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A discrete diffraction transform (D DT') is a novel discrete wave-
field propagation model which is aliasing free for a pixel-wise
invariant object distribution. For this class of the distributions
the model is precise and has no typical discretization effects
because it corresponds to accurate calculation of the diffraction
integral. A spacial light modulator (SLM) is a good example
of the system where a pixel-wise invariant distribution appears.
Frequency domain regularized inverse algorithms are developed
for reconstruction of the object wavefield distribution from the
distribution given in the sensor plane. The efficiency of developed
frequency domain algorithms is demonstrated by simulation. (©
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1. Introduction

The wavefield reconstruction from intensity and phase measurements is one
of the basic problems in digital wavefield imaging and holography [1]. In a
typical holography scenario one distinguishes input/object and output/sensor

planes (see Fig.1 ). The object plane is a source of light radiation/reflection
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propagating along the optical axis. The sensor plane is parallel to the object
plane with a distance z between the planes. The problem is to reconstruct
the wavefield in the input/object plane from data in the output/sensor plane.
Some of the usual algorithms mimic the optical procedure when the holo-
gram is illuminated with the reference wave. In digital versions of this type
of the methods a recorded hologram is multiplied with a complex-valued dis-
tribution modeling the reference wave and the diffraction field is calculated.
Three images can be obtained simultaneously in this method: real object in-
focus, virtual object out-of-focus and low frequency zero order term. Further
processing is required in order to separate these images. The advantage of
the procedure is that a single record of the hologram is required [1].

Different types of the algorithms can be used if we assume that wavefield
information is available at the sensor plane. The corresponding complex-
valued (intensity-phase) measurements can be obtained, in particular, using
the phase-shifting techniques, where few phase-shifting holograms should be
recorded [1], [2].

A contribution of this paper concerns a few aspects of digital modelling

for optical wavefield propagation, reconstruction and design. The first is a



novel discrete diffraction transform (DDT') model of the wavefield propaga-
tion presented in Section 3. The model is accurate for a pixel-wise invariant
object distribution, i.e. for a distribution which is piece-wise constant on
rectangular elements of pixel’s size of the digital sensor. This discrete mod-
elling gives accurate and aliasing free results for any pixel’s size. Here we
refer to the aliasing appearing as a result of discretization in the standard
discrete approximations of the wavefield propagation integrals. This precise
modelling of the wavefield propagation imitates an "ideal" physical experi-
ment as it is presented by the integral propagation equations. This sort of
accurate modeling is useful for reliable design and computer testing of dig-
ital holography algorithms because these design and tests can be based on
the precisely modelled observations. For an arbitrary continuous object dis-
tribution the proposed wavefield propagation modelling is approximate with
the accuracy depending on the accuracy of the piece-wise fitting of the ob-
ject wavefield distribution. In this case DDT' continues to be accurate but
for the piece-wise approximation of the object distribution. A spacial light
modulator (SLM) generating a pixel-wise invariant wavefield distribution is

a good example of the optical system where the developed digital modelling



is relevant.

The DDT approach is different from the standard digital models usual for
the holographic data. It is appeared from a signal /image processing view of
the problem with intention to apply and develop the signal /image techniques
for digital holography. The applications presented in this paper concern a
wavefield reconstruction considered in two settings: object distribution re-
construction from a wavefield distribution given in the sensor plane (Section
4) and object distribution design with the goal to obtain a desirable wavefield
distribution at the sensor plane (Sections 6). The developed frequency domain
regularized inverse and recursive regularized inverse techniques show a very
good performance in simulation experiments where the observed data are
obtained according to the proposed accurate forward propagation modelling.

The approach presented in this paper is originated from [3].

2. Standard models of wavefield propagation

Consider wavefield propagation modelling for a setting shown in Fig. 1. Let
u,(x,y) be a complex-valued 2D wavefield defined in the sensor plane z of the
3D space (x,y, z) as a function of the lateral coordinates = and y. According

to the scalar diffraction theory there is a linear operator which links this wave-



field with the object wavefield ug(x,y) at z = 0 as u,(z,y) = D.{uo(z,y)},
where D, stands for a diffraction operator with a distance parameter z. The
thorough theory of this operator representation can be found in [4].

The diffraction operator can be given as a convolution

woy) = [ ) / " gl — €0y — muo(€.m)dédn, 0

where the kernel g, is shift invariant and has a form of the first Raylegh-
Sommerfeld solution of the Maxwell-Helmholtz equation VZu + k*u = 0.
Here k = 27/ is the wave number and A is the wavelength.

This kernel is as follows [5]

g = Zexp(gQwr/A)
GA 12

7= /22 +y? + 22 (2)

It is shown in [4] that the operator D, is invertible, and this inverse op-
erator also can be presented as a convolution with a shift-invariant kernel.
If the diffraction wavefield u.(x,y) is given then the wavefield at the input
object plane z = 0 can be reconstructed using the inverse operator D1, i.e.
ug(w,y) = D7 H{us(w,y)}-

The terms diffraction transforms are used in [4] for these forward D, and
backward D, ! operators. Thus, the reconstruction problem is reduced to

calculation of the inverse transform and the corresponding wavefield.
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One of the fundamental results of the scalar diffraction theory (with two
different proofs presented in [4] and [5]) is that the 2D integral Fourier trans-

form of the kernel ¢, has a form

Gz(fa:a fy) = F{gz(x7y)} - (3)

exp(j2m 3 /T= (N7 = (V). (fes i) € D,

0, otherwise.

Here f, and f, are the Fourier transform frequencies and the disc D) = {(fa,
fy) : Qwz)? 4+ (Awy)? < 1} defines the area where the transfer function G, of
the operator is non-zero.

In the frequency domain the forward and inverse diffraction transforms are

given by

U.(fos fy) = GaAfe, f)Un( S, £y), (4)

UO(f:cafy) - Gz<f$7fy)UZ(f$’fy>a (5)

where U,(fs, fy) = F{lu.(x,y)} and Gi(fs, fy) is a complex conjugate of
G.(fe, fy)s Gi(fa, fy) = G_.(fa, f,)- It proves that the inverse diffraction
transform can be obtained from the forward one by replacing z by —z in the
kernel and in the transfer function.

Thus, the diffraction transform with the kernel g, is a lowpass filter with
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the amplitude characteristic |G.(fs, fy)] = 1 and with the phase ¥, =

27r§\/1 — (Awz)? — (Awy)? on the disc D, .

As |G, (fs, fy)| = 1 the diffraction transform is not only invertible but well-
conditioned on D). This inverse does not require regularization typical for
ill-conditioned inverse problems.

If the spectrums U.,(fz, fy), Uo(fs, f,) are given, the corresponding wave-
fields are calculated by the inverse integral Fourier transform for U.(f;, f)

having the form

w(z,y) = / / Uo(for f,) exp(—j2n(fox + fyy)dwsdio,.  (6)

Calculating the inverse Fourier transform from (5) we derive an analytical

expression for the kernel of the inverse diffraction transform as ¢_,, indeed

ug(w,y) = D, Hus(v,y)} = (7)

//gz(w — &y —nu.(§,n)dédn = D_{u.(z,y)}.

Discretization of the integral diffraction transforms defined by the formulas
(1), (6) is a natural idea in order to derive the digital models for the forward
and backward wavefield propagation. It is well known that this discretization

is far from being trivial.



The principal difficulty of discretization in the space domain (1) follows
from the fact that the kernel g, is modulated by a strongly fluctuated high-
frequency harmonic factor exp(j27r/A). The discrete sampling of the rate at
least twice higher than the highest frequency component of the integrand is
a standard remedy. Obviously it can result in an unacceptably high sampling
rate.

The integration in the frequency domain in (6) looks as an attractive alter-
native because for | f,| < 1/A, | f,| < 1/ the phase g~ 27r§—7rz)\(fz+fy)
is slowly varying in f,, f,. However, the formula (3) is derived assuming that
the sensor domain is infinite in the lateral coordinates. A finite (usually small
size) sensor means that the infinitely extended sensor plane is multiplied by
the 2D rectangular window function, which has a magnitude of one for the
sensor area and zero elsewhere. In the frequency domain this multiplication
causes the convolution of the spectrum U.(f;, f,) in (6) with the 2D sinc
function.

The discrete modeling of the diffraction transform is a subject of many pub-
lications. The review of this area is beyond the scope of this paper. However,

we wish to mention that the discrete space domain modelling for hologra-



phy is discussed in details in [1] and the accuracy of the frequency domain
approach is analyzed in [6]. The fast Fourier transform (FFT') based algo-
rithm with a detailed accuracy analysis is presented in [7]. The stationary
phase method applied for integration in (6) results in discrete models with a
non-uniform sampling in the frequency domain (e.g. [8]). A number of recent
developments concern continuous and discrete Fresnel transforms and their
multiresolution versions (e.g. [9], [10], [11]).

One of the simple standard convolution based discrete models is obtained
from the continuous domain Fourier representations (4)-(5). For square ob-
ject and sensor arrays of N x N pixels with pixel size A x A this discrete
model follows from (4)-(5), where F'F'T is used instead of the integral Fourier

transform (e.g. [1], [2]):

Ue(v,vy) = Galve, vy)Up(v2, 0y), (8)

Un(vz,vy) = GL(0r,0)Us (02, 0y). (9)

where U, = FFT{u.}, Uy = FFT{uy} and G, = FFT{g.} are calculated

over the N x N arrays, and v, and v, are the F'F'T" frequencies.
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3. Discrete diffraction transform

The standard techniques, in particular mentioned above, consider the discrete
models as approximation for underlying continuous ones given in continuous
variables and in integral forms. The sampling and aliasing issues are of impor-
tance for these approximations as they define preconditions for reconstruction
of continuous signals from sampled ones.

Motivation for the discrete model developed in this paper is different. Let us
assume that the input distribution is discrete defined by a pixel-wise constant
object wavefield distribution and the output is also discrete as defined by
the outputs of the sensor pixels. For these pixel-wise constant modelling we
accurately integrate the propagation equation (1). Thus, we arrive to the
discrete-to-discrete modeling where the inputs are pixel values of the object
distribution and the output are the pixel values of the digital sensor output.
This model is precise as the accurate integration of (1) is assumed.

In this development the standard assumptions concerning the sampling and
bandlimitedness can be omitted as they are replaced by the hypothesis that
the object plane distribution is piece-wise constant or well approximated by

this sort of distributions. A relevant interesting discussion on similar issues
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of signal modelling for wavefield propagation can be seen in [9].

We name a proposed discrete propagation model discrete diffraction trans-
form (DDT). It is represented in space and frequency domains. We give the
corresponding formulas assuming that the object and sensor arrays are of
Ny x Ny and N, x N, pixels, respectively and the pixels are square of the

equal size A x A.
3.A. Space domain DDT

Let us derive the formulas for DDT'. Assume that the distribution uq allows a
pixel-wise constant approximation, i.e. the distribution is piece-wise invariant
on rectangular elements of pixel’s size of the digital sensor. Then the integral

(1) can be represented as

No/2 1 AJ2  rA)2
u.(z,y) = ugls, t/ / g:(x — sA + &,y — tA 4+ n)d&dn, (10)
ot N0/2 AJ2 A/2

UO[Sat] - UO(SA+§7tA+77)7 T A/2 < 5777 < A/27

where the sum is calculated over the square array of Ny x Ny pixels.
Let the output signal of a sensor’s pixel be the mean value of the distribution

impinging on this pixel:
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1 (A2 A2
:F/ / JEA + €A +0)de dn . (11)

~AJ2 A/Q

Inserting (10) into (11) we arrive to the space domain DDT given as a

discrete convolution

No/2-1

wlk, )= > a.fk—s,1— tugs, 1], (12)

S,t:—No/z
kl=—N./24+1,..,N./2—1

where the kernel is calculated as

L A2 pA2 pAJ2 A2
az[k,l]:E/ / / / (RA £ € 4 £ 1A + 1 +n)dednde'dy,

NN W N A/Q

(13)

k,l=—-N,/2+1,..N,/2—1, N, = Ny + N..

The kernel a, in (12) is a smoothed (double-smoothed) version of the origi-
nal kernel ¢, in (1). The smoothing in (11) takes into consideration discretiza-
tion for both the object and sensor arrays.

It is obvious that for a pixel-wise constant object distribution wuq the model
(12)-(13) is accurate, i.e. it gives the precise distribution for the sensor plane.

Note, that this statement is valid provided that the pixel grids in the object
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and sensor planes are identical and perfectly aligned.

For small A, such that A/z — 0 and A/\ — 0
a.[k, 1] —a_o A%g. (KA IA). (14)

It means for the kernel smoothing effect becomes negligible for small A and
a, can be calculated using instead of (13) the simple formula (14), where g,
is given in (2).

The space domain model (12) can be rewritten in the vector-matrix form
u, = A, - uy, (15)

where u, € RMand uy € R™ are vectors formed from w.[k, 1] and ug[k, ],
respectively, and the A, matrix N? x NZ is formed from a.[k,[]. If A, is a full

rank matrix and N, > N, a perfect reconstruction of uy from u, is possible
uy = (AVA) A e, (16)

where A is Hermitian conjugate of A..

However, for usual sensor sizes (say 512 x 512 or 1024 x 1024) the dimension
of the space domain model (12) becomes too high for practical calculations
for both the forward prediction of u, from uy and the backward inverse with

reconstruction of ug from u,. Note that the matrix A, is non-sparse, and the
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sparsity cannot be applied for more efficient calculations.
3.B.  Frequency domain DDT

FFT cannot be used directly for calculation of the convolution (12) even
when Ny = N, = N because in this case while the input uy and output u,
have the same size N x N the support size of the kernel a, is much larger
(2N —1) x (2N —1).

In order to make F'F'T" applicable we use zero-padding of the variables wy
and u, extended to the extended size N, x N,, N, = Ny + N,, covering
the support of the kernel a,. In what follows the wave-tilde (') means the
corresponding variables extended by zero-padding to the size N, x N,. The
proposed frequency domain algorithm works with these extended size vari-
ables and exploits the advantage of F'F'T" for fast and accurate calculation of
the convolution (12).

The frequency domain calculation of DDT is produced according the fol-

lowing four step algorithm:
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e Define F'F'T for ug extended to the size N, x N,

No/2—1

Uo(va, vy) = FFT{iig} = Y uglk, W™ W™ = (17)
k,l=—Ny/2

N,/2—1

> gk, W,

kl=—N,/2

W =exp(—j21/(2N)), vy, vy = —No/2, ..., No /2 — 1;

e Take I'F'T of the DDT kernel to obtain the DDT' transfer function

N./2—1
A (vp,vy) = FFT{a.} = Z a[u, v]Wo WY = (18)
u,v=—N,/2+1
N,/2—1
Z a [u, o)W W Y,
u,v=—N,/2

e Calculate F'F'T for u, extended to the size N, x N,

U.(vg,vy) = flz(vx, 0y)Up (v, vy), (19)
U,k 1) = FFT YU, (v,, vy) }

k,l=—=N,/2,.... N, /2 —1;
e Calculate u, of the original size N, x N,
u,lk,l] = a,[k, 1], k,l =—=N,/2,..,N,/2 — 1. (20)

The following proposition states that the space domain formula (12) and

the frequency domain algorithm (17)-(20) give the identical results.
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Proposition 1. The formulas (12) and (20) give identical u,lk,l], k,l =
—N,/2,....,N,/2 — 1, for any ug|s,t], s,t = —Ny/2,..., No/2 — 1, and for any
even N, Ny.

The proof is given in Appendix 1.

Note, that both the space and frequency domain DDT models are sym-
metrized with respect to the optical axis.

The frequency domain D DT is essentially different from its frequency in-
tegral counterpart (6) in two important aspects. D DT accurately takes into
consideration a finite size of the sensor and as a result the D DT operator in
general is ill-conditioned while the module of the transfer function U.(f;, f,)
in (6) is equal to one and the corresponding operator is well-conditioned. In
the frequency domain the conditioning of the D DT is measured as the ratio

of the maximal-to-minimal value of the module of the transfer function [13]

cond ; = max | A, (v,, v,)|/ min | A, (v,, v,)|. (21)

Let the sensor and object planes have the size 0.01 x 0.01 m and the wave-
length A = .632 nm. Fig.2 shows the dependence of the conditioning number
cond ; with respect to the distance z for Ny = N, = 512 (A = 0.01/512 m)

and Ny = N, = 1024 (A = 0.01/1024 m). The conditioning number is ap-
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proximately linear growing function of z. The larger N and smaller A result in
larger conditioning numbers. For the distances about z = 1 the conditioning
numbers are of the order 10%.

The amplitude and phase frequency characteristics of the transfer func-
tions G.(v,,v,) for A = 0.01/1024 m and small A — 0, z = 0.75 m are
demonstrated in Fig. 3 and Fig. 4, respectively. The images are centered with
respect to the zero-frequency v, = v, = 0.

These amplitude characteristics are typical for lowpass filters. The ampli-
tude characteristic of G (v,,v,) with A = 0.01/1024 m visually is smoother
than that for small A — 0 when the smoothing effects of the averaging over
the pixel surface disappear. The phase characteristics of A, and G, are very

different even though their images are similar in structure.
3.C.  Fresnel approximation

If z > z,y the Fresnel approximation of the kernel g, is valid,

1 21z T

expli( S + (2 + 1)) (22)

gz_j)\-z

Then the formula (13) can be simplified and allows the following factoriza-

tion
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exp(j2mz/\)
JA -z

a.[k, 1] ~ PZ,A[]‘?]PZ,AUL (23)

where

A2 pA)2
poalk] = % / / exp(jo (kA +€ 4 ©)dede = (24)

A2 J—A)2

/2 r1/2
/ / exp j— (A + EA + EA)D)dedE =

1/2 J-1/2

2A /_1(1 — ) exp(j%(kA + Av)?)dv.

The proof that the double integral in (24) can be calculated as a single
variable integral is given in Appendix 2. For the Fresnel approximation the

transfer function (18) is of the form

~ exp(j2mz/ A
Az(vxa Uy) = p(j / )Az,/\<vwa Na) ’ AZ,A(U% Na)’ (25)
JA -z
where
N/2-1
Aa(v, N) = > p kW, (26)
kl=—N/2

W =exp(—j2n/N,), v=—N,/2,...,N, /2 — 1.

The kernel a. (13) and the transfer function A, (18) are defined for the
general wavefield propagation model. The Fresnel approximation allows sig-

nificantly simplify calculations because the kernel a. |k, [] in (23) is calculated
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through the product of one-dimensional p, ,[k] and p, ,[l]. In a similar way
the 2D transfer function A.(v,,v,) in (25) is factorized in the product of
A (v, Ny) and A, 2 (vy, N,).

The integration in (24) can be produced numerically with any given accu-
racy for any wavelength A and z. Note that the system is linear, the kernel
a, does not depends on the input signal, thus the kernel is calculated only
ones for the given parameters and can be used for any input signals.

It is useful to note that for small A/z and A/\ we do not need to calculate
the integrals (13) and (24) because p, ,[k] — Aexp(j%(kAy). In this case
the frequency domain algorithm (17)-(20) is similar to the integration F'F'T
algorithm proposed in [7] for the squared input/output arrays ug, u,, where
these arrays are zero padded to the size (N,—1)x (N,—1), N, = 2Ny, in order
to obtain the circular convolution and the transfer function A, is calculated

as F'F'T of the kernel g, defined on the extended grid (N, — 1) x (N, — 1).

4. Wavefield reconstruction

It is well known that a reconstruction of the object wavefield u( from u, is an
inverse problem. Let us start from the discussion of specific features of this

problem considered in the extended size variables what makes the problem
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essentially different from the standard settings.
4.A.  Reconstruction as a boundary inverse problem

It is convenient to consider this inverse reconstruction in both the space and
frequency domains in parallel. Using the representation similar to (15) the

extended size inverse problem can be formulated in the algebraic form as

—

a, = A, -1y, (27)
L All .A12

where i1, Ty € RN and A, = ° 7 | is astructured N 2 x N2 matrix.
A%t A%

All submatrices in A. are formed from a. |k, .
The conditions when the system (27) has a unique solution for @, are for-
mulated in the following proposition.

Proposition 2. Let N, > Ny and
AA(f,N,) #0, ¥V f=—-N,/2,... N, /2 -1, (28)

then the system (27) has a unique solution.

The proof of the proposition is given in Appendix 3.

The conditions (28) are necessary and sufficient for non-singularity of the
extended size D DT operator. It is difficult to proof for the discrete function

A, (f, N,) that it never takes zero value. However, these conditions can be
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easily checked numerically for the finite set of the frequencies f in (28). In
our experiments for variety of \, A and N, we never met a situation when
A (f, N,) takes a zero value for f from the interval [—N,/2, ..., N,/2 — 1].
Thus, practically the system (27) always has a unique solution. This state-
ment says that for any given 11, the corresponding unique 0y always can be

found. The reconstruction of uy from (27) requires a further detailing.

u;

Let the vectors u, ,iy in (27) be structured as follows u, = and
u’
Up
g = , where u, and uy are the main variables from (15), and u) €
ug
RNi=N and uly € RNi—N0 are the vectors of the idle variables complementing

the vectors 1., uy to the extended size. It is obvious that for these structured
vectors ALl = A from (15). It follows from (20) that uf, = 0.
In the inverse problem of our interest the vector u, = u? is given, and the

vectors uy and u/, are unknown. Thus we arrive to the equation

u# Uy

=4 : (29)

u’ 0

z

with a total number of the equations N2, and N} unknowns in uy and (N? —

NZ) unknowns in u’. Thus, there is the accurate balance of the number of
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the unknowns and the equations at hand.

The equation (29) belongs to the class of the boundary problems as the
unknown u/, is in the left size of the equation and the unknown ug in the
right side of the equation. (29) is resolved with respect to u,. We can invert

—~

A, in order to resolve this equation with respect to uy

Y . (30)
0 u’

The boundary inverse problem can be solved iteratively using (29) and (30)

and starting from the initialization of u’z(o) =0:

n #
uO _ :Zl—;fl u; 7 (31>
K ﬁz)(r) / A’Z(T—l)
( ﬁg) \ - ﬁg“)
= A, ,r=1, ... (32)
\ﬁ;(r) ) 0

Here u:)(r) and )" are the idle variables, while ﬁgr) is a variable of the

interest. In what follows we use the F'F'T" domain version of the equation (31)-
(32) in order to obtain the fast and efficient implementation of the recursive

—~1
procedure (31)-(32), where the inverse A, is replaced by the regularized
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inverse because A, is ill-conditioned.
4.B.  Regularized inverse

Let us start from a simple algorithm for the inverse. Assume that U, (v,,v,)
in (19) is known as given by the observations and introduce the following
quadratic criterion defining the accuracy fit of the model A.U, to the given
U.:
T = |0, = A.0o|[* + o o] > (33)
Here || - ||? is the Euclidean norm calculated over the FF'T' frequencies v,, vy,
|Uo||> and o > 0 are a regularization penalty term and a regularization
parameter, respectively. This regularization is of special importance when the
DDT is ill-conditined and/or the observations U, are noisy [12], [13], [14].
Minimization of J with respect to Uy gives the minimum condition in the

form 0.J/0U; = 0 and the following solution (e.g. [14])

Uy =AU,/ (|A)* + o). (34)
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Finally we obtain

iy = FFT YUy}, (35)

aolk, 1] = diolk, 1), k,1=—No/2, ..., No/2 — 1.

Here g is a regularized inverse estimate of the object wavefield distribu-
tion. The parameter @ > 0 controls a level of smoothing in this estimate.
Smaller @ means a lower smoothing in 4y with possibly high level of noisy
and calculation error components but a lower level of the bias systematic er-
rors. Larger o means stronger smoothing in 4y with lower level of noisy and
calculation error components but possibly higher level of the bias systematic
errors [12], [13], [14].

The frequency domain calculations in (34) are produced for the extended
size N, X N, of uy and u,. The zero-padding of the observations u, usually
results in some ringing effects along the bounds of the reconstructed ob-
ject distribution. An improved version of (34)-(35) what we call an recursive
reqularized inverse allows to rid of these effects or at least diminish them

significantly.
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4.C.  Recursive regularized inverse

We propose the following recursive procedure defining the frequency domain
and regularized version of the procedure (31)-(32). This algorithm is com-
posed from backward (inverse) and forward transformations performed re-
cursively for r =1,2, ... :

(a) for the backward propagation equation (31) we produce the following

successive calculations

ﬁg_l)[ka l] - uz#[ka l]: kal = _NZ/27 ) Nz/2 o 1’ (36)
U oy, v)) = FFT{al Dk, 1},

03 [vg,v,) = AL/ (AL + @) - TPy, v,

iy [s,1] = FFT U o vy}, (37)
a\1s,t] =0, for all s,t & [—Ny/2,..., No/2 — 1]; (38)

(b) for the forward propagation equation (32) we produce the following

successive calculations
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0 [vg, v,) = FFT{a)[s, 1]}, (39)
0 vy, 0,) = A (vg,0,) 08 [0z, 0,),

a,(zr_l)[kv I} = :FFT_I{ﬁz(T_l)[UM Uy”?
(c) finally the estimate of the object distribution ug follows from (38):
a1 ] = a7[s, 1], s,t = —No/2,..., No/2 — 1. (40)

The procedure (36)-(39) is initiated by ) = 0.

The estimates ag“) (40) are obtained from the backward equations, while the
forward equations are used for predictions 71,(;_1) of the observed data from the
obtain estimate. The multiple experiments show that the algorithm (36)-(40)
is quite efficient and provides a significant improvement of the regularized
inverse estimate (34)-(35), which is the first step of this recursive algorithm.
The algorithm (36)-(40) allows easily incorporate a priori information on

the object distribution. If the object is an amplitude modulator with the phase

of the object distribution equal to zero, then the equation (37) is replaced by

s, 8] = |FFT YU s, 0]}, (41)
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If the object is a phase modulator of the amplitude equal to 1 then the

equation (37) is replaced by
a5, = exp(—j - angle(FFT HU [z, v,]})). (42)

This specification of the estimated object distribution improves the conver-

gence and the accuracy of the algorithm.
5. Simulation experiments for wavefield reconstruction

Let us illustrate the performance of the proposed inverse algorithm for differ-
ent applications. In these numerical experiments we use the Baboon intensity
distribution (512 x 512) imaged in Fig 5. This distribution denoted in what
follows as u* is real valued non-negative, 0 < u® < 1. The parameters of the
experiment: A = .632 nm, z = 0.5 m, Ny = N, = N = 512, the square sensor
and object have the same size 0.01 x 0.01 m with the pixel size parameter

A =0.01/N m.
5.A.  Sampling conditions

The frequency of the varying on z harmonic factor exp[j=(2? + y*)] of the
kernel (2) is calculated as 27z /Az. The maximum values of z is equal to half

of the sensor linear size, Ty.x = 0.01/2 = 0.005. Then the upper bound for the
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frequency is equal to 2wz /Az. The Nyquist requirement for the non-alising
sampling follows from the inequality 27zy./Az < /A, ie. A < Ay =
A2 /2 ax. For the given sensor size, Aq.; = 3.16-107°. It follows that for the
selected parameters of the experiments A = 0.01/512 = 1.95-107° < A,
i.e. the Nyquist condition holds.

In order to demonstrates that D DT gives the aliasing free reconstructions
we start from the case when the Nyquist condition is violated. Let A have
a double size, A = 2-1.95-107° > A, Assume that the true object
distribution is real-valued uy = u™.

Fig. 6 shows the amplitude and phase wavefield distributions at the sensor
plane calculated according to the forward propagation model (17)-(20). It is
emphasized ones more that this modeling gives the precise prediction for the
sensor plane distribution corresponding to the accurately calculated integral
(1).

The object plane reconstructions are shown in Fig.7. Fig.7a and Fig.7b
show the amplitude distributions in the object plane obtained by the DDT
regularized inverse (34)-(35) and by the standard F'F'T (8)-(9) algorithm, re-

spectively. The periodical pattern typical for the aliasing effects destroys the
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standard reconstruction shown in Fig.7b completely, while the DDT based
algorithm demonstrates in Fig.7a the quite accurate reconstruction of the
Baboon test-distribution. This result confirms the ability of the D DT algo-
rithm to perform and perform quite well even when the Nyquist condition is
violated.

In all forthcoming experiments we assume that A = 1.95-107° < Ay, i.e.
the Nyquist condition holds. Then the standard F'F'T" works but qualitatively
and numerically the D DT technique enables better results. For quantitative
numerical characterization of the accuracy of the reconstruction we use the

root-mean-squared-error (RMSE)
5.B.  Amplitude modulation

Let the true wavefield distribution in the object plane be real-valued ug = u™.
The results obtained by the standard F'F'T" and D DT algorithms can be seen
in Fig.8. Here for the D DT reconstruction we use the recursive regularized
DDT algorithm (36)-(40). The results are given for the ten iteration of this
algorithm. Comparison of Fig.8a versus Fig.8b is in the favor of the recursive

regularized DDT algorithm. It demonstrates a better visual quality as well

as a lower RM SFE value.
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The regularized inverse estimate in Fig.7a is a first iteration of the recursive
regularized inverse algorithm. The ringing bands parallel to the boundaries
in Fig.7a are typical for the regularized inverse deconvolution algorithms.
Comparing this image with given in Fig.8a we can note that the recursive
regularized inverse allows to get rid of these disturbing effects and yields

about twice better RMSE value.
5.C.  Phase modulation

Consider a reconstruction of the object phase distribution assuming that the
true object distribution has a module equal to one and the phase proportional
to u”, ug = exp(—jmwu®). For this reconstruction we use the ten iterations of
the algorithm (36)-(40). The results obtained by the standard F'F'T" and DDT
algorithms are shown in Fig.9. While numerically (RMSE = .186 for DDT
algorithm and RMSFE = .26 for the FF'T algorithm) the difference between
the estimates is not large the visual advantage of the D DT algorithm is quite
obvious as it gives sharper and clearer imaging with no ringing effects along

boundaries.
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6. Object wavefield design

Assume that the object distribution uy should be selected in such a way
that the wavefield distribution at a given distance z = z# would be equal
or at least close to a desired wavefield distribution uf#. It is not difficult to
realize that formally this design problem is identical to the considered above
reconstruction one. Indeed, let us replace the observed distribution u# by
the corresponding desired one then the regularized inverse and the recursive
regularized inverse algorithms give the unknown object distribution wuy.

Let us exploit this approach for design of the object phase distribution such
that the amplitude distribution at the sensor plane would have a desirable
amplitude distribution. It is one of the typical setting for programming of the
phase SLM used for generation of a given light intensity distribution.

For this problem we use the algorithm (36)-(40) where the equation (37)
is replaced by (42). In this way the algorithm varies only the phase of the
object distribution trying to get the amplitude at the sensor plane close to
uf# desired at the distance 2.

Fig.10 illustrates the obtained results. Fig.10a shows the obtained phase

distribution for the object plane, while Fig.10b demonstrates the quality of
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this design as it shows the predicted amplitude distribution at the sensor
plane corresponding the phase object with the phase distribution shown in
Fig.10a. The curve in Fig.11 demonstrates the convergence of the algorithm
for this test. The results in Fig.10 are achieved after 50 iterations of the
algorithm. Numerically as well as visually (Fig.10b versus Fig 5) the results

are quite good.

7. Conclusion

This paper concerns two aspects of discrete holography: discrete modelling
of the forward wavefield propagation and inverse problems. The important
property of the proposed DDT' is that it gives the accurate prediction for
the forward propagation for a pixelwise constant object distribution. This
prediction is free of the aliasing effects typical for all standard discrete models.

The averaging of the observed intensities over the sensor pixel is not a new
idea and discussed in a number of publications (e.g. [1], [2]). However, to the
best of our knowledge nobody used it for averaging both in the sensor and
object domains, and, what is more important, to derive the operators corre-
sponding to these averaged variables. The exact forward modelling allows to

give a reliable tool for evaluation of the alternative algorithms by computer
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simulation.

The developed inverse technique is applied for two problems: distribution
reconstruction in the object plane from observations given in the sensor plane
and the design of the object plane distribution in order to obtain the desirable
distribution in the sensor plane. Simulation experiments show a better accu-
racy and better imaging of the developed reconstruction techniques versus
the standard F'F'T alternative.

The developed inverse algorithms similar to the standard FF'T" algorithm
are not able to get a good quality reconstruction with sharp focussing for
all values of the parameters A and z. However, numerically and visually the
DDT based algorithm demonstrate a better performance.

One of the constructive ideas to improve the proposed frequency domain
inverse algorithms is to use a sensor of the size larger that the size of the
object aperture. First promising results in this direction are reported in [15].

Finally we wish to note that DDT' as a discrete model for wavefield prop-
agation can be generalized to the pixel size different in the object and sensor

planes and applied to various optical settings used in digital holography.
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Appendix 1. Proof of Proposition 1.

Calculate u, [k, [] from the formulas (19)-(20) using the inverse F F'T":

N,/2-1
1 ~ ~
wlbl =gz 3o WW A o)), (43)
Um,vy:—Na/2

k,l=-N./2,..,N./2 — 1.

Inserting the expressions for A, (v,,v,) and Up(v,,v,) and changing the

orders of summations we find

N,/2—1 No/2—1

1
u,lk, 1] = g Z Z a,[u, v]ug[u', v'] X (44)
% uw=—N, /241w v'=—Ny/2
N,/2—1
Z W- Ve (b—u— u)W—vy(l v— U)

Uy, Ug=—Ng /2
Noting that because of

N,/2—1
1 / /
i > Wyl = Gk — = )61 — v =)
a Uy, Ug=—Ng /2

we obtain from (44)

N,/2-1 No/2—1

u,lk,l] = Z Z a[u, v]ug[u', v']6(k —u—u')d(l —v—1"). (45)

u,v=—N, /241w v'=—Ny/2

This last formula gives the convolution (12) provided that for each k,l =
—N,/2,...,N./2—1 there are u, v’ and v, v’ such that u = k—u and v = —¢/

provided that u,v = —N,/2+1, ..., N,/2—1 and v/, v' = —Ny/2, ..., Ny /2 —1.
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Let us test these requirements. We can see that
“N.J2— (Np/2—=1)<k—u < N./2—1+ Ny/2,

1.e.

—~N,/2+1<k—-u<N,/2-1.

It shows that for any k = —N,/2, ..., N.,/2—1 and any ' = —Ny/2, ..., Ny/2—
lalways exist u = k — ' such that u = —N,/2+1,..., N, /2 — 1.

In a similar way one can check that
—N,/241<1—v <N, /2-1

and always exist v = [ — v such that v = —N,/2+1,..., N, /2 — 1.

Then the formula (45) can be rewritten in the form (12)

No/2-1

u, [k, 1] = Z a.lk —u', 1 — v ue[u’, 0],

uw v'=—Ny/2
kl=-N./2,..,N./2 — 1.

It proves that the formula (20) gives the result identical to (12). Note that

N, = Ny + N, is a minimal array size when these formulas are equivalent.
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Appendix 2. Proof that

A2 ;A2
_/ FRA + € + £)dede —2A/ FEA + Az)(1 — |2])dz. (46)
INCR AN

Consider the integral

AJ2 A2
—x [ [ s g+ agas -

A2 J—A)2

12 f1/2
/ f(EA + Au + Au)dudu/,
1/2J-1/2

where f is a function of two variables and u = £/A, v/ = &/A. Further,

change the variables of integration according to the following formula

x cosp siny U
= : (47)

Y —sing cosp u

With ¢ = 7/4 this orthogonal transformation means a rotation of the inte-
gration area on the angle 7/4 as shown in Fig.12.

For ¢ = m/4 the new variables are defined as

= — (48)
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and according to Fig 12 the following sequence of transformations can be

done

12 p1/2
J = A/ F(EA + Au + Au)dudu' =
12 J-1/2

1/V2 1/V2—x
A / f(kA + AV2z) / dydz +
0 —1/V2+z

0 1/V2+x
A / (kA + AV2z) / dydz =
—1/V/2 —1/V2—=x

A /W§ FEA + AV22)2(1/V2 — 2)dx +

A /0 F(EA + AV22)2(1/V2 + 2)dz =
_1/\/5

W
2A/ FORA + AVZ2)2(1/V3 — || )da =
Yy

1
m/ FRA + AZ)(1 — |2 |)da
~1
The last expression proves (46).
Appendix 3. Proof of Proposition 3.
If the conditions (28) hold there is the one-to-one link between the extended

object and sensor wavefield distributions. In the frequency domain this link
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means that

U.(vg,v,) = A.(vg,0,)Up(vs, v,), (49)

Uo(vg, vy) = Az_l(vz, vy)ﬁz(vz, vy),

kl=—N,/2,..,N,J2 — 1.

For the spatial domain representation in the form (29) it means that the

matrix A, is non-singular.
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List of Figure Captions

Fig. 1. Principal setup of wavefield propagation and reconstruction.

Fig.2 The conditioning number versus the distance z for the transfer func-
tion A, with N =512, N = 1024 and \ =.632 nm.

Fig. 3. Module frequency characteristics of the discrete diffraction transfer
function: (a) A — 0 and (b) A =.01/1024, z = 0.75 m.

Fig. 4. Phase frequency characteristics of the discrete diffraction transfer
function: (a) A — 0 and (b) A =.01/1024, z = 0.75 m.

Fig.5 Image of the Baboon test-distribution.

Fig. 6. Wavefield distribution at the sensor plane: (a) amplitude distribu-
tion, (b) phase distribution.

Fig. 7. Object wavefield reconstruction (amplitude distribution), double
pixel size A = 3.9 - 107°: (a) inverse regularized DDT reconstruction,
RMSE = 108, (b) standard F'F'T algorithm. The standard algorithm fails
with a pattern of clear aliasing effects. DDT shows a good quality aliasing
free reconstruction.

Fig. 8. Wavefield reconstruction (amplitude distribution) : (a) the recursive

regularized inverse DDT technique, RMSE = .051 after 10 iterations, (b)
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the standard F'F'T' technique, RMSE = 0.086. The DDT algorithm shows
sharper and better resolution imaging.

Fig. 9 Phase distribution reconstruction: (a) the recursive regularized in-
verse DDT technique, RMSE = .185 after 10 iterations, (b) the standard
FFT technique, RMSE = 0.26. The DDT algorithm shows sharper and bet-
ter imaging with no boundary ringing effect seen in the F'F'T" reconstruction.

Fig. 10 Phase distribution design for the object plane in order to obtain
a desirable amplitude distribution in the sensor plane: (a) designed phase
distribution for the object plane, (b) the corresponding amplitude distribution
in the sensor plane.

Fig. 11 Convergence of the recursive regularized inverse phase design algo-
rithm: RMSFE versus the number of iterations.

Fig. 12 The integration area in the original and transformed (rotated) co-

ordinates.
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Fig. 1. Principal setup of wavefield propagation and reconstruction.
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Fig. 2. The conditioning number versus the distance z for the transfer function

A, with N =512, N = 1024 and A\ =.632 nm.
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Fig. 3. (Color online) Module frequency characteristics of the discrete diffrac-

tion transfer function: (a) A — 0 and (b) A = 0.01/1024, z = 0.75 m.
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Fig. 4. Phase frequency characteristics of the discrete diffraction transfer func-

tion: (a) A — 0 and (b) A =0.01/1024, z = 0.75 m.
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Fig. 5. Image of the Baboon test-distribution.
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Fig. 6. Wavefield distribution at the sensor plane: (a) amplitude distribution,

(b) phase distribution.
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(a) (b)

Fig. 7. Object wavefield reconstruction (amplitude distribution), double pixel
size A =3.9-107° m, z = 0.5 m: (a) inverse regularized D DT reconstruction,
RMSE = .108, (b) standard F'FT algorithm. The standard algorithm fails
with a patern of clear aliasing effects. D DT shows a good quality aliasing free

reconstruction.
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Fig. 8. Wavefield reconstruction (amplitude distribution) : (a) the recursive

regularized inverse DDT technique, RMSE = .051 after 10 iterations, (b)
the standard F'F'T" technique, RMSE = 0.086. The DDT algorithm shows

sharper and better resolution imaging.
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Fig. 9. Phase distribution reconstruction: (a) the recursive regularized inverse

DDT technique, RMSE = .185 after 10 iterations, (b) the standard F'F'T
technique, RMSE = 0.26. The DDT algorithm shows sharper and better

imaging with no boundary ringing effect seen in the F'F'I" reconstruction.
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(a) (b)

Fig. 10. Phase distribution design for the object plane in order to obtain a
desirable amplitude distribution in the sensor plane: (a) designed phase dis-
tribution for the object plane, (b) the corresponding amplitude distribution in

the sensor plane, RMSE = 0.07.
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Fig. 11. Convergence of the recursive regularized inverse phase design algo-

rithm: RM SFE versus the number of iterations.
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Fig. 12. The integration area in the original and transformed (rotated) coor-

dinates.
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