size of the image in the sensor plane
is always larger than or equal to the size of the image in the object plane.

Let us denote the ratio of these sizes as ¢ = N, /Ny. The parameter ¢ defines
a redundancy of the sensor with respect to the object distribution. The larger
sensor image the better accuracy of reconstruction for the object plane. While
this statement sounds as quite obvious, one of the problem addressed is the
analysis of the influence of the parameter ¢ on the rank of the M — DDT
matrices and on the accuracy of reconstruction. Note that the M — DDT
algorithm always uses the averaged matrices A, and A,.

The size of A, and A, is N, x Ny, while the size of AfAy and Afo is
always Ny x Ny for any N, = qNy, ¢ > 1. The rank and conditioning of Af A,

and A A, are seriously dependent on the sensor size N, and the parameter

The distance d = dy corresponding to the conditions (11) is calculated as
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follows

dy = N,A%/\ = NoqgA?/ . (46)

We call it "in-focus" distance with notation d; because for the non-averaged
matrices ByH B, and BB, it enables the perfect reconstruction (see Propo-
sition 3 for accurate statements). It has been observed from multiple simu-
lation experiments that for the averaged matrices the distances d = dy and d
close to d; are also in-focus distances with the best reconstruction accuracy.
This interesting fact cannot be proved analytically as there are no analytical
expressions for the averaged matrices A, and A,.

The numerical ranks of the matrix Af A, (512 x 512) versus the distance d
for different values of ¢ = {1, 2, 4} are shown in Fig. 3. In order to emphasize
the dependence of the "in-focus” distance on the parameter ¢ we will use
notation dy|, where the values of ¢ is shown. Let us start from the curves
corresponding to ¢ = 1. The peaks of these curves for the averaged A, and
non-averaged B, (as it is specified in (40)) cases are achieved exactly at the
"in-focus" distance dy|,—; and equal to the maximal rank 512. These ranks
are quickly going down as d > dy, and the ranks for the averaged case mainly

lower than those for the non-averaged case. As a result the reconstruction of
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the object distribution becomes more and more questionable for the distances
larger than d;.

For instance, for d = 3dy|,=1 = 0.06 m the rank for the averaged case is
about 260, i.e. only 260 lines and columns from 512 can be treated as inde-
pendent ones. We can expect that only this number of columns and lines can
be reconstructed and there is no chance to reach a good quality imaging. For
smaller distances d < dy, the ranks are erratic, first decreasing rapidly, then
increasing and again going down. It results in the correspondingly varying
accuracy of reconstructions.

For the redundant sensors of the larger size with ¢ = 2 and ¢ = 4 the ranks
are also decreasing functions for d > d¢|,—2 and d > dy|,—4, respectively, but
the rank values are much higher that it is for ¢ = 1. Note also that nearly
all cases the ranks for the averaged matrices are lower than those for the
non-averaged ones.

The very interesting behavior of the ranks of the averaged matrices is ob-
served for d < d¢|,—2 and for d < d¢|,—4 because these ranks take the max-
imum value 512 up to the very small values of d. It means that for these

distances M — DD7 with the averaged matrices is able to give reconstruc-
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tions of the very high accuracy.

For the non-averaged matrices the behavior of the rank curves is different.
The ranks take the maximum values for df|,=1 < d < dy|,—2 if ¢ = 2 and
dflg=1 < d < dy|4=4 if ¢ =4 and become erratical for d < dy|,-;.

RMSE for M — DDT algorithm (with averaged matrices) versus the dis-
tance d for ¢ = 1, ¢ = 2 and ¢ = 4 is shown in Fig. 4. We can see that if
q¢ = 2 we obtain the practical perfect reconstruction for all d < df|,—o. If
q = 4 this interval of the perfect reconstruction becomes wider, we have the
perfect reconstruction for all d < dy|,—4. In all these calculations we use reg-
ularization parameters from the interval [10~7,107!]. For ¢ = 1 the accuracy
is much worse than it is for ¢ = {2, 4}. Fig. 4 is complementary to Fig. 3. It
demonstrates that for all intervals of d where the ranks take the maximum

values the perfect (or high accuracy) reconstruction is achieved.

4.A.2. Comparative accuracy analysis
The comparative quantitative accuracy analysis of the different algorithms
for various distances d is shown in Fig. 5. The best performance nearly for

all d is demonstrated by the regularized inverse M — DDT algorithm (37).

The recursive regularized inverse frequency domain F — DDT presented in [1]
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demonstrates the accuracy close to the one obtained by the regularized inverse
M —DDT algorithm. The results of 7 — DD7T are given for 10 iterations. It
is emphasized that M — DD7T enables the perfect reconstruction for d = d;.
If the square pixels are of the equal size in the object and sensor planes and
the corresponding images are also of the equal size the standard double-size
zero-padding convolutional algorithm (conv-2) and M — IDFrT give the
results nearly identical within the accuracy of calculations. The accuracy of
these algorithms are much better than it can be obtained by the ordinary con-
volutional algorithm (conv-1). The curves corresponding to these algorithms
in Fig. 5 are overlapping. Overall the M — DD7T algorithm demonstrates
the essentially better accuracy than the standard ones. This algorithm differs
from M — IDFrT only by use of the averaged matrices A,, A,, while the
non-averaged B,, B, are used in M —IDFrT.

Fig. 6 and Fig. 7 illustrate a visual performance of the M —DD7T algorithm
versus the M — IDFr7T algorithm. In this simulation we use the M — DDT
with the averaged matrices for the forward propagation which gives the pre-
cise prediction of the wavefield distribution at the sensor plane. Thus, it is a

good imitation of the optical experiments. The backward M — DDT prop-
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agation (inverse distribution reconstruction) is performed according to the
formula (37) and by M — ZDFrT according to the formulas (15)-(16). The
advantage of the regularized inverse algorithm is clear for all cases.

In Fig. 7 we use the redundant sensor of the double size with ¢ = 2. The
accuracy is essentially improved as compared with the case ¢ = 1 shown in
Fig. 6. The accuracy results similar to discussed above have been confirmed
for various test images.

Fig. 8 demonstrates the ability of the M — DD7T algorithm with the av-
eraging to give the aliasing free results. The left image is the M — IDFrT
reconstruction with the distance d = 0.5 - dy. This reconstruction is com-
pletely destroyed by the aliasing effects. In the same time the M — DD7T
reconstruction (right image) is nearly perfect.

When d # dy the matrices A[/Ajand AA, can be extremely ill-
conditioned with the conditioning number of the order 10'® = 10%°. It is in-
teresting that very small regularization parameters o are able to change the
accuracy of the reconstructions in a dramatic way. In particular, the image
Fig. 6a is obtained with very small o = 10~!2. Increasing these regularization

parameters upto the value 10~ practically does not change the reconstruction
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accuracy. Thus, the algorithm is quite robust with respect to the selection
of a.. Nevertheless, non-zero positive regularization parameters are of impor-
tance as it is in particular illustrated in Fig. 9. These images are obtained for
d = 1.01 x dy, i.e. the distance d is different from the in-focus one by one per-
cent only. The image Fig. 9a obtained for o = 0 is completely destroyed while
the image in Fig. 9b obtained for & = 10~7 shows the high-accuracy imaging.
The regularization results in a lower sensitivity of reconstruction to variations

of the distance values. Note, that the zero regularization parameters can be

used for d = dy.

4.A.3. Non-square pixels and non-equal size images

In the above simulation produced for the square pixels of the equal size for the
image and sensor planes the in-focus distance is selected using the formulas
(46) obtained from (11). For the general case when the pixels are rectangular
and of different size in the image and sensor planes and the images in these
planes can be also of different size the sampling conditions (11) derived from

(10) take a well known form [2]

A-d A-d A-d A-d
—— Ny .= Npo=r—— Noo=F—1— 47
Ay,OAy,z’ v ’ ’ ( )

N, o= AR
yao Y B .
AyJJAy,z Am,OAx,z Ax,OA:c,z

Of course these condition cannot be fulfilled simultaneously with the same
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value of the distance parameter d.

Nevertheless, the in-focus distance for M — DD7T can be found using the
ranks of the matrices A, and A, analyzed as functions of d. The matrices A,
and A, in (26) define transformations of the rows and columns of the object
distribution uy in order to map this distribution in the observed sensor plane
distribution u,. The conditions (47) can be considered separately for these

matrices as two groups of equations, respectively for the matrix A,

A-d A-d
Nyjo=——+—, Ny ,=—— 48
w0 Ay,OAy,Z v Ay,OAy,Z ( )
and for the matrix A,
A-d A-d
N,o=——F+— N, ,————— (49)

7 Am,OAJS,z e Aa:,OAx,z .
Then the in-focus distances for the matrices A, ("focussing in-rows") dy,

and A, ("focussing in-lines") dy, are calculated as

dry = Dy0ly Ny /A= qA oA, .Nyo/A, (50)

df,x = Ax70Ax,zNw,z/)\ = qAac,OAx,sz,O/)\

In these formulas we use that N, . > Nyg and N,, > N,o. When N, , =
Nyo and N, , = N, these matrices become the identical, respectively for

d = dsy and d = dy,. When Ny, > N,y and N, . > N, the sensor is
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redundant (¢ > 1) and the dependence of the rank with respect to d has
a form shown in Fig. 3. Thus the rank takes the maximum values for the
distances equal or smaller than defined in (50).

Now we select a single in-focus distance d; from two d;, and d;, for the

M — DDT algorithm (with averaged matrices) as follows

df = min(dﬁy, dfvﬂﬁ)' (51)

The ranks of the averaged A, and A, takes the maximal or close to maximal
values for all d < dy, and d < dy,. Thus selection of dy guarantees than
simultaneously the ranks of the both matrices A, and A, takes values close
to the maximum values.

These results are valid only for the averaged matrices A, and A, and, in
general, are not valid for the non-averaged B, and B,. Note also that (51) is
valid provided that a difference between dy, and d;, is not too large. Thus,
the recommendation (51) is not universal and should be used cautiously.

[llustrations of using the focussing distance calculated according to the
rule (51) are shown in Figures 10 and 11. It is assumed that the pixels are
rectangular of the size (5 x 8) um and the same for the object and sensor

planes, the both images of the size 512 x 512. In Fig. 10 we can see the
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numerical ranks of the matrices Af A, and AP A . These ranks take their
maximum value 512 for the corresponding in-focus distances d;, = 0.0202
m and d;, = 0.0518 m. It is seen that for d; = min(dy,,ds,) = 0.0202
m the rank of the matrix AZ A, is close to 512. It confirm the motivation
behind selection of d; according to the formula (51). Fig. 11 demonstrates
that the object wavefield reconstruction according to M — DD7T and the best
applicable standard technique M — ZDFr7T. It is seen that the M — DDT
results (Fig. 11a) for dy, is better than that (Fig. 11c) for the distance d,
with lower RMSE value 0.0115 versus 0.0559. Comparison with respect to
M —IDFrT (Fig. 11b and Fig. 11d) is in favor M — DD7T both visually
and numerically with the best RMSE value 0.0809 achieved for the distance

df,xo
4.B.  Phase-shifting wavefield registration

The phase-shifting holography is one of the popular techniques used for
measurement of the complex-valued wavefield distributions. In the basic setup
for the in-line phase-shifting holography, the object beam and a special ref-
erence beam reflected at the piezoelectric transducer mirror controlled by

a computer are combined on the digital sensor and form interference pat-
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tern [2], [12]. Following to [22] we show that M — DDT techniques is ap-
plicable for the object wavefield reconstruction. The wavefield impinging on

the digital sensor can be presented in the form

Io(y, ) = |u(y, 2) + tyep(y, 2)e V02 =
‘uz(yax)|2 + ‘uref(yax)‘2+

oy, @) p (y, ©)e 700 1wl (y, w)upes(y, @) OO0,

Assume that the amplitude u,.; and the phase shift ¢(y,z) = ¢ of the
reference beam are invariant then the averaged outputs of the sensor pixels

are calculated for I,(y, ) according to (20) as follows:

Lylk, 1] = L[k, 1] + |wper |+ (52)

u.[k, luse e 70 + ullk, upere’?,

where Ik, [] = AyZA“ AAI,;Z?? AAI:,{f/z Is(kA, 41 1A, +E)dE dny L[k, 1] =

AyZAM I Ayy/§2 I A“/ZQ/Q u, (kA .+ 1A, . +&)|?dE'dn, and u.[k, ] are given
by (20).
Let us use for the three phase shifts ¢ = 0, 7/2, 7 then it follows from (52)

that the complex-valued wavefield u,[k, (] can be calculated as

wlk,l] =

Au* f(IO[k’ l] - Iﬂ[kv l] - j(2I7r/2[k7 Z] - IO[k7 l] o Iﬂ[k7 l])) (53)
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and the wavefield reconstruction is reduced to reconstruction of the discrete
object distribution uy from the wavefield distribution u, given in the sensor
plane.

In our preliminary physical tests we use this phase-shifting setup with an
object distribution generated by SLM. Visually M —DD7T gives quite a good
reconstruction. An accuracy evaluation is planned as a further special exper-
imental study, in particular including a precise calibration of the equipment

and corrections of the wavefield propagation modeling.
4.C. Implementation

Computation of the integrals defining the matrix A, is the most demanding
element of the computational complexity of M — DD7T . This matrix depends
on the sizes of images and pixels in the object and sensor planes as well as
on the distance between these planes. Thus, A, can be calculated for a set
of these parameters in advance, saved and used for processing of various
wavefield distribution with the corresponding size and distance parameters.
Respectively, in evaluation of the computational complexity we separate the
time required for calculations of the matrices A, (and B,) from the time

required for calculation of wavefield reconstructions themselves. This separa-
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tion allows to make a fare comparison of the computational complexity versus
the standard methods where there are no calculations of the integrals used
A,

We represent the estimate reconstruction (37) into the form of the matrix

product

L1

uOZEQyusz: (54)
where Q, = (A A, +o/|u[-T) Al Q, = AL(A]Ai+a/|u/-T)". In Table 1
and Table 2 we show the computational time for calculations of the matrices
A, and Q, (time for calculation of A, and Q, are equal to computational
time for A, and Q,, respectively).

All further results are given for square matrices of the size N x N with
the pixel’s sizes in the object and sensor planes A,y x A, . The results in
Table 1 for matrix A, essentially depend on the ratio of pixel sizes in object
and sensor planes. If A, , = A, o, then A, is the Toeplitz matrix defined by
elements of a single column (row). It enables a fast calculation of the matrix
with a minimal required time. If the pixels are not square and/or equal in the
object and sensor planes, e.g. A, ., # A, the computational time is much

higher. In general, it requires calculation of all N? elements of the matrix
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with the maximal time shown in the last row of Table 1. Note that in this

table A, . = 5um.

Table 1. Computational time (in sec) for matrices A, and B,, .

Matrix \ N2 1282 | 2562 | 5122 | 1024
B, 0.0046 | 0.02 | 0.11 | 0.43
Ay, Nyo=A,. 1.9 |39 | 71| 16

Ay, Ao=2xA,. | 53 |142| 33 | 110

A, Ajo=11xA,.| 285 | 734|186 | 768

However, if for instance A,y =2 x A, ;, as it in the third row of Table 1 or
A, o is multiple to A, , with a factor different from 2 then a more economical
algorithm is used looking for equal elements of the matrix A, and calculating
these equal elements only once. If these are equal elements in A, and they
are properly identified then the required time is much shorter than it is for
calculation of the all items of A,. Of course, this acceleration depends on the
ratio Ay /Ay .

In Table 2 we show the calculation time of the matrix Q,, which depends

on the size of the matrix only. These results are obtained assuming that the
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matrix A, is already known. In Table 3 we show the time used for calculation
of the estimates (54) and compare it with the time required for the standard
convolutional methods conv-1 and conv-2. Naturally, that conv-1 is fastest
and the time required for conv-2 estimates is much higher and comparable
with the time required by M — DD7T. Note, that in these calculations for
M —DDT we assume that the matrices Q, and Q, are given. Under this
assumption the computational complexity of M — DD7T is of the order on

the standard conv-2 algorithm using the zero-padding.

Table 2. Computational time (in sec) for matrices Q, .

Matrix \ N? | 128% | 2562 | 5122 | 10242

Q, 0.02015| 1.1 | 10.1

Table 3. Computational time (in sec) for calculation of estimates .

Method \ N2 | 1282 | 2562 | 5122 | 10242

M —-DDT | 0.011 | 0.046 | 0.74 | 3.75

conv-1 0.0045 | 0.023 | 0.13 | 0.55

conv-2 0.023 | 0.13 | 0.55 | 2.3
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The computational time results given in the tables are obtain by Monte-
Karlo simulation with averaging over 100 samples. The computer used for
experiments is Intel Pentium 4 @Q 3.2GHz, RAM: 4GB, Windows Xp SP2,
Matlab 7.7.0 (R2008b).

Memory requirements depend mainly on the size of the matrices in (54)
and calculated as N2 x 8 x 2x 3 Bytes, where N? is a number elements in the
matrices, 8 Bytes for double-precision floating point calculations, the factor
2 appears because of all variables are complex-valued, and 3 is a number of
matrices in the product (54).

A demo-version of the M — DD7T and F — DD7T algorithms implemented

in MATLAB are available at the website http://www.cs.tut.fi/ lasip.

5. Conclusion

This paper concerns two aspects of discrete holography: discrete modeling
of the forward wavefield propagation and the inverse. The important prop-
erty of the proposed M — DD7T is that it gives the accurate prediction of
the forward propagation for a pixelwise invariant object distribution. In par-
ticular, this prediction is free of the aliasing effects typical for all standard

discrete models. The forward M — DD7 can be treated as a generalization
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of the standard Fresnel transform to the averaged version of this transform,
where the averaging is applied both in the sensor and object domains. The
matrix form of the proposed M — DD7T is exploited in order to develop the
inverse reconstruction techniques and formulate the conditions when the nu-
merical perfect (high accuracy) reconstruction of the object plane wavefield
distribution is possible.

Numerically and visually the M — DD7T based algorithms demonstrate a
better performance as compared with the standard Fresnel transform and
convolutional techniques. The inverse M —DDT algorithms gives also better
results as compared with the recursive and non-recursive F — DD7 recon-

struction algorithms.
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Appendix 1. Replacement of double integration by integration on
single variable.
Consider the integral J = f_152 f_l{z [z + A1) + Ag,)dE dE,y, where f

is a function of two variables. Further, change the variables of integration

according to the following formula

x cosp sinp A&
= : (55)

Y —siny cosy Aoy
With ¢ = 7/4 this orthogonal transformation means a rotation of the inte-
gration area on the angle /4 and multiplication on A; and A, results in the

corresponding scalling of the obtained area. For ¢ = 7/4 the new variables

are defined as

u |l o Ap Ay &1 1 AT AV (56)

V2 V2
v —A; Ay §s —A1&y + Agés

Let us assume that A; > A, then the integration area is a rectangular

rotated on 45° as it is shown in Fig. 12. According to (56) the coordinates

of the corners of this rectangular are as follows
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1
Uy = 2\/_(A1+A2) 1 _2—\/5(—A1+A2), (57)

1 1

Uy = m(Al - Ag), Vg = m(—Al - Ag)

The integral J over this rectangular area is represented as

12 1)2
/ P+ ALy + Aofy)dé,dEy =

1/2J-1/2
z + V2u dudv, 58
A1A2 //u,vESf( ) 58)

where S is an area of the rectangular. The integrand in (58) depends on the

variable u and does not depends on v. It allows to represent this integral as a
sum of the three integrals with integration over the areas I, I, and I1I shown
in Figure 12. Using simple geometrical speculations we can calculate these

integrals as integrals over a single variable u as follows

J = Ji+ o+ Js,

1
J = f(x +V2u)(AsV2)du,
A, S
1o
— 22 (1 —
k= XA ; flz +v2u)2(u; — u)du,
1 e
— 2u)2 .
J3 NV f(x + V2u)2(uy + u)du
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Inserting in these formulas the values (57) we arrive to

1 (A1—A3)/2

J = [z + u)du, (59)
Ay —(A1=Ay)/2
1 (A1+A2)/2 AL+ Ay
Jo = f x4+ u)(——— — u)du,
) Ve f( ) 5 )
1 (A1+A,)/2 Al + AQ
J3 = f r — u)(—— — u)du.
3 NN f( ) 5 )

If Ay > A; the formulas (59) are used replacing in them A; by Ay and A,
by A;. For the general case with the arbitrary A; and A, these formulas can

be rewritten as

1 b
J1 = max(A, Ay) D2f(a:+u)du, (60)
1
Jo = AN f(x 4+ u)(Dy — u)du,
1"
Jy = AL, f(z —u)(D; — u)du,

where D1 (Al + AQ)/Q D2 |A1 A2|/2

Let us derive the formulas valid for the integrals in (24). For A, we have:

Ay,Z/2 yO/2 9
exp(J k:A — sAy 0+ &+ &)7)déde =
y, AUZ/Q 0/2
/2 1/2
By [ exp() — 5Dy €Dy + £y
~1/2J-1/2
Then using (60) we obtain
Ak, s) = Ayo- (Ji(k, 8) + Jao(k, 5)), (61)
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1 Dy
k,s) = kA, . — sA )d 2
Dk s) = /_D2exp( Ja by e = 5By +uf)du, (62
1

D,
Jy (k:,s)+J3(k:,s)éJ2(k:,s):AyOAyd / exp(35 (ya — s8y0 -+ 0)?) +

exp(Jj (kAyd sA, 0 — u)?)](Dy — u)du.

A

In a similar way we obtain for A,:

Aa:(l7t) - Aa:,() ) (Jl(lvt) + j?(lat))7 (63)
Ti(l,t) = ! /D2 (e (1A — tAy o + u)?)du, (64)
Y T ax(Ano, M) S, TPV N =0 )AL,

1 D

E(ZAW — tDg 0+ u)?) +

Jo(l,t) = NN [GXP(]'M

exp(j%(lAw —tAg o — u)?)](Dy — u)du.
For A; = Ay = A the integral J; =0, J = Jo and it can be transformed to

— /_1 f(z+ Au)(1 — |u])du. (65)

In the derivation of this formula in [1] the erroneous extra factor 2 is ap-

peared which should be omitted.

35



Appendix 2. Proof of Proposition 3

Using the matrix trace the criterion (35) can be expressed as follows

L=tr((u, — MAyuOAg)H(uz - ﬂAyu0A£> + QQUOHUO) =

tr(ulfu, — pu? A, ugAl — /L*A;uoHAfuz + \u|2A;u§A5AyuOA£+a2uOHuO).

Minimization in (34) concerns both the real and imaginary parts of uy.
These minimum conditions can be given in the following form (e.g. Appen-

dixes 14.6 and 14.7 in [19]):

oL
—— =0. 66
Using the formulas for the trace matrix differentiation (e.g. [20], pp. 275-
276),
0

9,
S=tr(QR) = Q7. Z=tr(QR) = Q

we arrive to the equation
—p Al AY + |uPAY A uf ATAY + o’ug =0,
what can be rewritten in the equivalent form

p AW AY= (AT A, +aT)uy (] AT A +oT) —alufuyATAL —alu AT A, u,,

(67)
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where I is the identity matrix of the corresponding size. For simplicity we do

not show the size of the identity matrix. It proves Proposition 3.

The following iterative algorithm has been used to solve the matrix equation

(67)

uf V= (JulAVA, + o) AT AL (| ATAL + o) '+ (68)

la(AT A |p] + ol) uf ATAZL (AT AL |u] + ad) ' +
pla(|ulAZ A, + o) T ATA ul (|uATAL + al)

k=0,1,.., uW=o0.
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Appendix 3. Proof of Proposition 4

First, consider the product of the matrices Af A,. Some transformation

shows that

ATA =000 pils — Klp,[s — 1] = (69)
LT LT

A;,O ; eXp(_]E(SAy,Z - kAy,O)Q) eXPUE(SAy,Z - lAy,())Q) =

A g exp(—j v Tk y0)? — (18,0)%)) X

2msA, A
> exp(—j . R (—k+1) =

S

A2 g exp(—jacl(ky0)* = (18,0)7]) X

Ny/2—1

2T
D exp(— ]V( k1) =A% Ny
s=—N,/2 y

It proves that Af A, within the scalar factor is the identity matrix,

AfAy = Az,oNy -In,xn,- In a similar way, ATAY = Ai,oNx In <,
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List of Figure Captions

Fig. 1. Principal setup of wavefield propagation and reconstruction.

Fig. 2 Image reconstruction: (a) by the backward Fresnel transform for
z = dy (perfect quality), (b) by the backward Fresnel transform for z = 3d;
(average quality), (c) by the regularized inverse M — DDT algorithm (quality
is improved with respect to (b)).

Fig. 3. The rank of the matrix Af A, versus the distance z = d for averaged
(av) A, and non-averaged (non-av) B, matrices for different sizes of the
square sensor defined by the parameter q.

Fig. 4. RMSE versus the distance z = d for ¢ = 1, ¢ = 2 and ¢ = 4,
averaged matrices. A nearly perfect reconstruction is obtained: for all d <
dflg=2 if ¢ =2 and for all d < dy|,—y if ¢ = 4.

Fig. 5. The accuracy of the image restoration (RM SFE) versus the distance
d for different algorithms: M — DD7T, the convolutional inverse using the
transfer function of the image size (conv-1) and of the double size with zero-
padding image (conv-2), M — IDFrT, and the recursive regularized inverse

F —DDT,ds =0.02m, qg=1.

29



Fig. 6. Comparative imaging by M — DD7 and M — IDFr7T algorithms,
for various distances between the object and sensor planes: a) d = dy, b)
d = 3dy, ¢) d = 6dy, where d; is the in-focus distance for ¢ = 1, dy = df|,=1.
The images in the object and sensor planes are of the equal size, ¢ = 1.

Fig. 7. Comparative imaging by M — DD7 and M — IDFrT algorithms,
for various distances between the object and sensor planes: a) d = dy, b)
d = 3dy, ¢) d = 6dy, where d; is the in-focus distance for ¢ = 1, dy = df|,=1.
The image in the sensor plane is of the double size of the image in the object
plane, ¢ = 2.

Fig. 8. Object wavefield reconstruction (amplitude distribution) with the
distance z = .5dy: (left) standard M — ZDFrT fails with a pattern of clear
aliasing effects, (right) M — DD7T with the averaged matrices gives a good
quality aliasing free reconstruction.

Fig. 9. M — DDT reconstructions, the distance d = 1.01 x d;: image (a)
obtained with o = 0 is completely destroyed, image (b) obtained with o =
10~ 7 gives a very good accuracy RMSE = 0.0049.

Fig. 10. The ranks of the matrices Af A, and AZA, for the rectangu-

lar pixels (5 x 8) um and RMSE for the Baboon image reconstruction by
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M —DDT and M — IFrD7T algorithms versus the distance d.

Fig. 11. Comparative imaging by the M —DD7T  and
M — IDFrTalgorithms for the distances d = dy, = 0.0202 m (first
row) and d = dy, = 0.0518 m (second row): (a) M — DDT reconstruction,
RMSE = 0.0115; (b) M —IDFrT reconstruction, RMSE = 0.874; (c)
M — DDT reconstruction, RMSE = 0.0115; (d) M — ZDFrT reconstruc-
tion, RMSE = 0.0809.

Fig. 12. Integration areas for calculation of the integral (58).
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List of Table Captions

Table 1 Computational time (in sec) for matrices A, and B,,.
Table 2 Computational time (in sec) for matrices Q,.

Table 3 Computational time (in sec) for calculation of estimates.
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Fig. 1. Principal setup of wavefield propagation and reconstruction.
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RMSE =2x 107" z=d;; RMSFE =0.100, z = 3d;; RMSE = 0.074, z = 3d;

Fig. 2. Image reconstruction: (a) by the backward Fresnel transform for z = d;
(perfect quality), (b) by the backward Fresnel transform for z = 3d; (aver-
age quality), (c) by the regularized inverse M — DD7T algorithm (quality is

improved with respect to (b)).
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Fig. 3. The rank of the matrix Af A, versus the distance z = d for averaged

(av) A, and non-averaged (non-av) B, matrices for different sizes of the square

sensor defined by the parameter q.
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RMSE
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Fig. 4. RM SFE versus the distance z = d for ¢ = 1, ¢ = 2 and ¢ = 4, averaged
matrices. A nearly perfect reconstruction is obtained: for all d < d¢|,—2 if ¢ = 2

and for all d < d¢|,—q if ¢ = 4.
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Fig. 5. The accuracy of the image restoration (RM SFE) versus the distance d for
different algorithms: M — DD7T, the convolutional inverse using the transfer
function of the image size (conv-1) and of the double size with zero-padding im-
age (conv-2), M — IDFrT, and the recursive regularized inverse ¥ — DDT,

dy =0.02m, qg=1.
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Imaging by M — DDT, sensor size parameter ¢ = 1

RMSE =77x10"", 2 =d;; RMSE =0.074, z = 3d;; RMSE =0.090, z = 6d;

Imaging by M — IDFrT, sensor size parameter ¢ = 1

RMSE =0.065, d = d;; RMSE =0.101, d = 3d;; RMSE =0.119, d = 6d;

Fig. 6. Comparative imaging by M — DD7T and M — IDFr7T algorithms, for
various distances between the object and sensor planes: a) d = dy, b) d = 3dy,
c) d = 6d;, where d; is the in-focus distance for ¢ = 1, dy = dy|,=1. The images

in the object and sensor planes are of the equal size, ¢ = 1
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Imaging by M — DDT, sensor size parameter g = 2

RMSE =7.148 x 1076, 2 = d;; RMSE = 0.0444, z = 3d;; RMSE = 0.0763, z = 6d;

Imaging by M — IDFrT, sensor size parameter ¢ = 2

RMSE =0.0165, z = d;; RMSE = 0.0548, z = 3d;; RMSE = 0.0819, z = 6d;

Fig. 7. Comparative imaging by M — DD7T and M — IDFr7T algorithms, for
different distances between the object and sensor planes: a) z = dy, b) z = 3dy,
c) z = 6dy, where dy is the in-focus distance for ¢ = 1, dy = df|4=1. The image

in the sensor plane is of the double size of the image in the object plane, ¢ = 2.
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Fig. 8. Object wavefield reconstruction (amplitude distribution) the distance
z = 0.5dy : (left) M —IDFrT fails with a patern of clear aliasing effects,
(right) inverse M — DDT with the averaged matrices gives a good quality

aliasing free reconstruction.

Fig. 9. M —DDT reconstructions, the distance d = 1.01 x dy: image (a)
obtained with o = 0 is completely destroyed, image (b) obtained with o = 107

gives a very good accuracy RMSFE = 0.0049.
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Fig. 10. The ranks of the matrices A]/ A, and A A, for the rectangular pixels
(5 x 8) wm and RMSE for the Baboon image reconstruction by M — DDT

and M — IDFrT algorithms versus the distance d.
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Fig. 11. Comparative imaging by the M — DD7T and M — IDFrT algorithms
for the distances d = dy,, = 0.0202 m (first row) and d = dy, = 0.0518 m (sec-
ond row): (a) M — DDT reconstruction, RMSE = 0.0115; (b) M — IDFrT
reconstruction, RMSE = 0.874; (c) M — DDT reconstruction, RMSE =

0.0115; (d) M — IDFrT reconstruction, RMSE = 0.0809.
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Fig. 12. Integration areas for calculation of the integral (58).
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