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Abstract—Denoisers for stationary correlated noise require
explicit or implicit knowledge of the noise power spectral density
(PSD). However, the PSD characterizes the noise correlation
only as long as this is stationary. Yet, even when images are
corrupted by noise with nonstationary correlation, denoisers can
still assume a specific PSD, and successfully filter locally on
regions where the noise correlation matches the model provided
by the PSD. Elsewhere, the denoising is ineffective and it can
introduce distortions and artifacts. One may then want to
combine multiple denoised images obtained for a bank of PSDs
spanning the diverse correlations found locally over the image,
such that each pixel of the final output is obtained using a
relevant PSD. However, when the nonstationary correlation is
signal-dependent—as in many cases of practical relevance—this
combination is not trivial, because the signal is unknown, and
so are the regions with matched noise model. We introduce
an effective aggregation method specifically designed for signal-
dependent correlation, where locally adaptive weights reward the
statistical compatibility of estimates and corresponding residual
noise with the assumed model. Our adaptive aggregated estimate
is close visually and in terms of PSNR to that with oracle weights
based on the noise-free image.

Index Terms—Image denoising,
noise, adaptive aggregation.
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I. INTRODUCTION

Image denoising is often performed assuming that the noise
is globally stationary. When this assumption fails, one has
to model the nonstationarity, like with heteroskedastic noise,
whose variance can be signal-dependent (e.g., shot noise) or
spatially variant (e.g., due to photoresponse nonuniformity).
Spatial correlation too may vary, like in X-ray images where
electronic (background), structure, and quantum (foreground)
noises have different normalized spectra [1,2], and in analog
photographic film due to the different overlap of sensitized
grains in bright vs. dark regions [3,4]. Nonstationary cor-
relation can even be caused by simple data transformations
such as clipping [5] and variance-stabilizing transformations
(VSTs) [6,7]. VSTs are commonly adopted to transform
data with signal-dependent noise variance into data with ho-
moskedastic noise; being nonlinear, VSTs can distort the noise
correlation and result in signal-dependent covariances [8].

Denoising of nonstationary correlated noise is relatively
understudied; to the best of our knowledge, there is no
image denoiser specifically designed for nonstationary cor-
related noise. Denoisers designed for stationary correlated
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noise [9, 10] are instead relatively well established, and they
typically require knowledge of the noise power spectral density
(PSD) to effectively discriminate between signal and noise
over different frequencies. However, whenever the noise is
nonstationary, the PSD definition as variance of the Fourier-
transformed noise does not characterize the noise correla-
tion (Section II). Therefore, denoisers for stationary correlated
noise are formally inappropriate for dealing with nonstationary
correlation. In practice, they can still perform filtering given a
set of specific PSDs used separately assuming local stationar-
ity [11, 12]. They successfully filter the noise of regions whose
PSD matches their assumed PSD, but they leave significant
portions of noise and artifacts in regions with mismatched
noise PSD (Section III).

Unlike previous works that considered the filtering of noise
with covariance being locally stationary with respect to the
coordinate [13], we focus on noise that is locally stationary
with respect to the clean signal intensity (signal-dependent),
as it is a relevant model to all the aforementioned scenarios.
To this end, we propose an adaptive procedure that identifies
relevant regions within a given denoising estimate, and aggre-
gates a limited number of denoising estimates, resulting in an
efficient method for the denoising of signal-dependent nonsta-
tionary correlated noise (Section IV). The proposed method
achieves better denoising than any single estimate when taken
separately, but especially its performance is close visually and
by PSNR to that of an oracle that aggregates estimates based
on the knowledge of the true image (Section V).

II. LOCALLY STATIONARY CORRELATED NOISE

We consider the following observation model

2(x) = y(@) +oly(@))n(x), n(x) ~N(0,1), 1)

where x € Q) C Z? is the image coordinate, y: Q — Y CR
is an unknown deterministic clean image, o : Y — R is a
deterministic univariate function that determines the standard
deviation of the noise in z, and 7 is a nonstationary spa-
tially correlated standard Gaussian noise field. We model' 7
as the filtering of an uncorrelated standard Gaussian white
noise v(x) ~N(0,1) with a signal-dependent kernel g,y
normalized such that ||g, [, =1 for every y(z):
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Fig. 1. Slices of an extreme example of W, (3). The PSD function

is more and more high-frequency as y increases, as in the formula
2 2 2
uitus+(yl2)*/2 .
Uy (u) = Aye 800 , where u € 2 is
the frequency coordinate, Ay is factor such that ||y ||, = |Q%.

b vyl b 2ylQ]

Therefore, 1 is not (wide-sense) stationary, having con-
stant variance var{n(z)} =1 but shift-variant covariance
cov [n(z1), n(z2)] # cov [n(z1+E), n(z2+E£)], 21,22,& € L.
This covariance cannot be represented as a function only of
the lag parameter &, and no PSD can characterize the noise
correlation.

As the autocovariance function of 7 is signal-dependent, it
can be considered locally shift-invariant for a given value of
y and expressed as a function R, : Q — [—1,1] of £ This
allows one to define a local PSD as a function® given y as

¥, = var{Flnlly} = FIR,) |2 = |Flg, )"0, 3)

where F is the Fourier transform over 2, and || is the
domain cardinality. Consequently, for every = € ), n can be

expressed as 1(¢) ~ [F 1 [F[V] /Wy )| ~T]] (¢) locally for

¢ in a neighborhood of z; this approximation is exact for ( =x.

III. DENOISERS FOR STATIONARY CORRELATED NOISE
APPLIED TO LOCALLY STATIONARY NOISE

We analyze the performance of denoisers designed for
stationary correlated noise on images z following the non-
stationary noise model (1)-(2). We denote these denoisers as
an operator D that produces an estimate §=D(z, P) of y from
z given an input noise PSD P.

For a more direct illustration, we consider homoskedastic
noise with constant o(y) =0 € R™ and a particularly challeng-
ing signal-dependent covariance ¥, shown in Fig. 1. Fig. 2
shows an example of y, the corresponding z, as well as two
estimates ¢ obtained with the BM3D denoiser for stationary
spatially correlated noise [9] with input PSD P =02V, with
¢ equal either to 0.26 or 0.66. The denoising quality is
satisfactory in regions where y is approximately equal to the
¢y value of the assumed PSD o?¥; used as input for D.
Elsewhere, there are artifacts, oversmoothing of image details,
and leftover noise.

We confirm this by considering the weighted PSNR

maxzeo wy(x)y(x)
Y eeaws (@) (@) —y (@)

zeQ Wy (z)

WPSNR(y, y, wy) =101log , (4

IThe model (1)-(2) is general enough to sufficiently cover several cases, like
those described in Section I. More sophisticated models may be considered
based on the specific application.

2The functional dependency on the 2-D frequency coordinate is implicit.
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Fig. 2. Left to right, details of: Cameraman y, noisy image z (1) (PSNR 20.11
dB) with 0=0.1 and ¥, from Fig. 1, and two estimates § (PSNR 21.83 dB,
24.75 dB) obtained using input noise PSD o2y with §=0.26,0.66. In
both estimates, the denoising is satisfactory where y~y, featuring artifacts
and leftover noise elsewhere.

where wy : Q — [0, 1] denotes the metric weight defined as

(&)

Essentially, wy favors pixels in regions such that y(x)~y. We
evaluate (4) on estimates 9 obtained for input PSD ¥ sweep-
ing all combinations of ¢ and y with 0<y,y<1. Fig. 3a re-
ports these WPSNR(9, y, wy) normalized between 0 and 1 for
every value of ¢, e =0.012. Rather than the global maximum
of WPSNR, we analyze which ¢ gives the maximum score
for each g, i.e. §°(y) =arg max, {WPSNR(7, y, wy)| ¥y }. We
can see in Fig. 3a that indeed §°(y) is distributed along the
diagonal y =y, i.e. each g is best locally where y~g. Similar
considerations are found to be general for other images and
nonstationary covariances, and also valid for the BLS-GSM
denoiser [10].

Despite localized good quality, none of these estimates is
globally satisfactory, due to the presence of regions having
mismatched noise model. Some estimates can have better
global (unweighted) PSNR than others, as one can see in
Fig. 3b. However, even the best one suffers from the artifacts
and leftover noise seen in Fig. 2.

_;(y(xz)—g)2.

wy(z) =€ 2

IV. PROPOSED METHOD

We propose a denoising procedure for images z (1) that
aggregates a (typically small) set of [V estimates {gjz}f\;l based
on adaptive weight maps w; as in

iy wh()di(z)
where §; =D(z,0°(§;)¥y,) with ;=21 ;_1), 2,5 being the
B-quantile of z. We expect this to select ¢j; such that o2 (¢7;) U,
characterizes the local noise PSD of substantial portions of z.

g () =

) 6



Count
PSNR (dB)

1 1 ‘I:Iy == 2 —gHPSNR(g],y)‘
0.8 10°
0.6

50.5 )

0.4
0.2

0 0

0 0.5 1

il 0 0.5 1
(a) Normalized WPSNR(g, y, wy) (4) (b) Global PSNR(7, y)

Fig. 3. Metrics for estimates ¢ obtained denoising z (Fig. 2) as described in
Section III. Left: WPSNR (4, y,wy) (4) as a function of 3, which determines
the input Wy for each ¢, and g, which determines the weight wy (5), and
in turn, the region y =~ ¢, normalized for each y. High scores are distributed
around the diagonal, that is, the denoising is more satisfactory in regions
y~y~7, as the local PSD of such regions matches Wy. Right: global PSNR
between ¢ and y as a function of . Highest scores are obtained for estimates
given by ¢ ~ 0.6, i.e. near the rightmost peaks of the histograms (overlaid
in the plot) of y and z. Such value corresponds approximately to the mean
of the bright sky in Cameraman. As we can see from y and ¥, in Fig. 1
and Fig. 2, the higher PSNRs are due to such area having content and noise
strong in low and high frequencies, respectively. The PSNRs at the leftmost
histogram peaks are lower, as they correspond to an area with both noise and
content (the dark coat in Cameraman) strong in the low frequencies, resulting
in a harder case to denoise than the sky area.

From the analysis in Section III, we see that the analyzed
denoiser performances are locally satisfactory in regions such
that y(x) =~ 9;. Hence, we can construct w} similarly to w (5),
by rewarding estimate pixels such that ¢;(x) &~ ¢; as in

w)(@) = a (§i(w); g, Lttt o LB ) (7

where ¢, (+;11,5,5,) is the the asymmetric> Gaussian prob-
ability density function [14] with mean pu, left and right
standard deviations ¢; and ¢,.. Notice that for ¢;—0 and
6-—0 ¢, approaches a Dirac impulse 6, at p. Hence,
wi(x) — 0y (9:()), and the aggregation {w/(x)}Y reduces

for each x to an estimate selection. Nevertheless, similar
results to such selection can be efficiently reached by convex
aggregation of few (small N) estimates [15-17]. However, a
limitation of w} (7) is that it rewards also estimates having
9i(x) = g; while §;(x) % y(z) % 9;(x) due to significant denois-
ing artifact introduced by a mismatched noise model (Fig. 2).
To overcome this limitation, we observe that, if a denoiser
is locally exact giving an estimate ¢(z)=y for x in some
neighborhood U and for some value of y, then the local PSD
of the residual noise z—§ should match o2 (y)¥,, in U. We use
a bank of filters {hk}szl as a gauge for the match between
the residual noise and the given o%(§)¥;. Specifically, for
|k |ly =1, the variances of the filter output should satisfy

vg(y) == var{z * hg|y} = 02(y)H|.7:[h;€]|2\IIyH1|Q|_2. (8)

Using multiple kernels hj helps to disambiguate weak re-
sponses of poorly filtered noise from those caused by non-
overlapping frequency bands of hy and 7. As we have only
a single realization of z, variances are computed as sample

3The asymmetry follows from {; f\]: , possibly being nonequispaced.

estimates over small windows. Notice that, as models are
signal-dependent, we also need an estimate of the mean which
shall be used in place of y in (8). Hence, for each of the
N denoised estimates y;, we form K mean-variance pairs
{mi(x), 52 ()}, where

mi() = =5 3 e (€),

EeEW,
si x(x) = sample vareeyy, {[(z — §i) * hue] (€)1,

W, denotes an Lx L sliding window referenced at x, and
l is a low-pass filter adopted to mitigate leftover noise
and artifacts from mismatched noise models. We require
> . l(x) =1. We assign a high or low score to each es-
timate pair {m;(z), s}, ()} whose sample variance s7 ()
respectively matches or mismatches the variance vy (m;(x))
given by (8) based on a scoring function ¥J,, defined as an

asymmetric Gaussian
2 2
Xn; g v(m) Xnj1-g
n2 ] 7 3 [1_ " 2 ])7 (9)

191) (ma 82)=¢a<32?v(m)7v(3m |:1—

from which we conveniently omit the subscripts i, k, and
the coordinate x. Here, the left and right standard deviations
of ¢, depend on the 1—a confidence interval of the x2
distribution with n=L?—1 degrees 2of freedom, since this can
approximate* the distribution of % Then, denoting by
Xw, :Q2—{0,1} the indicator function of W,, we construct
the weight map w; used in (6) by averaging the product of
pair scores across the K filters from overlapping windows as

K
S, A Ty Y (i), 52,(2) )
Finally, we propose the joint weighting strategy where w;}
in (6) is the product of w} (7) and w (10), as each weight
factor may individually identify mismatched regions that the
other misses, as we shall see in Section V and Fig. 4.

12
w;

(10)

V. EXPERIMENTS

We consider the noisy image z in Fig. 2 and evaluate the
proposed adaptive aggregation (6) in three alternative forms: a
Basic’ solution that uses exclusively w} (7), a Basic” solution
that uses w! (10), and the Full solution consisting of the
product of w} (7) and w (10). We also consider an Oracle
solution, where the weights w; (7) have y instead of ;.

We fix the sliding window size to L=7 and K =2 filters
for the variance. Specifically, a high-pass kernel h; = Hy41) "
and a low-pass kernel hy=Hopp ', where ¢ and ¢ are
respectively the 1-D Daubechies wavelet and scaling functions
with three vanishing moments, and Hj, such that ||hy|[,=1.
We choose the filter for the mean as [=hy/ > ho.

The results in Fig. 4 confirm that aggregating few {7;},
performs better than any single estimate ¢; (cf. Fig. 3b).
However, the Basic’ solution still has artifacts due to the

4This is only a coarse approximation primarily because the samples on
which s? 1, is calculated are not independent due to the noise being correlated.



Fig. 4. Details from the alternative aggregations (Section V) used on N =5
estimates {¢;}, given z from Fig. 2. The Full aggregation (PSNR 28.53 dB)
is free from artifacts visible in Basic’ (PSNR 28.30 dB) and Basic'’ (PSNR
28.34 dB), and it is visually similar to Oracle (PSNR 28.91 dB).

residual noise in §; that confuses the test against g; in w} (7).
In fact, the Oracle solution is free from such artifacts, as the
clean y is instead tested against ;. Basic” is also free from
the artifacts found in Basic’, as w} (10) penalizes regions of §;
whose residual noise has estimated variances not matching the
assumed ones {vi}, (8). Yet, different artifacts appear due to
variations in the estimated mean m used to select the variance
vk (m) to be tested. However, Full is free from most of the
artifacts of Basic’ and Basic”, and it approaches the visual
quality of the Oracle solution.

Fig. 5 visualizes the effects of using multiple filters {hy}
in the match of the variances, which lead to w! (10) used in
Basic” and Full aggregations. In particular, we show the score
assigned to estimated mean-variance pairs {(m;(z), s7 ()}
by 9., (9) for several windows. We can see that without
multiple filters hy, we would favor many more pairs, including
those from windows with a mismatched noise model which
happened to have a high score only because the filter may have
had no frequency response for that particular noise spectrum.
Fig. 5 also exhibits the different image structures favored by
the two weight maps w} and w} used in Fig. 4.

Fig. 6 shows that already a few estimates are sufficient to
attain a substantial PSNR improvement for all aggregation
solutions, thanks to the selection of g; values based on the
quantiles of z.

VI. CONCLUSION

We proposed an adaptive aggregation method designed for
nonstationary noise with signal-dependent covariance. It effi-
ciently combines multiple estimates obtained from denoisers
for stationary correlated noise. The aggregation is based on
adaptive weights that reward residual-noise statistics that are

* 90, (mi(2), 52, (x)) () TTE L Doy (ma(@), 52, (@)
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i

Fig. 5. Estimate pair scores and the weight maps w/ (7) and w’’ (10), used for
aggregating the estimates g; that lead to the results shown in Fig. 4. Top: scat-
terplots showing the sample pairs {(m;(z), s?, k(a:))}l X from several sliding
windows Wy, and their assigned individual score ¥y, (m;(x), si 5 (@) )
(high score yellow, low score blue). Pairs whose si i, 18 closer to the model
vk (m;) (8) get a higher score. The opacity of the red alpha-blended scatterplot
shows the combined scores as the product of individual scores coming from
h1 and ho. The combined score helps to disambiguate sample pairs that score
high only in one of the two models v (y) due to the noise frequencies on g;
that vanishes outside the bandwidth of the filter. Bottom: weights w/ (7) and
w} (10). For visual clarity, scatterplots show an independent subsample (2%)
of the total sample pairs (62 500) that were used to compute the weights w;’.
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Fig. 6. PSNR of the Basic’, Basic', Full and Oracle solutions for increasing
number N of aggregated estimates. The PSDs used in the denoising are chosen
automatically based on the histogram of z (see Section IV). For N =1, all
solutions reduce to ¢ given by 1 =median,{z(z)} (PSNR 25.10 dB).

compatible with the noise model assumed by the denoiser. Fu-
ture work can focus on improving and further automatizing the
algorithm parameter selection. For example the definition of
the filter bank {h;}, used in the matching of the statistics can
be adaptive based on the factorization of the PSD function (3).
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