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1. INTRODUCTION

A. Problem setup

The phase retrieval problem concerns reconstruction of 2D and
3D complex-domain objects provided that only intensity of
light radiation is measured. Such problems appear in science
and engineering with a wide area of applications from astron-
omy and optics to medicine and biology (e.g. [1–3]).

The standard formalization of the phase retrieval problem is
of the form:

ys= |Ps{uo}|2, s = 1, ..., L, (1)

where: uo∈ C
N×N is an N × N complex-valued 2D image of

object (specimen); Ps: CN×N 7−→ CM×M is a complex-valued
forward propagation operator from object to sensor planes,

ys∈ R
M×M
+ are M × M intensity measurements at the sensor

plane, L is a number of experiments, and us=Ps{uo} is a nota-
tion for the complex-valued wavefront at the sensor plane.

In this paper we consider the setup with the aperture modu-
lation such that

us = Ps{uo} = P{Ms ◦ uo}. (2)

Here Ms∈ C
N×N are phase modulation masks, Ms(k, l) =

exp(jφk,l(s)), and the ’◦’ stands for the entry-wise (Hadamard)
product of two matrices.

The phases φk,l(s) in Ms can be generated as deterministic
or random. It results in the observations known as coded diffrac-
tion patterns (e.g. [4]):

ys= |P{Ms ◦ uo}|2, s = 1, ..., L. (3)

The phase modulation is able to change dramatically the diffrac-
tion pattern of P{uo} enabling redistribution of observed inten-
sities from low to higher frequencies.

Various methods are developed in order to make these Ps

sufficiently different in order to gain observation diversity en-
abling finding uo from observations {ys}L

1 . A defocussing of
the registered images is one of the instruments to get a sufficient
phase diversity [5–9]. In the recent development a spatial light
modulator (SLM) is exploited for the defocussing (e.g. [10, 11]).

A modulation of the wavefront is another efficient tool to
achieve the desirable diversity of observations (e.g. [12–14]).

For noisy observations Eq. (3) is changed for

zs=G{|us|2}, s = 1, ..., L, (4)
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where G stands for a generator of random observations.

For the wavefront propagation from the object to the sensor
plane we use the Rayleigh-Sommerfeld model with the transfer
function defined through the angular spectrum (AS) ([15], Eq.
(3-74)):

us(x, y, z) = F−1
[

H( fx, fy, z) · F
[

us(x, y, 0)
]

]

(5)

H( fx, fy, z) =

{

exp
[

i 2π
λ z

√

1 − λ2( f 2
x + f 2

y )
]

, f 2
x + f 2

y ≤ 1
λ2 ,

0, otherwise,
(6)

where the operators F and F−1 stay for the Fourier transform
(FT) and inverse Fourier transforms, respectively; us(x, y, z) is a
wavefront propagated on the distance z from the initial position
us(x, y, 0); H( fx, fy, z) is the angular spectrum transfer function;
fx, fy are spatial frequencies; x, y denote spatial coordinates,
and λ is the wavelength.

In this paper we assume that the observations have Poisso-
nian distribution typical for optical photon counting. This pro-
cess is well modelled by independent Poissonian random vari-
ables in the form

p(zs[l] = k) = exp(−ys[l]χ)
(ys[l]χ)k

k!
, (7)

where p(zs[l] = k) is a probability that the random observation
zs[l] takes integer value k ≥ 0 and ys[l] is the intensity of the
wavefront, defined by Eq. (1), at the pixel l.

The parameter χ > 0 in Eq. (7) is a scaling factor of the
Poisson distribution. Defining the observation signal-to-noise
ratio (SNR) as the ratio between the square of the mean and
the variance of zs, we have SNR = E2{zs}/var{zs} = ysχ.
It follows, that the relative noisiness of observations becomes
stronger as χ → 0 (SNR → 0) and approaches zero when
χ → ∞ (SNR → ∞). The latter case corresponds to the noise-
less scenario, i.e. zs/χ → ys with probability 1. The scale pa-
rameter χ is of importance for modeling as it allows to control
a level of noise in observations.

Reconstruction of the complex-valued object uo (phase and
amplitude) from noiseless or noisy observations is phase re-
trieval problem. Here phase emphasizes, that in the object the
phase is a variable of the first priority, while the amplitude may
be an auxiliary variable often useful only in order to improve
the phase imaging.

B. Phase retrieval algorithms

There is a flow of publications on the phase retrieval. Various
versions of the Gerchberg-Saxton (GS) technique are quite uni-
versal for different setups (e.g. [7–9, 16, 17]). These algorithms
based on alternating projections between the object and obser-
vations planes are flexible in order to incorporate any informa-
tion available for variables in these planes. Recent develop-
ments in this area as well as the review can be seen in [18].

Contrary to this type intuitive heuristic algorithms the vari-
ational formulations have a stronger mathematical background
and based on numerical algorithms solving some optimization
problems (e.g. [19–21]).

A new variational algorithm for the phase retrieval from
noisy data based on transform domain sparsity for the object
phase and amplitude is developed in [22]. The sparsity concept
as a tool for phase retrieval is a topic of the paper [23], where
the original sparsifying learning transform is developed.

The phase retrieval from coded diffraction patterns is of spe-
cial interest in the recent publications (e.g. [13, 24]). The unique-
ness of the phase retrieval in this scenario is proved in the later
paper.

The spatial resolution of phase retrieval is limited by two
factors: low-pass filtering by the propagation operator P and
the size of sensor’s pixels. High-frequency spatial information
is lost in intensity observations, which can be treated as corre-
sponding to a sub-sampled true object uo. The super-resolution
imaging allows to compensate this sub-sampling effect.

One of the straightforward approaches to overcome the pixel
size limitations is to use a sequence of laterally shifted holo-
grams (e.g. [25–27]).

The computational approach to the super-resolution is dif-
ferent assuming that the optical setup is fixed and the super-
resolution image should be extracted from the data available.
Note, that for the real-domain the computational imaging is
a hot topic with a flow of publication, while for the complex-
domain, phase/amplitude imaging, the situation is quite differ-
ent actually with a few publications, which can be referred, in
particular, for phase retrieval.

Compressed sensing (CS) is one of the comparatively new
computational techniques for restoration of sub-sampled data.
Application of this sort of the techniques in optics can be found
in [28, 29]. CS can be treated as a super-resolution, however,
there is a deep difference between these two problems. CS is
focused on the sub-sampling design with the smallest number
of observations as a target, while in the super-resolution the
observations are given on a usually regular and fixed grid.

C. Contribution and structure of this paper

The transform domain phase/amplitude sparsity introduced in
[22] was generalized for the super-resolution phase retrieval in
[30]. In this paper we modify this algorithm for the lensless op-
tical setup with the AS transfer function for wavefront propaga-
tion, Eqs. (5-6). Contrary to it, the lenslet and FT propagation
model are used in [30]. We provide simulation test and exper-
imental results demonstrating that the proposed algorithm en-
ables the super-resolution phase-retrieval with the up-sampling
factor upto 4.

In what follows the proposed algorithm is presented in Sec-
tion 2. The experiment’s details and results are discussed in
Section 3.

2. SUPER-RESOLUTION PHASE RETRIEVAL

A. Complex domain sparsity

The complex domain sparsity for the object as it is used in this
paper assumes that there are small fragments (patches) of the
object uo, which have similar features. These similar patches
can be found in different parts of the image. It follows that these
patches taken together admit sparse representations: they can be
well approximated by linear combinations of a small number of
basic functions.

The complex domain images, such as the object uo =
Bo exp(iϕo), are defined by two variables: phase ϕo and ampli-
tude Bo. Respectively, the sparse representation can be imposed
on the following pairs of the real-valued variables:

(1) The phase ϕ (interferometric or absolute) and the ampli-
tude Bo;

(2) The real and imaginary parts of uo.
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In this paper we apply the absolute phase/amplitude spar-
sity following to [31, 32], where it has been already tested for
various optical problems.

The success of the sparsity approach depends on how reach
and redundant are dictionaries (sets of basic functions) used
for image analysis and synthesis. In this paper for the spar-
sity implementation we use the Block-Matching and 3D filter-
ing (BM3D) algorithm [33].

Let us mention basic steps of this advanced technique
known as nonlocal self-similarity sparsity. At the first stage the
image is partitioned into small overlapping square patches. For
each patch a group of similar patches is collected which are
stacked together to form a 3D array (group). This stage is
called grouping. The entire 3D group-array is projected onto
a 3D predefined transform basis. The spectral coefficients ob-
tained as a result of this transform are hard-thresholded (small
coefficients are zeroed) and the inverse 3D transform gives the
filtered patches, which are returned to the original position of
these patches in the image. This stage is called collaborative fil-
tering. This process is repeated for all pixels of the entire image
and obtained overlapped filtered patches are aggregated in the
final image estimate. This last stage is called aggregation. The
details of this algorithm can be seen in [33].

The links of this algorithm with the general sparsity concept
are revealed in [34]. It is shown that the grouping operations re-
sult in data adaptive analysis and synthesis image transforms
(frames), which combined with the hard-thresholding of these
transforms define the BM3D algorithm. It is emphasized that
the sparsity is achieved mainly due to the grouping which al-
lows to analysis jointly similar patched and this way to guar-
anty the sparsity (self-similarity of patches) at least for each of
the 3D groups.

Note, that the standard BM3D algorithm as it is presented
in the [33] is composed from two successive steps: threshold-
ing and Wiener filtering. In this paper we use a simplified ver-
sion of BM3D including grouping, transforms and thresholding
without Wiener filtering. In this form this algorithm is obtained
from the variational setting of the wavefront retrieval problem.

It is shown in [22] that the nonlocal block-wise sparsity im-
posed on phase and amplitude results in the separate BM3D
filtering of phase and amplitude

ϕ̂o = BM3Dphase(ϕo, thϕ), (8)

B̂o = BM3Dampl(Bo, thB). (9)

Here ϕ̂o and B̂o are sparse approximations of ϕo and Bo; phase
and ampl as indices of BM3D are used in order to emphasize
that the parameters of BM3D can be different for the phase and
amplitude; thϕ and thB are thresholding parameters of the algo-
rithms. The phase in Eq. (8) can be interferometric or absolute
depending on the sparsity formulation.

B. Super-resolution SPAR algorithm

Conventionally the pixels are square ∆SLM ×∆SLM and ∆S ×∆S

for SLM and sensor, respectively. A continuous object is dis-
cretized by computational pixels ∆c × ∆c. This discretization is
necessary both for digital data processing as well as for model-
ing of wavefront propagation and image formation. Contrary
to the pixels of SLM and sensor defined by the correspond-
ing optical-electronic devices the object pixels ∆o are computa-
tional, which maybe be taken of arbitrary small sizes.

Assuming for a moment ∆c = ∆S, reconstruction of uo from
the observations {zs} is the conventional phase retrieval with

the resolution for the object dictated by the pixel size of the sen-
sor. Let us term this case pixel-resolution imaging.

If ∆c < ∆S we arrive to a much more interesting problem of
pixel super-resolution. It is convenient to assume that ∆S = rs ·∆c,
where rs ≥ 1 is an integer pixel super-resolution (up-sampling)
factor, and ∆SLM = rSLM · ∆c, rSLM ≥ 1, where r2

SLM is a num-
ber of smaller ∆c × ∆c computational object pixels covering a
single SLM pixel. This SLM pixel gives the same modulation
phase-shift for all object pixels in this group.

In order to study the various effects of SLM phase modu-
lation, we introduce an SLM super-pixel as a larger size pixel
M ·∆SLM × M ·∆SLM, which is composed from adjacent M× M
SLM’s pixels. In the phase modulation, all corresponding
M × M SLM’s pixels provide for modulation the same phase
shift.

The computational wavefront reconstruction is going from
the continuous domain wavefront propagation Eqs. (5-6) to the
corresponding discrete model based on pixelation of the object
distribution uo, thus, we arrive to the discrete modeling of the
system at hand linking the discrete values of sensor output (ob-
servations) with the discrete values of the object, where the inte-
gral FT is replaced by Fast Fourier Transform (FFT). Note, that
all these calculations are produced for the variables given with
the computation sampling period ∆c.

It is well known, that a discrete modelling of the continu-
ous propagation model Eqs. (5-6) imposes the restrictions on
the computational sampling period ∆c with connection to the
distance z, the wavelength λ and the computational aperture
size. With the reference to [35], [36] and [37], for the considered
scenario, these restrictions can be given as the inequality

z ≤ zmax = N∆2
c /λ, (10)

where zmax is an upper bound for the distance between the ob-
ject and sensor, and N defines the N × N computational sup-
port of zeropadded object and sensor, with the computational
apertures size N∆c × N∆c.

In order to simplify the algorithm presentation we preserve
the notation P for this discrete model initially introduced for
the continuous variables and integrals. Then the algorithm
can be given in the form similar to the phase retrieval super-
resolution algorithm in [30]. We use the abbreviation SR-SPAR
(Super-Resolution Sparse Phase Amplitude Retrieval) for this
algorithm.

It is important to note that SR-SPAR is originated from the
variational formulation introduced for optimal reconstruction
of uo from Poissonian observations {zs[k, l]}. The correspond-
ing minus log-likelihood for Poissonian observations according
to Eq. (7) is as follows

L =
L

∑
s=1

∑
k,l

[|us[k, l]|2χ − zs[k, l] log(|us[k, l]|2χ)]. (11)

This criterion should be minimized with respect to uo[k, l]
provided the equations linking uo and uS and restrictions im-
posed by the sparsity requirements.

The derivation of the algorithm is similar to the technique
developed in [22] for the pixel-resolution phase retrieval and
the FT propagation. The difference mainly concerns the used
propagation operator and the sampling rates, which are ∆o =
∆s in [22] and ∆o = ∆s/rs in this paper, then the observations
should be upsampled with the factor rs.

We show the block-scheme of this algorithm in Fig. 1 refer-
ring to [22] and [30].
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Input: {z̃s}, {Ms}, s = 1, ..., L

Initialization:

x0 = 1
L ∑

L
s=1 M∗

s · P−1{√z̃s · exp(j · 0)}

1. Forward propagation:

vt
s = P{Ms · xt}, vt

s ∈ SD , s = 1, ..., L

2. Poissonian noise suppression:

ut
s =

{

bt
s exp(j · angle(vt

s)), vt
s ∈ SS ,

vt
s , vt

s ∈ SD\SS , s = 1, ..., L

3. Backward propagation:

xt = 1
L ∑

L
s=1 M∗

s · P−1{ut
s}

4. Phase unwrapping:

ϕt
abs = W−1(angle(xt))

5. Sparse phase and
amplitude filtering:

ϕt+1
abs = BM3Dphase(ϕt

abs , thϕ),

Bt+1 = BM3Dampl(abs(xt), tha)

6. Object wavefront update:

xt+1 = Bt+1 exp(jϕt+1
abs )

Output: ϕ̂o,abs = ϕT+1
abs , B̂o = BT+1.

t=0

t=T

Repeat

T times

t=t+1

Fig. 1. SR-SPAR algorithm.

The inputs z̃s in this algorithm are upsampled by factor
rs observations zs. We use the zero-order upsampling giving
z̃s as piece-wise invariant with the invariant values for compu-
tational pixels corresponding to each of the larger size pixels of
the sensor. At the initialization step the initial estimate of the
object wavefront x0 is created. At Step 1 the object wavefront
estimate xt is multiplied by the phase mask Ms and propagates
using the operator P to the sensor plane, the result is denoted
as vt

s. These wavefronts are calculated for the computational
diffraction area N × N denoted SD.

At Step 2 this wavefront is updated to the variable ut
s by fil-

tering the amplitude of vt
s according to the given observations

z̃s. The following formula as derived in [22] defines the rule
how the amplitude bs is calculated:

bs =
|vs|+

√

|vs|2 + 4z̃sγ(1 + γ1χ)

2(1 + γ1χ)
. (12)

These calculations are element wise; γ1 > 0 is the parameter
of the algorithm. Naturally, this update is produced provided
known observation z̃s, i.e. for the pixels belonging to the sensor
area SS, vs ∈ SS. In our modeling the computational diffraction
area is always equal or larger than the sensor area, SS ⊂ SD. For
the area out of the sensor the wavefront values are preserved,
us = vs for vs ∈ SD\SS.

At Step 3 the estimates {ut
s} backpropagate to the object

plane and update the object wavefront estimate xt+1. Here M∗
s

means a complex conjugate Ms and P−1{ut
s} means inverse of

the model Eq. (5).

Laser

SLMλ/4 λ/2 L1 L2

BS

CMOS

Fig. 2. Optical setup. λ/4, λ/4 –retardation plates, L1, L2 –
lenses, BS – beamsplitter, SLM – Spatial Light Modulator,
CMOS – registration camera.

The unwrapping of the phase with reconstruction of abso-
lute phase in Step 4 is necessary only if the object phase range
goes beyond 2π [38]. The sparsification (filtering on the base
of sparse approximations) is produced in Step 5. At step 6 the
final iteration estimation is obtained.

The SR-SPAR algorithm is based on the phase retrieval al-
gorithm derived by solving the optimization problem for the
phase retrieval from Poissonian observations. The formaliza-
tion and techniques used in [22] are completely applicable with
small modifications for derivation of SR-SPAR. Thus, the pre-
sented SR-SPAR algorithm is designed as optimal one for Pois-
sonian observations.

C. Parameters of the SR-SPAR algorithm

The performance of the SR-SPAR algorithm essentially depends
on its parameters. Optimization can be produced for each am-
plitude/phase distribution and the noise level. However, in our
experiments the parameters are fixed for all our experiments.
The image patches in BM3D are square 3 × 3. The group size is
limited by 39 patches. The step size between the neighbouring
patches is equal to 2. The discrete cosine (for patches) and Haar
(for the group length) transforms are used for 3D group data
processing in BM3D.

The parameters defining the iterations of the algorithm are
as follows: γ1 = 1/χ ; tha = 2.0; thϕ = 2.0. The number of the
iterations is fixed to 30.

For our experiments we use MATLAB R2016b and the com-
puter with the processor Intel(R) Core(TM) i7-3770 CPU @ 3.40
GHz, 32 Gb RAM.

The computation complexity of the algorithm is character-
ized by the time required for processing. For 30 iterations,
L = 10 and 64 × 64 images, zero-padded to 4992 × 4992, this
time is equal 2150 sec.

We make publicly available the MATLAB demo-codes
http://www.cs.tut.fi/sgn/imaging/sparse of the developed
SR-SPAR algorithm, which can be used to reproduce the exper-
iments presented in this paper as well as for further tests.

3. RESULTS AND DISCUSSION

A. Experimental setup

Experimental setup is presented in Fig. 2: laser LASOS GLK
3250 TS with wavelength λ = 532 nm, digital 8-bit CMOS
camera EVS 3264 × 2448 with pixel size ∆S = 1.4 µm, phase
only reflective Spatial Light Modulator (SLM) Holoeye LETO
1920 × 1080 with pixel size ∆SLM = 6.4 µm and fill factor 93%
were utilized. Light beam emitted by the laser source changes
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its vertical polarization to horizontal in a system of two retar-
dation plates λ/4 and λ/2, next, beam expands in two lenses
L1 and L2 collimator and goes through the beamsplitter (BS)
to the SLM, where light wavefront obtains desired phase retar-
dation and propagates to the CMOS camera through the same
beamsplitter BS. Optical distance between SLM and CMOS was
equal 21.55 mm. In our system the phase object was modelled
on the SLM. It is assumed in this case that we can exactly know
its phase distribution. The developed algorithm has been tested
in numerical experiments on two phase objects with invariant
amplitude, B0 = 10, and phase images "cameraman" and logo
"TUT", see Figs. 3–4, middle images in the top rows.

In our experiments both the phase object and phase modula-
tion masks are implemented on SLM. Thus, the object’s pixels
size is equal to SLM’s pixel size, ∆o = ∆SLM. The size of the ob-
ject in pixels is 64 × 64 pixels (SLM’s pixels). In modelling we
use the parameters corresponding to the ones used in physical
experiments: propagation distance z = 21.55 mm, ∆S = 1.4 µm,
∆SLM = 4 × ∆S, ∆o = ∆SLM.

Our objects and sensor are zero-padded to 4992× 4992 pix-
els, i.e. N = 4992. It is the largest dimension allowed by RAM
of our computer. We produced experiments with the super-
resolution factor rs = 1, 2, 3, 4. In what follows we show the
results only for rs = 1 (pixel resolution) and rs = 4 (sub-pixel
resolution), then the computational pixels are of the size from
∆c = 1.4 µm to ∆c = 0.35 µm.

The propagation distance z = 21.55 mm is minimal for our
optical setup restricted by the used reflective SLM. For rs = 1
the distance zmax in Eq. (10) is zmax = 18.4 mm. This upper
bound is smaller than the used distance z = 21.55 mm but the
difference between these parameters is not large. Thus, we can
assume that at least for the pixel resolution the theoretical re-
quirement (Eq. (10)) is approximately fulfilled.

B. Simulation experiments

For simulation of the observations z̃s we take the true phase
image of the object 64 × 64, and assume that it is created on the
SLM. Therefore its pixel size ∆o is equal to ∆SLM. As long as our
computational pixels ∆c are smaller than ∆SLM, we do phase
object upsampling by a factor rSLM = ∆SLM/∆c. Next we do zero-
padding of this upsampled object and add phase masks Ms to
its phase. Next these wavefronts are propagated to the CMOS
camera, and squared absolute values of the propagation results
are observations z̃s, which correspond to pixels size ∆c. To get
realistic observations we average intensities of joint pixels in
areas rs × rs on whole surface of the z̃s, where rs = ∆S/∆c, as a
result we have ∆S-wise observations z̃s.

In what follows we show the results for nearly noiseless
observations with the Poissonian scale parameter χ = 1000.
Demonstration of how the SPAR algorithm suppresses the Pois-
sonian noise can be seen in [22], where it is done for the pixel
resolution and FT propagation model. Similar strong filtering
can be demonstrated for the super-resolution by SR-SPAR.

B.1. Pixel resolution

In Figs. 3–4 we present results for the pixel-resolution case, i.e.
the computational and sensor pixels have equal sizes: ∆c =
∆S, ∆o = ∆SLM, and ∆SLM = 4 · ∆S, M = 8. The later means
that for masks we use the SLM’s superpixel with M = 8.

It follows from the figures, that SR-SPAR demonstrates per-
fect results in phase reconstruction and negligible errors in am-
plitude reconstructions. We can note also that the amplitude er-
rors are definitely connected with the phase variations. The am-
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Fig. 3. Reconstructions for simulated phase image “camera-
man”, pixel-resolution,rs = 1. Top line: phases reconstructed
and original, left and middle images, respectively, and recon-
structed amplitude –right image. Bottom line - phase (left) and
amplitude (right) longitudinal cross–sections. RMSEphase =
0.00253.
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Fig. 4. Reconstructions for simulated phase image logo “TUT”,
pixel-resolution, rs = 1. Top line: reconstructed and original, left
and middle images, respectively, and reconstructed amplitude
–right image. Bottom line - phase (left) and amplitude (right)
longitudinal cross–sections. RMSEphase = 0.000852.

plitude reconstructions have clear seen squares forming 8 × 8
grids. These squares are mapping of the SLM’s superpixel.
Each of these squares has a size 8 × 8 SLM’s pixels. Thus, the
total object size is 64 × 64 in SLM’s pixels and 256 × 256 in the
computational pixels ∆c.

In order to optimize the accuracy of reconstructions, we
studied dependence of Root-Mean-Square Error (RMSE) with
respect to the following four parameters: number of observa-
tions L, number of iterations T, standard deviation of the ran-
dom phase in the phase modulation masks and size of the
SLM’s superpixel M. In the following we show these results
calculated for the phase reconstructions and for the cameraman
phase test-image only.

More or less similar results have been observed for ”TUT”
phase test-images and various values of the super-resolution
factor rs.

The dependence on the number of observations is presented
in Fig. 5. It is a decreasing function taking a steady-state value
starting from L = 10. We take this value of L for our simulation.
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However, for processing of experimental data we take a larger
value L = 20.
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The standard deviation (STD) of the random zero-mean
Gaussian phase masks is a crucial parameter for reconstruction
because it influences both the accuracy and converges of the al-
gorithm. Figure 6 illustrates RMSE as a function of STD. The
curve takes a minimal value at STD = 0.3π, accepted for our
experiments.
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Fig. 7. Phase RMSE dependence from SLMs superpixel size
M.

Another significant parameter is the SLM superpixel size M.
Figure 7 clearly indicates that the best value is M = 1. We ac-
cept M = 1 for simulation tests. However, it was observed
that for processing of experimental data the larger value of M
provides better results, we take M = 8. It happens due to the
cross-talk effects between the adjacent SLM pixels [39]. As it
is seen from Fig. 7 M = 8 does not seriously increases RMSE
value as compared with M = 1.

Figure 8 illustrates the performance of the algorithm with
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Fig. 8. Phase RMSE dependence from iteration number T.

respect to the iteration number T. The RMSE curve is mono-
tonically decreasing with the steady state values achieved after
about 15 iterations. Nevertheless, for experimental data we take
T = 30.

B.2. Subpixel super-resolution

In this subsection we show the results for super-resolution per-
formance of SR-SPAR with the super-resolution factor rs = 4,
i.e. ∆S = rs · ∆c, ∆SLM = 4 · ∆S, ∆o = ∆SLM and ∆c = 0.35 µm.
This computational pixel value is smaller than the wavelength,
λ = 532 nm. In this way we arrive to the sub-wavelength reso-
lution. Figures 9–10 demonstrate nearly perfect reconstructions,
which are similar to the reconstructions obtained for the pixel-
resolution case.
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Fig. 9. Reconstructions for simulated cameraman phase im-
age. Subpixel super-resolution, rs = 4. Top line, reconstructed
and original phase images, left and middle images, respec-
tively, and reconstructed amplitude –right image. Bottom line
- phase (left) and amplitude (right) longitudinal cross–sections.
RMSEphase = 0.00228.

C. Physical experiments

The parameters used in the physical experiments are exactly
correspond to those for simulation. The phase objects “camera-
man” and “TUT” are modelled by SLM with the phase ranges
[0, π

5 ] and [0, π
6 ], respectively. The computational pixels have

sizes ∆c = 1.4 and 0.35 µm for pixel- and sub–pixel resolution, re-
spectively.

C.1. Pixel resolution

The pixel–resolution images are shown in Figs. 11–12. Despite
a large distance z between the object and sensor planes and, re-
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Fig. 10. Reconstructions for simulated phase image logo
“TUT”, subpixel super-resolution. Top line, phases: reconstructed
and original, left and middle images, respectively, and recon-
structed amplitude –right image. Bottom line - phase (left) and
amplitude (right) longitudinal cross–sections. RMSEphase =
0.000592.

spectively, strong diffraction effects in the registered holograms,
SR-SPAR gives reliable results with well seen ”cameraman” im-
age in Fig. 11. The cameraman shape is also well seen in the am-
plitude reconstruction. It seems, that it happens due to a non-
ideality of SLM with some leakage from phase to amplitude
modulation. The corresponding phase cross-section demon-
strates that the reconstruction follows the respective changes
in the original image. The reconstructions for the “TUT ”phase
object are also quite acceptable as it is seen from the phase cross-
section showing exactly to location of the peaks as well as their
magnitudes. We can also see the features of the phase object in
the amplitude reconstruction. Again at least partially, it can be
addressed to the non-ideality of SLM. The blurred shape of the
reconstructions as compared with the reconstructions obtained
in the simulation tests is due to a quite approximate modeling
of wavefront propagation imbedded in SR-SPAR and defined
by Eqs. (5-6).

C.2. Subpixel super-resolution

The results for sub-pixel resolution are presented in Figs. 13 –
14. Again we can see quite good reconstructions for both “cam-
eraman” and “TUT” phase objects. The comments on ampli-
tude reconstructions are identical to those given above for the
pixel resolution case. It is interesting, that the subpixel super-
resolution reconstructions look very similar to the reconstruc-
tions obtained for the pixel resolution. The only difference well
seen in the cross-sections is that the sub-pixel resolution images
are smoother than the pixel resolution ones. The blurred char-
acter of the reconstructions can be addressed to a quite approx-
imate modeling of wavefront propagation by Eqs. (5-6).

For the super-resolution ∆c = ∆S/4 and provided fixed
N = 4992, the size of the image support in computational pix-
els, zmax in Eq. (10) takes value zmax = 18.4/16 mm. It is much
less than the used z = 21.55 mm, thus the condition Eq. (10)
is severely violated. It can be one of the cause of discrepancy
between the reality and the model used for wavefront propaga-
tion.
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Fig. 11. Reconstructions for experimental data, phase object
“cameraman”, pixel-resolution. Top line, phases: reconstructed
and original, left and middle images, respectively, and recon-
structed amplitude –right image. Bottom line - phase (left) and
amplitude (right) longitudinal cross–sections.
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Fig. 12. Reconstructions for experimental data, phase object
logo “TUT”, pixel-resolution. Top line, phases: reconstructed
and original, left and middle images, respectively, and recon-
structed amplitude –right image. Bottom line - phase (left) and
amplitude (right) longitudinal cross–sections.

4. CONCLUSION

Computational subpixel super-resolution phase retrieval is con-
sidered for phase-coded intensity observations. The iterative
algorithm is proposed for the lensless setup with the scalar
Rayleigh-Sommerfeld model for wavefront propagation. One
of the essential instruments of the algorithm is a sparsity hy-
pothesis applied to both phase and amplitude. The efficiency of
the algorithm is confirmed by simulation tests and experiments.
It is shown that the high level super-resolution can be achieved
with the super-resolution factor up to 4, i.e. the pixel size of
the reconstructed object in 4 times smaller that the pixel size of
the sensor. In comparison with the wavelength the achieved
super-resolution is upto two thirds of the wavelength.

The following further work is planned. First, we are going
to use a transition (not reflective) SLM, which allows to make
propagation distance z much smaller and in this way to fulfill
the condition Eq. (10). Second, we are going to use in our ex-
periments a physical phase test-object, what will allow to ob-
serve details with the resolution smaller than the SLM’s pixel
size. Third, in the algorithm development, an adaptive correc-
tion of the transfer function for wavefront propagation will be
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Fig. 13. Reconstructions for experimental data, phase object
“cameraman”, subpixel super-resolution. Top line, phases: re-
constructed and original, left and middle images, respectively,
and reconstructed amplitude –right image. Bottom line - phase
(left) and amplitude (right) longitudinal cross–sections.
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Fig. 14. Reconstructions for experimental data, phase object
logo “TUT”, subpixel super-resolution. Top line, phases: recon-
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