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Abstract—Variance-stabilizing transformations (VSTs) are es-
tablished statistical tools for tackling heteroskedasticity. They
are commonly utilized as a preprocessing module within signal-
processing pipelines, enabling one to use off-the-shelf methods
designed for data corrupted by noise of constant variance on
data that is otherwise corrupted by noise with signal-dependent
variance. Being univariate mappings, VSTs are agnostic to
possible correlation in the data. However, contrary to common
assumptions, applying VSTs not only stabilizes the noise variance,
but can also significantly perturb the noise correlation hence
distorting the noise spectrum. As the accurate knowledge of the
noise spectrum is essential to many applications such as filtering
and coding, any unpredictable distortion of the noise spectrum
is detrimental. In this paper, we propose a method to compute
the distorted noise spectrum of the variance-stabilized data. The
proposed method is efficient and accurate, extending the scope
of reliable application of VSTs to data corrupted by correlated
noise.

Index Terms—noise modeling, variance stabilization, corre-
lated noise, noise power spectrum.

I. INTRODUCTION

Real-world data are typically heteroskedastic. Images cor-
rupted by signal-dependent noise are prominent examples of
heteroskedastic data, where the noise variance depends on the
unknown clean signal. However, most signal processing tools
are designed for homoskedastic noise, i.e. having constant
variance. Variance-stabilizing transformations (VSTs) [1]–[4]
come in handy for preprocessing heteroskedastic data and to
make these data amenable to methods meant for homoskedas-
tic data. For instance, Poisson and Poisson-Gaussian data can
be stabilized asymptotically for large mean values by the
Anscombe VSTs [1], [5] whereas data corrupted by multiplica-
tive noise are stabilized by logarithmic transformations [6],
[7]. VSTs find application in a wide range of sophisticated
estimation and restoration problems [8], [9] and are beneficial
even when used in conjunction with deep neural networks [10],
[11].

Noise corrupting real-world data is often also correlated.
Correlation can be characterized by the power spectral density
(PSD) of the noise, an essential parameter for effective pro-
cessing [12]. While one may assume that the VST leaves the
noise correlation unchanged [13], here we show that VSTs can
significantly distort the correlation, and we provide a method
to accurately compute the noise PSD after a given VST.

Given a VST and the variance function of Gaussian1noise,
we locally approximate the VST with a polynomial of ar-
bitrary degree (Section IV-A). Then, exploiting the Isserlis’
theorem [14] (Section IV-B), we are able to compute the
spectrum of the variance-stabilized signal given the spectrum
of the signal before stabilization (Section IV-C). We show that
using the polynomial approximation as a surrogate for the VST
for the spectrum calculation, we can efficiently and accurately
approximate the actual spectrum of the variance-stabilized
data obtained from Monte Carlo simulations (Section VI).
To the best of our knowledge, this is the very first method
that resolves the issue of the spectra of variance-stabilized
correlated noise.

II. BACKGROUND

A. Spatially correlated signal-dependent noise

We consider a degraded signal z : Ω → R consisting of an
unknown deterministic clean image y : Ω → Y ⊆ R corrupted
by Gaussian signal-dependent noise, where Ω ⊂ Zd is the
signal domain, e.g. d = 2 for images. We model the signal as

z(x) = y(x) + σ(y(x))η(x), η(x) ∼ N (0, 1), (1)

where x ∈ Ω is the sample coordinate2. The condi-
tional mean and variance are E{z(x)|y(x)} = y(x) and
var{z(x)|y(x)} = σ2(y(x)), respectively. Here, σ : Y → R+

is called the standard deviation function and expresses how the
standard deviation of the noise depends on the mean of the
signal. Examples of σ are the square root of affine functions
for Poisson-Gaussian data [15], linear functions for Rayleigh
data [7], and the square root of quadratic functions for photon-
detectors with photo-response nonuniformity [4].

This work considers η in (1) to be stationary spatially
correlated having PSD Ψ = var{F [η]}, where F denotes
the Fourier transform. This is known as the correlated
signal-dependent noise model with noise-scaling post corre-
lation [16]. The noise PSD is linked to the autocovariance
function by

ρΨ(ξ) = E{η(x)η(x+ ξ)} = F−1[Ψ](ξ)|Ω|−1
, (2)

1This is a reasonable practical assumption given that in acquisition system
pipelines there are several noise contributions, and their combination can be
considered Gaussian by virtue of the central limit theorem.

2We omit the coordinate x from z(x) and y(x) to streamline the notation
where possible.



where ξ ∈ Ω is a lag in circular sense. As η(·) ∼ N (0, 1), we
always have that ∥Ψ∥1 = |Ω|2, where |Ω| is the cardinality of
the signal domain, and ρΨ(0) = 1. In the particular case of
white noise, we also have Ψ = |Ω| and ρΨ(ξ) = 0 for ξ ̸= 0.

The PSD of z can be approximated as
var{F [z]} ≈ Ψ∥σ2(y)∥1|Ω|

−1 [16]. This approximation
is exact when the noise on z is stationary, i.e. when y and,
in turn, σ(y) are constant. In regions with y approximately
constant, z is approximately stationary and the PSD of z over
such regions can be given by scaling Ψ, i.e. Ψσ2(y).

B. Variance stabilization

A variance stabilizing transformation for z (1) is a function
f : R → R such that std{f(z)|y} ≈ c, where c > 0 is a con-
stant, thus making the conditional standard deviation of f(z)
independent of y. In the following, we assume c = 1 without
loss of generality.

When using a VST, it is commonly assumed that the stabi-
lization is exact. Another common assumption is that f does
not distort the spatial correlation of the noise, which implies
that the PSD of f(z) can be given as a rescaling of the PSD
of z [13] for which var{f(z)} = 1, i.e. var{F [f(z)]} = Ψ.

III. PROBLEM

The motivation of this paper is in the known failures of
the aforementioned assumptions. Firstly, VSTs with imperfect
stabilization will not give unitary variance for each value of
y, for example the Anscombe transformation [1] stabilizes
poorly for small values of y. Secondly, being VSTs nonlinear
functions, the PSD of the stabilized noise on f(z) can be
different from γΨ for any constant γ ∈ R+, due to the spatial
correlation on η being distorted.

The contribution of this paper lies in the practical computa-
tion of the conditional spectrum of variance-stabilized signals
var{F [f(z)]|y} for any y provided known σ(y) and Ψ.

IV. METHOD

As commented in Section II-A, we consider regions where
z is locally stationary, and so is f(z) in these regions. We
propose to compute a polynomial approximation of f locally
for a neighborhood of noisy data distributed about any given
y ∈ Y . The polynomial is used as a surrogate for f to
determine the distortion of the spectrum which, as per (2), can
be represented in terms of the autocovariance function of z. In
particular, we show that the autocovariance function of f(z)
can be computed as a special polynomial in the autocovariance
of z, whose coefficients are in turn conveniently expressed
from the coefficients of the polynomial approximating f .

A. Fitting

Let pα(t) =
∑N

j=0 αjt
j be the polynomial of degree N with

coefficients α = (αj)
N
j=0 ∈ RN+1. Given y ∈ Y , the weighted

least-squares N th-order local polynomial approximation of f
at y has coefficients α⋆(y) such that

α⋆(y) = argmin
α

∫
R
(f(t)− pα(t))

2
wy(t) dt (3)
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Fig. 1. Local polynomial approximation of f(z)=2
√

max
(
0, z + 7

8

)
at

y1 = 0.1 and y2 = 2 with σ(y) =
√
y. The dotted lines show the weights

wyi , i= 1, 2, and the solid lines show the corresponding fitted polynomial
pα⋆(yi)

of degree N=9. A dashed line shows also a fitting at y1 for N=5.
Notice the poorer fit of the polynomials outside the range yi ± 3σ(yi). We
stress that pα⋆(yi)

are solutions of (3) and are not Taylor expansions of f ,
and therefore they may not intersect f at y.

where wy are weights that define the localization around y.

We specifically use weights wy(t) = e−
1
2 (

t−y
σ(y) )

2

that reflect
the conditional distribution of z|y (1), so that the polynomial
fit is tighter or looser according to the conditional probability
of z − y given y.

Fig. 1 illustrates the polynomial fit pα⋆(y) for a given f
and σ(y) at two distinct values of y. The figure also shows
the weights wy used for the two fittings.

B. Covariance

It is convenient to rewrite pα⋆(y)(z) as a polynomial in η:

pα⋆(y)(z) = pα⋆(y) (y + σ (y) η) = pβ⋆(y)(η), (4)

where β⋆
j (y) = σj(y)

∑N
l=j α

⋆
l (y)

(
l
j

)
yl−j . Therefore, given

two random variables z1 = y + σ(y)η1 and z2 = y + σ(y)η2
with η1, η2 ∼ N (0, 1) and cov [η1, η2] = ρ, we can give the
covariance between pα⋆(z1) and pα⋆(z2) as

cov
[
pα⋆(y)(z1), pα⋆(y)(z2)

]
= cov

[
pβ⋆(y)(η1), pβ⋆(y)(η2)

]
=

N∑
j=1

N∑
k=1

β⋆
j (y)β

⋆
k(y)cov

[
ηj1, η

k
2

]
=

N∑
j=1

N∑
k=1

β⋆
j (y)β

⋆
k(y)

(
E{ηj1ηk2} − E{ηj1}E{ηk2}

)
. (5)

Here the summations can start from j, k = 1 even if β⋆
0(y)

were nonzero. This is because whenever j or k is equal 0,
then cov

[
ηj1, η

k
2

]
= 0 as at least one of its arguments reduces

to a Dirac delta.
To compute (5), we begin from noting that, as η1 ∼ N (0, 1),

the non-central moment E{ηj1} = (j − 1)!! for even j or it is
0 for odd j, and analogous for E{ηk2}. For the joint moments
E{ηj1ηk2}, we can exploit the Isserlis’ theorem [14] to have the
following convenient recursive formula for j ≥ 2 and k ≥ 1:

E{ηj1ηk2} = (j − 1)E{η21}E{η
j−2
1 ηk2}

+ kE{η1η2}E{ηj−1
1 ηk−1

2 }
= (j − 1)E{ηj−2

1 ηk2}+ kρE{ηj−1
1 ηk−1

2 }. (6)



To initialize the recursion and to reduce the amount
of actual calculations we note that E{η01η02} = 1,
E{η1η2} = cov [η1, η2] = ρ, E{ηj1ηk2} = E{ηk1η

j
2}, and

that E{ηj1ηk2} = 0 for any odd values of j + k.
The recursion (6) exposes the polynomial dependency of (5)

on ρ. It is thus appropriate to denote (5) as a function
R : [−1, 1]× Y → R of both ρ and y:

R(ρ, y) = cov
[
pα⋆(y)(z1), pα⋆(y)(z2)

]
. (7)

C. Spectrum

We now consider the autocovariance function (2)
ρΨ : Ω → [−1, 1] of η assuming the special case of z (1)
having constant mean y over Ω. By composing ρΨ with (7),
we obtain the autocovariance function of pα⋆(y)(z):

R(ρΨ, y)(ξ) = cov
[
pα⋆(y)(z(x+ ξ)), pα⋆(y)(z(x))

]
, (8)

where α⋆(y) (3) are the polynomial coefficients for any y ∈ Y ,
as explained in Section IV-A. The PSD of pα⋆(y)(z) can be
computed through the Fourier transform of R(ρΨ, y) (8) as

F [R(ρΨ, y)] |Ω| = F
[
R(F−1[Ψ] |Ω|−1

, y)
]
|Ω|. (9)

We can use (9) as the PSD of f(z) for a generic z (without
constant mean) on regions that share a common value of y.

V. IMPLEMENTATION

Let y be such that σ(y) > 0, as otherwise there is no noise.
To compute α⋆(y), we discretize the integral in (3) by approx-
imating it as a summation over a column vector ty of n evenly
spaced points between y −∆σ(y) and y +∆σ(y), where ∆
is a large enough quantile of the N (0, 1) distribution. The
minimization of the summation has the closed-form solution

α⋆(y) = Uyf(ty), Uy =
(
My(M

T
y WMy)

−1
)T

W,

where My = (tjy)
N

j=0
is the n× (N+1) frame matrix3

of monomials, W is a diagonal matrix with the vector

wy(ty) = e
− 1

2

(
ty−y

σ(y)

)2

along the diagonal, and wy is defined
as in Section IV-A.

Notice that W does not depend on y and
σ(y), as ty−y

σ(y) = ∆(2 j
n−1 − 1)

n−1

j=0
. Likewise, to

avoid computing a different Uy for any different
y, we define ť = 1

δ
ty−y
σ(y) = ∆

δ (2
j

n−1 − 1)
n−1

j=0
again

independent of y and σ(y), and set M̌ = (ťj)
N

j=0, and

Ǔ = D(M̌(M̌TWM̌)
−1

)
T
W , where D is a diagonal matrix

with (δ−j)
N

j=0 along the diagonal and δ > 0; then for any
y, β⋆(y) = Ǔf(ty). Remarkably, this β⋆(y) can be directly
plugged into (5) for a straightforward calculation of R(ρ, y)
bypassing altogether α⋆(y). Here, setting δ = ∆ acts as a
simple preconditioner to improve the numerical stability for
large N .

3As per the fundamental theorem of algebra, any n > N ensures the
linear independence of the monomials and the invertibility of MT

y WyMy .
In practice we have n ≫ N ; specifically, we use n = 10 000, N ≤ 46, and
∆ = 9.

VI. EXPERIMENTS

We illustrate the proposed method on two examples of
standard deviation functions σ and the corresponding VSTs.

The first example consists of the model for data corrupted
by signal-dependent noise with σ(y) =

√
y, i.e. the Gaussian

approximation of Poisson noise. We stabilize these data by the
Anscombe4 VST f(z) = 2

√
max

(
0, z + 7

8

)
.

The second example consists of data corrupted by noise hav-
ing affine variance, i.e. σ(y) =

√
ay + b, a=1/15, b=1/5,

and further subject to clipping [3]. It describes observations
captured by a sensor with finite range, which is a typical
model for raw images. The clipping of z is expressed as
z̃ = g(z) = max (0,min (1, z)). To stabilize the variance of
the noise on z̃, we adopt an optimized VST φ [17]. As z̃ does
not follow a Gaussian distribution [15], the Isserlis theorem is
not applicable. However, instead of considering φ(z̃), where
φ stabilizes var{z̃|y}, we can consider the composition of φ
and g, and apply our method to f(z) := φ(g(z)), treating this
compound f as a VST for z.

A. Examples of covariances for VSTs

We use our method to compute the covariance R(ρ, y) (7)
for the two cases of VST f and σ(y). We also calculate5 the
ratio between R(ρ, y) and ρ var{f(z)|y} to assess the impact
of f on ρ. Under the typical assumption that f does not modify
the noise covariance and only modifies the variance of z, this
ratio should be equal to 1 for all y and ρ.

In the first example, Fig. 2 confirms that the stabilization is
inaccurate and begins to get accurate (unitary variance) only as
y increases. Moreover, the ratio spans approximately between
1 and 0.9, hence f still distorts the spatial correlation.

In the second example, as visible in Fig. 2, the VST for
clipped data does not stabilize accurately near the clipping
points y = 0, 1, despite f being optimized. The ratio plot
shows that the distortion of the correlation caused by f is
significant, especially at the clipping points.

Ideally, R(1, y) should match var{f(z)|y}, which accord-
ingly we plot over ρ = 1 in Fig. 2. We can notice that this is
indeed the case in both examples.

B. Monte Carlo for PSDs

For each example, we now verify the accuracy of the pro-
posed method for the calculations of the PSD of f(z) through
a Monte Carlo simulation. We simulate many realizations of a
stationary z with a given mean y, standard deviation σ(y), and
a fixed noise PSD Ψ. Provided enough realizations, the sample
variance of F [f(z)] is close to the true var{F [f(z)]|y}.

Fig. 3 reports the results for the Anscombe VST f(z) stabi-
lizing σ(y) =

√
y. Our method can correctly estimate the true

spectrum identified by Monte Carlo sample variance. Recalling
the common assumptions highlighted in Section II-B, we

4The constant 3
8

of the Anscombe VST in [1] is here replaced by 7
8

as we consider the heteroskedastic Gaussian instead of the actual Poisson
distribution.

5It is easy to compute var{f(z)|y} from the first and second moments of
f(z) via trapezoidal integration.
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Fig. 2. Top and bottom rows correspond to the two examples of f and σ
described in Section VI. From left to right: plot of the VST f ; the effect of f
on the covariance ρ represented by R(ρ, y) (7) (pink mesh) and var{f(z)|y}
(black solid curve at ρ = 1); the ratio between R(ρ, y) and ρ var{f(z)|y}.
The fitting of f is computed with polynomials of degree N=46 for both
examples.

notice that in fact Ψ is far from approximating var{F [f(z)]|y}
for small y due to imperfect stabilization, thus showing that
such assumptions are failing.

Fig. 3 also reports the results for the example with clipped
data. Similar considerations to the first example hold here
too. Additionally, we can notice6 that in low frequencies Ψ is
higher than var{F [f(z)]|y}, and in high frequencies Ψ is no-
ticeably lower. Therefore, as mentioned in Section III, this is a
case where the VST distorts the noise correlation to the extent
that there is no λ ∈ R+ that can give var{F [f(z)]|y} ≈ λΨ.

VII. DISCUSSION AND CONCLUSION

We propose a method that allows for modeling and effi-
cient computation of the spectra of variance-stabilized data
corrupted by correlated noise. We compute the spectra after
stabilization from the autocovariance function of local poly-
nomial approximations fitting the VST. Our model provides a
higher accuracy than the spectrum model based on common
simplifying assumptions. For the sake of verification, in this
paper we used a large polynomial degree N , whereas in
practical applications we expect lower degrees to suffice.
Similar considerations apply to n too. Moreover, in cases like
those illustrated in Fig. 2, the covariances vary smoothly, and
it may be sufficient to compute the covariances for a coarse set
of values of y, and resort to interpolation of either the PSDs
or the covariances, depending on the use case.

Although in Section II-A we consider data subject to a
signal-independent noise PSD, our proposed method is entirely
based on conditional distributions and conditional PSDs, and
therefore it can also work for data subject to noise PSD that

6Similar distortions have been observed with other nonlinear functions
too [18].
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Fig. 3. Top and bottom rows for f and σ like in Fig. 2, here
with noise PSD Ψ = var{F [η]} resulted from an autocovariance function
ρΨ(ξ) = cos(ξ/2)e−ξ2/18 on a 1D domain Ω with cardinality |Ω| = 257;
we consider y = 1 and y = 0 for the first and second example, respectively.
For each example, the spectrum var{F [f(z)]|y} of f(z) computed by
our proposed method (dash-dotted black line) matches closely the spectrum
estimated as the sample variance of 10 000 Monte Carlo realizations of
F [f(z)] |y (thick red line). Large approximation errors would result if one
were instead to follow the common assumptions highlighted in Section II-B
and use Ψ (solid black line) as the spectrum of f(z). The PSDs are plotted
only for the positive horizontal axis, as they are symmetric with respect to
the vertical axis.

are conditional on y and it returns PSDs of stabilized data
that too are conditional on y. Typically, these conditional
PSDs are indeed different for different y, as the polynomial
coefficients α⋆(y) (3) vary with y. Furthermore, although
the proposed method was developed for VSTs, it can also be
adopted to compute the spectra of data transformed by generic
nonlinear univariate mappings, including parametric mappings
that depend on y.

An apparent limitation of the method is the requirement
of the noise η on z|y to be Gaussian. However, as shown
in Section VI, this limitation can be bypassed by expressing
the non-Gaussian signal z̃ as originating from a latent Gaus-
sian model z (1) through a transformation g, which is then
composed with the VST and analyzed jointly. The general
form of this transformation is gy(z) = F−1

y (Φ( z−y
σ(y) )), where

F−1
y is the generalized inverse of the conditional cumulative

distribution function (CDF) of z̃|y, and Φ is the CDF of the
standard Gaussian distribution. In some particular cases, such
as the clipping in Section VI or the noncentral chi-squared
with one of freedom, this gy can even be made independent
of y. Therefore, the method is applicable also to many non-
Gaussian noise distributions of significant practical relevance.
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