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Abstract
Vision is the most important source of information for humans and the acquisition
of images has numerous applications in science, engineering, medicine and also in
consumer devices such as cameras, mobile phones, etc. Digital image acquisition,
in particular, has become the most common means of producing images; it has
almost fully replaced image acquisition on …lm. A typical digital acquisition device
contains lens and a solid-state image sensor. The scene radiance is focused by the
lens to the sensor, which integrates the irradiance at its surface during the exposure
time and produces a 2-D array of digital values (i.e. a raw image). The lens and the
sensor introduce a variety of degradations such as geometrical distortions, blur, and
noise. In addition to inherent technological factors that cause these degradations,
there are external factors such as scene illumination and a motion within the scene
or between the scene and the lens. In order to obtain images that can be visualized,
raw images typically undergo some image processing such as denoising, color-…lter
array interpolation (demosaicking), enhancement (sharpening), color correction,
and white balancing.
This thesis deals with the problems of denoising, deblurring, and enhancement
of images and video. We propose a particular …ltering algorithm, called BM3D, as
the basic tool for approaching these problems. Among the multitude of existing
…ltering algorithms, BM3D is the …rst to exploit simultaneously:
² sparse transform-domain representations (i.e. a transform spectrum characterized by few high-magnitude coe¢cients)
² nonlocal image modeling (manifested by self-similarity between image subsets).
We show that the BM3D …lter not only outperforms works that are based on either
one of the above two approaches but is currently one of the best image-denoising
methods. The main goals of this thesis are to present and study the BM3D …lter
and to show that denoising is a fundamental tool in image processing, which can
be applied to various image processing problems. We accomplish these goals by
…rst studying the BM3D …lter and some of its extensions and then presenting its
application to:
² image deblurring,
² video denoising,
iii
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² image sharpening,
² raw-image denoising,
² RGB-image denoising.
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Chapter 1

Introduction
1.1

Background and motivation

Digital image acquisition is becoming increasingly widespread, evidenced by a constant growth in the production of image sensors. About 2.6 billion [Gro08] image
sensors were sold in year 2008. In addition to traditional applications in digital
cameras, image sensors …nd a wide range of applications in devices used in medicine, automation, astronomy, military and automotive industries, and increasingly
in communication devices such as mobile phones [Pub09] which alone consumed
the largest portion of all manufactured image sensors in year 2008.
The acquisition of a digital image (i.e. a 2-D array of numbers) from a physical
scene is a process [The95, RSYD05, KWCL06] that typically involves lens and a
solid-state image sensor. The scene radiance is focused by the lens to the sensor,
which is a 2-D array of optoelectronic semiconductor elements (possibly covered
by microlens array and a color-…lter array). During the exposure, each element
of the array absorbs photons, which (if their energy is high enough) generate
electrons and these electrons (or electrical charge) are accumulated. Subsequently,
the accumulated electrical charge is converted to voltage, ampli…ed, and converted
to a digital number. The digital image coming from a sensor is referred to as raw
image throughout this thesis. Image acquisition is inevitably an imperfect process
and raw images contain a plethora of degradations among which are various types
of noise (illustrated in Fig. 1.1), blur, and geometrical distortions. In addition,
a raw image typically cannot be directly visualized due to, e.g., application of
CFA and uncalibrated color response. Therefore, digital postprocessing [RSYD05]
is applied on a raw image in order to correct the degradations and to produce
an image that corresponds to the physical scene and is suitable for visualization.
Some typical postprocessing operations (illustrated in Figure 1.2) are: denoising,
color-…lter array interpolation, enhancement (sharpening, contrast improvement,
etc.), color correction, white balancing, and correction of lens distortions.
1
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Figure 1.1: Illustration of images distored by noise. The …ltered images are obtained after using the denoising algorithm that we discuss in Section 5.2. The
original images are fragments of 5 MPix images taken with Nokia N95 mobile
phone.

1.2

Objectives and scope of the research

The work done for this thesis is a contribution to image processing in general,
and to image denoising and enhancement in particular. The structure of the
presentation is brie‡y described below and is also illustrated in Fig. 1.3.
² First, we present and study a novel grayscale-image denoising …lter, termed
BM3D …lter, and present the scienti…c background of works that it is related
to.
² Second, we study various applications of the BM3D …lter to other imageprocessing problems, including:
– video denoising,
– denoising of raw sensor images,
– denoising RGB images
– non-blind image deblurring
– image sharpening
By including the above applications of the BM3D, we aim to show that image
denoising is a fundamental tool in image processing, which can be applied to solve
other (often more practical) image processing problems.
In order to represent image structures underlying the noise as sparsely as possible, the BM3D …lter brings together two groups of existing …lters — nonlocal …lters
and transform-domain …lters. We use the term sparse representation throughout
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Raw image
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Optical Filters
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Compression
(and Storage)
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Defect-Pixel
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Dark-Current
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Color (e.g., RGB)
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Color
Correction and
White
Balancing
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Demosaicking

Figure 1.2: Simpli…ed ‡owchart of a typical image-acquisition process and of some
common postprocessing operations performed on raw images. Note: the particular order of most of the postprocessing operations may vary; e.g., denoising can
be performed either on a raw image or on a RGB image (obtained after CFA
demosaicking).

this work to denote a linear-transform (e.g., DCT, DFT, etc.) representation characterized by having few high-magnitude coe¢cients and plenty of low-magnitude
coe¢cients. This term is a synonym for transform-domain energy compaction and
transform-domain decorrelation, both of which are commonly used terms in image
processing and in image coding, in particular. By exploiting sparse image representations, the BM3D …lter is shown to be highly e¤ective for denoising of additive
white Gaussian noise (AWGN).
The second main goal of this work is to show how the BM3D …lter can be applied to solve various image-processing problems which are more practical than the
denoising of AWGN. In particular, we address some of the standard postprocessing
operations performed in digital image-acquisition devices. These postprocessing
applications include denoising of raw sensor data, sharpening, and deblurring. In
addition, we consider the application of the BM3D …lter to video denoising and
to denoising of color RGB images. A peculiarity of all these applications is that
they inherit the e¤ectiveness of the BM3D …lter and produce results that are
competitive with the state-of-the-art.

1.2.1

Link to publications

It is important to give an explicit link between the eight publications assembled
in this thesis and the particular parts where they are introduced. Publications
[P1],[P2],[P7], and [P8] are considered in Chapter 4; they present the BM3D imagedenoising …lter and its extensions, i.e. the main contribution of this work. The very
…rst work on image denoising based on collaborative 3-D …ltering and grouping
was done in [P1], which can be considered as a preliminary version of the BM3D
…lter. Subsequently, the BM3D …lter was developed in the full-length article [P2].
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Figure 1.3: The main contributions of the thesis with links to their corresponding
sections.
Extension of the BM3D …lter to adaptive-shape neighborhoods was proposed in
[P7], which is introduced in Section 4.5.1. Further extension of the BM3D to
shape-adaptive PCA was developed in [P8], which is introduced in Section 4.5.2.
Publications [P6],[P5],[P4], and [P3] consider various applications of the BM3D
…lter and form the basis of Chapter 5. In particular, the image deblurring method
from [P6] is considered in Section 5.4, the joint sharpening and denoising of images
from [P5] is given in Section 5.5, the video denoising …lter developed in [P4] is
considered in Section 5.1, and the RGB-image denoising from [P3] is presented in
Section 5.3.

1.3

Thesis outline

Chapter 2 contains preliminaries about statistics of natural images and about the
image-noise models considered in this work. In particular, prior knowledge of
natural-image statistics is of paramount importance for understanding how and
why any image denoising method works. A somewhat brief introduction of the
otherwise vast …eld of image denoising is given in Chapter 3. In particular, we
consider a rough classi…cation into spatial- and transform-domain …lters. The
main contribution of this thesis, the BM3D …lter, is presented in Chapter 4, which
comes as a logical continuation of the introduction. The application of the BM3D
…lter to various practical image processing problems is considered in Chapter 5.
Illustration of how these contributions are structured is given in Fig. 1.3.

Chapter 2

Preliminaries:
Natural-Image Statistics and
Image Noise Models
Proper understanding of the image-restoration problem (i.e. properties of both
image scenes and degradations) is an important step towards its solution. Therefore, in the sequel of this chapter we present the following relevant preliminary
information:
² a brief overview of some important developments in the …eld of natural-image
statistics (Section 2.1) and
² the considered image noise models and links to applications that they are
used in (Section 2.2).

2.1

Natural-image statistics

Natural images contain redundant information. This claim is implicitly or explicitly assumed in any image processing application. Image coding and compression,
in particular, almost entirely depend on image redundancies to reduce the bit size
of image representation. Not surprisingly, all image restoration methods are also
based on implicit or explicit assumptions of the true images that are underlying
the degradations. Thus, knowledge of natural-image statistics is fundamental not
only for understanding how the image denoising method proposed in this thesis
works but also for understanding any other image restoration method.
The link between natural-image statistics and the human visual system has
been established long ago [Bar61]. Vision, the most important source of information to humans, has evolved for millions of years to accommodate to the natural
visual environment. It is agreed upon [Bar61, Bar72] that the visual processing in
the brain has evolved to minimize the redundancy in representing natural images
in order to achieve metabolic e¢ciency, as well as representational and learning
5
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e¢ciencies according to a more recent work [GF07]. Therefore, the modeling of
natural images is traditionally studied in the context of image formation in the
brain. However, to this date, there are no ground-truth models of either natural
images or the human vision — due to their very high complexity. However, there
is a vast amount of work on these topics and we shall follow some of the developments and draw some important conclusions, to which we shall refer later in the
thesis in the context of image restoration. Before we proceed on this topic, we
brie‡y introduce the basics of the visual formation in the brain. The light incident
on the photoreceptors in the retina is converted to electrical impulses, processed,
and then fed to the ganglion cells whose long axons (i.e. outputs) form the optic
nerve which is capable of transmitting impulses over relatively long distances in
the brain. The visual signals are next transmitted to the lateral geniculate nucleus of the thalamus (which serves as a relay for the sensory information) and
subsequently they are transmitted to …rst layer (V1) of the visual cortex, which is
the main processing unit for visual information in the brain. Simple cells in the
V1 of the visual cortex, in particular, are among the very …rst processing units of
visual information in the cortex. In this context, the receptive …eld of a cortical
cell is the visual stimulus that triggers maximal response of the cell in terms of
frequency of …rings. In particular, the receptive …elds of simple cells in the V1
were shown [HW62] to be edge-like patterns with various scales and orientations.
Readers interested in in-depth coverage of visual neuroscience are referred to e.g.
[CW03, HHH09].
Starting from the most basic properties of natural images, local image correlations have been among the …rst recorded statistics [Kre52] of natural images.
In particular, the study [Kre52] has been done on television scenes and involved
a derivation of single-pixel distributions and of correlations between neighboring
pixels. A variety of later works [Fie87, BM87, TTC92] have found that the expectation of the Fourier spectrum magnitude of natural images follows a power-law
curve, i.e. E [jF f|g (i )j] / 1@i  where  ¼ 1 and i is the radial component of
the spectrum when expressed in polar coordinates.
The Fourier spectrum alone does not o¤er good discrimination of spatially
localized features such as oriented edges and singularities, which instead are scattered over a wide frequency range (i.e. they are not represented sparsely). Unfortunately, these features are of utmost importance in the formation of early vision
since the receptive …elds of the simple cells in the V1 are comprised of localized
oscillations with various orientations and scales [HW62]. Following this observation, the time-frequency representations studied by Gabor [Gab46] have been
found appropriate [Mar82, Wat83, SB82, Fie87] in the modeling of the receptive
…elds of cortical cells. With the later development of the multiscale decompositions, the time-frequency representation were generalized by them and these multiscale decompositions (e.g. wavelet decompositions) became an important tool
in modeling both natural image scenes [Mal89b] and the receptive …elds of simple
cortical cells [Fie93]. The basis elements of the multiscale transforms are formed
by translations, dilations (scalings), and rotations of some particular generating
(e.g. wavelet) functions. In the context of natural image statistics, the following
observations about the multiscale decompositions were con…rmed in [Fie93]. First,
the contrast in natural images is constant across scales; which means that under
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magni…cation, the amount of contrast is likely to remain the same. Second, it
was shown that there exists correlation between structures across di¤erent scales.
It was also shown [Fie93] that these properties are in agreement with the 1@i
modeling of the amplitude spectrum of natural images.
Self-similarity and scale-invariance of natural images have been the foundations
of fractal compression [Fis95] and of fractal image representations, in general. Expectably, natural images are never perfectly self-similar as they do not contain exact copies of themselves at di¤erent scales but as stated in [Fis95], they do contain
a di¤erent, more relaxed form of self-similarity. That is, natural images contain
regions which are similar to other regions at the same scale/orientation and across
scales/orientations. This claim was supported by a recent study [AVT07] which
showed that there exists signi…cant a¢ne self-similarity between square blocks of
…xed size extracted from a single image. In particular, this work con…rmed the existence of mutual information between translated blocks and, while not surprising,
this result is fundamental for the development of the thesis as it is a manifestation
of what we term nonlocal image modeling. In particular, by nonlocal image modeling we refer to modeling the structural similarities between image fragments at
a …xed scale. This term is closely related to self-similarity, which typically has a
more general interpretation that includes similarities across scales.
Following the observation that the human brain uses a sparse natural-image
representation, Olshausen and Field performed [OF96] a search for a basis that
maximizes the sparsity of representing square blocks extracted from natural images. The basis search was performed by minimization of a cost function with a
penalty for the sparsity, which is represented by a particular nonlinearity. This
approach produces bases whose elements are not necessarily orthogonal and in
addition can be overcomplete. The most interesting result of this work however
is that the resultant basis elements are comprised of localized and oriented oscillations — strongly resembling the receptive …elds of simple cortical cells. This
work on maximizing the sparseness was further developed in [Ols03b] where also
space-time representations were considered. Assuming high-order non-Gaussian
statistics of natural images blocks, Bell at al. [BS97a] proposed to use Independent Component Analysis (ICA) to represent local image neighborhoods. The
basis elements obtained by ICA therein appear similar both to the receptive …elds
of simple cells in the visual cortex and also to the basis elements obtained by the
sparseness maximization performed in [OF96]. In fact, the ICA algorithms also
exploit maximization of sparsity in a particular form, either as a Laplacian prior
[BS97a] or by maximizing the kurtosis when Fast-ICA [HO97] is used, where the
kurtosis is used as a measure of sparsity. For a thorough study of natural-image
statistics and ICA, the recent book [HHH09] is a recommended reference.
An interesting aspect of the representations that arise from maximization of
sparsity or from ICA is that they are typically overcomplete [Ols03b]. The overcompleteness is also characteristic of the visual cortex where, e.g., in monkey V1
alone there are on the order of 50 times more output …bres than input ones. In
addition, desirable basis properties (in terms of matching the receptive …elds of
simple cells) such as shift invariance [SFAH92b] and rotation invariance [GBP+ 94]
require overcompleteness. In fact, overcomplete linear representations have been
found [RP00] to produce sparser representation of natural images than critically-

CHAPTER 2. NATURAL-IMAGE STATISTICS AND NOISE MODELS

8

sampled counterparts.
Considering the above mentioned results, below we list some of the observations
about natural images, which we will make use of in the sequel of the thesis:
² there exists correlation between neighboring image pixels,
² images can be sparsely represented by multiscale transforms,
² there exists self-similarity between image subsets at a given scale (enabling
nonlocal image modeling),
² overcomplete linear image representations are sparser than non-overcomplete
ones.
We note that the above properties are in no way su¢cient descriptors of natural
images nor are they independent from each other. The emphasis on the term
nonlocal image modeling is due to the fact that we shall often refer to it in the
sequel.

2.2

Considered image noise models

Since the main contribution of this work is an image denoising method, the
noise models are of particular importance. The random nature of noise is best
re‡ected by a probabilistic modeling. In a very general scenario, each pixel of a
noisy image is a realization of a RV with a PDF conditioned on realizations of
other RVs and on the (unknown) noise-free image. However, for practical image
denoising applications, parametric models (with few parameters) of the PDF are
most commonly used. The following sections introduce the noise models considered
in this thesis along with hints on the estimation of their parameters. These noise
models are relevant to the practical imaging problems considered in Chapter 5.

2.2.1

Additive white Gaussian noise

Additive white Gaussian noise (AWGN) with zero mean and …xed variance is
probably the simplest and most commonly used model in the image denoising
literature (Chapter 5.2.2 in [GW06]). The AWGN observation model in the case
of discrete images is given by
} ({) = | ({) +  ({) >
(2.1)
¡
¢
where } (¢) is a noisy pixel,  (¢) » N 0> 2 is independently distributed, | is the
unknown noise-free signal and { 2 [ is an index (i.e. pixel coordinate) from the
…nite g-dimensional domain [ ½ Ng ; if not explicitly speci…ed otherwise, in the
sequel of the thesis we assume g = 2.
It is worth discussing why AWGN has a particularly important role in image
denoising. Let us recall what the central limit theorem
states: given indepenP
dent RVs Yl , l = 1> = = = > q, with 0 ? 2q = ydu f ql=1 Yl g ? 1 and under mild
hypotheses (see [Sha99]
for details), for large q, the distribution of the standardP
ized average 1q ql=1 (Yl ¡ E fYl g) approaches the standard normal distribution
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N (0> 1). This theorem has signi…cant practical implication and is particularly
applicable to devices that contain a lot of independent additive noise contributors,
each having some arbitrary distribution that may well be unknown. In such a
scenario, the sum of these noise contributions is best described as normally distributed. In particular, AWGN is a good model [Nak06] of the inevitable thermal
noise, among other types of noise, in electronic devices.
The estimation of the standard deviation  from a noisy signal has some wellestablished solutions such as the one proposed in [Don95] that uses the median
absolute deviation of the …nest-scale wavelet coe¢cients. This method however
tends to overestimate , especially when the noise-free image spectrum contains
signi…cant amount of high-frequency components. Recent methods that are more
robust in that regard can be seen in [DF09] and in the references therein.
Throughout the rest of the text, in the context of image denoising, unless
another model is explicitly speci…ed, we implicitly assume AWGN degradation.
In addition, we utilize the notation from Eq. (2.1); i.e. } is a noisy signal, | is
unknown noise-free signal and  is a white Gaussian noise realization.

2.2.2

Additive colored noise

Additive colored noise (Chapter 5.2.3 in [GW06]) model is considered in the thesis
in relation with the problem of regularizing inverse problems in imaging (Section
5.4). The additive colored noise model in pixel domain is given by
} ({) = | ({) + (y ¤ ) ({) >

(2.2)

where ¤ denotes convolution,
¢y is the impulse response that de…nes the noise
¡
correlation and  (¢) » N 0> 2 is independently distributed. We can express Eq.
(2.2) in Fourier domain as
F f}g = F f|g + F fy ¤ g
= F f|g + F fyg F fg
where the convolution
¢ becomes elementwise multiplication in Fourier domain, and
¡
jF fgj » N 0>  2 is i.i.d. normally distributed just as . We have omitted
any normalizing factors from the above equation and we otherwise assume F is
orthonormal. From the above equation, it can be seen that the noise can be
fully de…ned by its spectrum F fyg, which gives a meaningful interpretation to
noise colors in analogy with the spectral content of pure colors. That is, red
noise contains predominantly low-frequencies, blue noise contains predominantly
high-frequencies, and white noise contains equal contribution from all frequency
components. Naturally, white noise (jF fygj2 = frqvw) is equivalent to the AWGN
model from Eq. (2.1).
The estimation of y (or, equivalently, F fyg) involves estimation of a signi…cant
number of elements and thus does not have well-established universal solutions as
in the case of variance estimation for AWGN. In the context of image deblurring, the authors of [FDKE06] proposed an estimation of y which relies on prior
knowledge of the noise generation.
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2.2.3

Signal-dependent noise modeling of raw (sensor) images

We start with a brief description of the image-acquisition process with solid-state
image sensors. The radiance (re‡ected or originating) from a scene is focused by
a lens to the sensor 2-D array of optoelectronic semiconductor elements. The irradiance at the surface of each element (pixel) of this 2-D array is integrated during
the exposure time and converted to electrical charge; this is accomplished by an
optoelectronic conversion of photons (whose energy is high enough) to electrons.
The charge is subsequently transformed to voltage, which is ampli…ed by a factor
termed analog gain and converted via ADC to a digital number, which is quantized with precision in the range 8–16 bits. There exist two major image-sensor
technologies — CCD and CMOS. In a CCD sensor, the accumulated charge is
transported by shifting towards the end of each row (of the 2-D sensor array),
where conversion to voltage and ampli…cation are performed separately for each
row. On the other hand, in a CMOS sensor, the conversion to voltage and ampli…cation are performed at each pixel. A comparison of these two technologies can
be found in, e.g., [Nak06].
Regardless of the sensor technology (CCD or CMOS), the image acquisition
process is inevitably imperfect and raw images are degraded with various types
of noise [The95, BLIA97, Nak06]. In particular, we consider the following rough
classi…cation of noise sources;
² temporal signal-dependent noise: photon shot noise;
² temporal signal-independent noise: reset noise, thermal noise, 1/f (‡icker)
noise, dark current shot noise;
² …xed-pattern noise (FPN), i.e. having no temporal variation: dark FPN,
photo-response non uniformity (light FPN), defected pixels, hot spots.
For some of the above noise sources there exist e¤ective countermeasures; e.g., the
reset and the 1/f noise can be greatly reduced the correlated-double sampling technique [ET96]. In addition, the …xed-pattern noise can be reduced by subtracting
a pre-computed noise pattern (that does not vary in time but can vary with the
temperature, the input-signal, or the exposure time) from the raw image; also, the
quantization noise can be reduced by increasing the number of bits of the ADC
conversion. However, other noise types do not have e¤ective countermeasures; e.g.,
the photon shot noise (due to the photon-counting nature of the optoelectronic
semiconductor), the thermal noise (except if the temperature can be controlled),
and the dark current photon shot noise.
We are interested in an overall approximate model of the above noise sources.
The signal-dependent photon shot noise is manifested [The95, Nak06] by a Poissonian distribution of the pixel intensities, which in turn can be approximated
by a normal distribution having variance proportional to its expectation. The
rest of the noise sources can be approximated by AWGN [Nak06] (with variance
dependent on the temperature and on the exposure time). According to these
considerations, we adopt the following approximate Poissonian-Gaussian model of
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the noise in raw sensor images,
} ({) = | ({) +  (| ({))  ({)
= | ({) + p (| ({)) + g ({)

(2.3)
(2.4)

where  (¢) is statistically independent with unit variance and zero mean,  (| (¢))
is the standard deviation of the noise in }, which is a function of the unknown
intensity | (¢), p is a signal-dependent white noise contributed by the photon
shot noise and  g is WGN contributed by all of the white noise sources mentioned
above. A detailed study of this noise model can be found in [FTKE08], which also
considers the e¤ect of the clipping (from above and from below); we shall mostly
follow the derivations considered therein. To derive a parametric model of Eq.
(2.4), we assume the following distributions,
¢
¡
" | ({) + p (| ({)) » P ("| ({))
 g ({) » N (0> e) >
where P stands for Poissonian distribution parametrized by " 2 R+ and the
parameter e 2 R+ [ f0g is the variance of the AWGN component g . After simple
calculations, the overall variance of the Poissonian-Gaussian noise model from Eq.
(2.4) can be expressed as
2 (| ({)) = d| ({) + e>

(2.5)

where d = "1 . This model has only two parameters — d and e. An estimator of
these two parameters has been proposed in [FTKE08]; Figure 2.1 presents estimated standard deviation by this method applied to a single raw image from four
di¤erent cameras. In fact, the Poissonian-Gaussian noise model is well established
[LSK+ 08, HDF10, TFG01, FAKE07, FTKE08] as a good model for the noise in
raw sensor images.
According to the Poissonian-Gaussian noise model, a pixel’s SNR grows approximately linearly with the increase of the intensity, i.e.,
SNR (} ({)) =

E f} ({)g2
| 2 ({)
=
>
ydu f} ({)g
d| ({) + e

where at low intensities, the SNR is limited by the signal-independent component
e and at higher intensities by the signal-dependent photon shot noise component
d| ({). The more photons absorbed in the semiconductor optoelectronic element
of a given pixel, the higher the intensity and the higher the SNR of that pixel.
The amount of absorbed photons depends mostly on the following factors
² Physical and technological factors:
– pixel area (greater pixel area in general allows more sensed photons),
– color-…lter array (a …lter that attenuates certain spectral components),
– vignetting (gradual intensity decrease from the image center to the
boundaries).
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Figure 2.1: Illustration of the the noise standard deviation estimated by [FTKE08]
as a function of the pixel intensity for four di¤erent cameras using di¤erent ISO
values. The solid curves correspond to the Poissonian-Gaussian parametric model
of the noise from Eq. (2.4). These curves o¤er a good …t to the indivdual estimates
given by the red dots. The dashed lines represent the curves that take into account
the clipping at the boundaries 0 and 1.
² Image-acquisition factors:
– scene illumination (the illumination can greatly vary; e.g., from bright
sun-light to dim indoor and dark-night conditions),
– exposure time (the average amount of sensed photons grows linearly
with the exposure time; short exposure times are preferred when there
can be relative motion between camera and object).
It is important to mention at this point that an image with signal-dependent
noise from Eq. (2.4) can undergo a variance-stabilizing transformation [Foi07,
Foi09] that transforms the noise variance to be close to a constant. The noise in
the resultant variance-stabilized image can then be treated as signal-independent
with constant variance. Subsequently, a denoising method for additive white noise
can be applied on such an image.

Chapter 3

Introduction to Image
Denoising
This chapter gives a rather limited introduction to prior works in image denoising,
a research topic that has attracted vast amount of contributions, particularly in
the past two decades. We consider exclusively methods for attenuation of AWGN
from images and we note that …lters for signal-dependent noise and for colored
noise can in many cases be obtained by extending an AWGN denoising method;
this is also what we do in this thesis. We consider a rough classi…cation into
spatial- and transform-domain …lters, based on whether these …lters exploit lineartransform representations or not. Within each of these two major groups, we use
…ner classi…cation which is by no means exhaustive nor the boundaries between
the presented classes are well de…ned. In fact, there exist explicit links between
many of the works that we present. The order in which the prior works are
presented should logically lead the reader to the next chapters where we focus
on the contribution of the thesis, the BM3D …lter and the applications based on
it. In that regard, of particular interest are the nonlocal spatial …lters (Section
3.1.5), and the nonlocal transform-domain …lters (Section 3.2.4) as the BM3D …lter
belongs to the latter class.

3.1
3.1.1

Spatial-domain …lters
Local polynomial approximation

Among the earliest local estimators, the weighted average estimator was independently developed by Nadaraya [Nad64] and Watson [Wat64] in the context of
nonparametric regression modeling. Assuming the AWGN model from Eq. (2.1),
the Nadaraya-Watson estimator can be interpreted as a minimizer for the following
weighted mean squares criterion
|^N-W ({) = arg min
F2R

X

zk ({ ¡ n) [} (n) ¡ F]2

n2[
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where zk is a prede…ned window function and k is a bandwidth parameter (also
called scale or smoothing parameter) that controls the size of the local estimation
neighborhood. The minimizer of the above equation and output of the estimator
is given by
|^N-W ({) = (jk ¤ }) ({) >
8{ 2 [
(3.2)
zk
and ¤ denotes convolution. The choice of zk is based
n zk (n)
on desired properties of the estimator and, possibly, on a priori information of
the true data |; the Gaussian window is a common choice. In the context of
image denoising, the approximation with a constant in Eq. (3.1) corresponds to
assuming uniform pixel intensities in a local neighborhood de…ned by zk around
the estimated pixel. This corresponds to the simplest image model considered
in Section 2.1, for which the intensities of neighboring pixels are assumed locally
correlated. To use a more complex model, the minimization in Eq. (3.1) can
be done for a polynomial of degree p ¸ 0, which results in a local polynomial
approximation (LPA) [CD88, FG96, KEA06, Foi05]. The LPA estimate can be
expressed by the following minimization problem

where jk = P

|^LPA ({) = arg min

s2Pp

X

2

zk ({ ¡ n) [} (n) ¡ s (n)] >

n2[

where Pp is the set of 2-D polynomials of degree p. It is noteworthy that the LPA
estimator can be computed using convolution as in Eq. (3.2), where jk is derived
from the polynomial degree p and the window zk ; the derivation of jk as well as
a comprehensive study of the LPA estimators can be found in [KEA06]. From the
image modeling point of view, the LPA estimator allows a more complex model
of the signal within an image neighborhood as a polynomial. The idea of LPA is
also known by di¤erent names such as moving least-squares, Savitzky-Golay …lter,
reproducing …lter, moment …lters, and kernel regression.
The …xed estimation kernel jk (which depends only on the prede…ned parameters k, p, and window zk ) for the LPA estimators considered above, however, do
not allow image adaptivity. One approach to achieve adaptive neighborhoods is the
adaptive pointwise selection of the bandwidth k from the input noisy data, which
has become a signi…cant research topic [HSJM91, RSW95, JMS96, KEA06, Foi05].
One such adaptive bandwidth-selection procedure is the ICI rule [Kat99], which,
combined with the LPA estimator, was shown [KEA06, Foi05] to achieve pointwise MSE that is close to the MSE when oracle bandwidth selection is used. In
order to achieve directional adaptation, in addition to bandwidth adaptivity, the
LPA-ICI has been extended by fusing individual directional LPA-ICI estimators
[KFEA04, KEA06, Foi05]. The resultant anisotropic LPA-ICI was shown in the
mentioned references to be very e¤ective for various image processing applications
allowing accurate reconstruction of edges and singularities with various orientations. Another estimator that exploits adaptive estimation kernel and LPA is the
data-adapted kernel regression proposed [TFM07]. The kernel used for this estimator adapts to the local gradient orientation in order to avoid blurring of edges. The
adaptivity involves three possible transformations of an otherwise circular kernel:
elongation, scaling, and rotation, which are estimated from the local covariance.
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Range …lters

Another approach to make the estimation neighborhoods adaptive to the image
data was employed by the range …lters. In the class of range …lters we include the
bilateral …lter [TM98], the sigma …lter [Lee81], the Yaroslavski …lter, the SUSAN
…lter, and other related works. The range …lters use weighted averaging with
adaptive weights that depend not only on the spatial distance to the estimated
pixel but also on the distances between the pixel intensities (i.e. the image range).
A general expression for the above de…nition of the range …lters is
X
|^RF ({) =
} (n) jsp ({ ¡ n) jrng [} ({) ¡ } (n)] >
(3.3)
n2[

where the kernel jsp depends on spatial distance, just as in the LPA estimator, and
jrn g contributes the range …ltering by considering distances between intensities. It
is the jrng term that enables adaptivity to image data and allows to better preserve salient details such as edges without blurring; e.g., this can be achieved by
using a smaller weight jrn g when the intensity di¤erence is big. This corresponds
to averaging over local neighborhoods with relatively homogeneous intensities and
thus avoiding averaging across sharp edges. However, when the magnitude of the
noise is comparable with or greater than the magnitude of edges, then the similarities between individual noisy pixels are not reliable to measure the similarities
between their noise-free counterparts. One approach to overcome this drawback is
to use similarities between image neighborhoods, as in the case of nonlocal …lters,
which will be discussed in Section 3.1.5.

3.1.3

Bayesian …lters

Bayesian estimation [KR96, BS07] is a notable approach to image restoration. A
very general formulation of the image-restoration problem in the Bayesian estimation framework is: given the observed noisy image } and prior information of the
noise and of the noise-free image, …nd an estimate of the noise-free image. Let us
consider the Bayes formula for the posterior probability
spost ( j }) =

s¯t (} j ) sprior ()
>
s] (})

(3.4)

where  is an estimate of the noise-free image |, the image prior sprior () is
the probability that  belongs to the class of noise-free images, the data …t (or
likelihood) s¯t (} j ) is the conditional probability that } has been generated according to the assumed noise model from , and s] (}) is the marginal probability
of obtaining the particular noisy realization }; since s] does not depend on , it
can be treated as a normalizing constant in most situations. Bayesian estimation
deals with …nding a solution  using the posterior spost ( j }) from Eq. (3.4). A
commonly used Bayesian estimator is the conditional mean of the posterior, i.e.,
Z
|^CM = spost ( j }) g>
which involves integration in a high dimensional space and for most useful image
priors, does not have a closed-form solution. In practice, the problem is often discretized and solved by numerical integration. The Maximum A Posteriori (MAP)
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estimator is another important Bayesian estimator, which attempts to …nd a solution  that maximizes the posterior, i.e.,
|^M A P = arg max spost ( j }) =


(3.5)

In the case when the posterior spost ( j }) is characterized by one main lobe (e.g.,
a unimodal distribution), then the MAP estimator is a good choice.
By far, the biggest challenge [She03] in Bayesian estimation in general and in
image processing in particular is the derivation of good (image) prior sprior . This
problem is equivalent to obtaining a good model of natural-image statistics, a topic
discussed in Section 2.1, which is mostly unsolved problem due to the very high
complexity of natural images. Various image priors have been proposed in the
form of particular parametric models of images or of image patches. In this thesis,
we mention various priors of the transform spectra of natural images in Sections
3.2.1 and 3.2.2; other image priors can be found, e.g., in Chapter 3 of [CS05], in
Chapter 1.3 of [KR96], in [RB05, WG04], and in the recent [WF07].

3.1.4

Variational and PDE-based …lters

The variational approach [CS05] to image restoration can be considered as a deterministic interpretation of the Bayesian MAP estimation from Eq. (3.5), where
the restoration result is the argument of an iterative minimization of a particular
functional, i.e.,
|^VA R = arg min H (> })


where the functional H (> }) can typically be written as a sum of two terms,
H (> }) = H… t (> }) + Hpen () ,

(3.6)

where H… t is a …delity term that restricts the solution not to deviate from the input
data and Hpen is a regularization penalty that imposes some useful prior model on
the solution. If we make analogy to the Bayesian framework, the regularization
term can be interpreted as the image prior and the …delity term can be interpreted
as the data …t. In fact, for particular parametric PDF models of the image prior
and data …t (such as e.g. the Gaussian distribution), the MAP estimation given by
Eq. (3.5) in the Bayes framework is exactly equivalent to solving a minimization
0
of the form given in Eq. (3.6). Typically, H… t (> }) = k ¡ }kss , i.e. the …delity
term is the s¡norm of the di¤erence between the input noisy image and the
current solution . The standard Tikhonov regularization [Tik63] corresponds to
2
2
H… t (> }) = k ¡ }k2 and Hpen () = kk2 , where the regularization term imposes
image smoothness — i.e. the energy (2-norm) of the solution is minimized. A
widely used penalty in image processing that avoids smoothing of salient details
is the total variation (TV) penalty proposed in [ROF92], which is given as the
1-norm of the gradient of the solution. Regularization with the TV penalty results
in smoothing of weakly varying details and preservation of salient (having strong
variation) details such as edges.
Closely related to the variational framework discussed above, partial di¤erential
equations (PDEs) are yet another tool that have found a very wide application
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[Sap06, AK06, CS05] in image processing and in image denoising in particular.
Indeed, a PDE formulation of an image denoising problem can emerge from the
Euler-Lagrange equations of a particular variational formulation or from applying
the gradient descent method to minimize a functional of the form given in Eq.
(3.6). Given a particular PDE model, the solution is given by an iterative (over
time) process where the number of iterations (elapsed time) determines the degree
of smoothness of the solution. The selection of optimal number of iterations (stopping time) is a key issue [CS05] in PDE based image processing. The anisotropic
di¤usion proposed in [PM90] is one of the widely adopted nonlinear PDE formulations in image processing, where the smoothing is guided by the spatial derivative,
so that there is no smoothing across edges. Various applications of PDEs to image
processing can be found in [GMM01, Sap06, AK06, CS05] and in the references
therein. It is worth mentioning that a link between PDE methods, variational
methods, and adaptive …lters has been studied in [SKB01] and also the relation
between anisotropic smoothing and the bilateral …lter has been studied in [Bar02].

3.1.5

Nonlocal spatial …lters

Nonlocal …ltering is a relatively recent development in image processing. In this
class we include …lters that exploit the nonlocal modeling de…ned in Section
2.1. That is, a nonlocal …lter exploits similarities between image neighborhoods
(patches) from various spatial locations, hence the name nonlocal. To the author’s
knowledge, the NL-means proposed by Buades [BCM05b] used for the …rst time
the term nonlocal in the context of image denoising. The NL-means estimates
a pixel as the weighted average of pixels with weights that depend solely on the
similarity between neighborhoods centered at these pixels and the neighborhood
centered at the estimated pixel. Before we proceed, let us de…ne of the NL-means
estimator in case of discrete noisy observation (Eq. 2.1), which is given as a
standard weighted averaging
P
j (n> {) } (n)
P
|^N L ({) = n2[
>
n2[ j (n> {)
with particular weight that manifests the nonlocal modeling, de…ned as
!
Ã P
2
2Q Jd () j} (n + ) ¡ } ({ + )j
>
j (n> {) = exp ¡
k2

(3.7)

where Q is a prede…ned support of a square block, Jd is a 2-D Gaussian with
standard deviation d, and k is a …ltering parameter. A data-adaptive selection
of the …ltering parameter has been proposed in [VDVK09, DC09]. In the context
of the NL-means, the notion of similarity between image neighborhoods can be
interpreted as proportional to the weight given in Eq. (3.7). The key idea of the
NL-means and the nonlocal …lters in general is that they do not assume local intensity smoothness nor any particular local neighborhood model — unlike the local
estimators considered in Section 3.1.1, which are essentially based on speci…c local
models. Indeed, the NL-means estimator can be considered as a generalization of
the range …ltering concept (considered in Section 3.1.2) but whereas range …lters
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exploit similarities between individual pixels, the NL-means exploits similarities
between surrounding neighborhoods. Extensive study of the NL-means …lter along
with various extensions can be found in [BCM05b].
The optimal spatial adaptation (OSA) method [KB06] is a sophisticated nonlocal spatial estimator which is based on adaptive estimation neighborhoods. Thus,
a pixel is estimated by a weighted sum of pixels within an adaptive neighborhood,
where both the weights and the adaptive neighborhoods depend on similarities between image patches, i.e. exploiting nonlocal modeling. In contrast with the …xed
estimation neighborhoods used for the NL-means, the estimation neighborhood of
OSA …lter is adaptively selected from a prede…ned set of local neighborhoods, using
a change-point detection procedure similar to [Lep90] and to the ICI rules that we
considered in Section 3.1. The overall OSA method delivers very good denoising
performance [KB06] in terms of both PSNR and visual quality. It is worth discussing the fact that this otherwise nonlocal-based method exploits adaptive local
estimation neighborhoods, where the largest possible neighborhood is not necessarily the optimal choice at every pixel location. This means that the non-local
modeling of particular image details can be locally constrained.
Nonlocal variational formulation
The variational formulation of nonlocal priors has recently become and very active research topic [KOJ05, GO08, GO07, PBC08, ELB08]. These works have
expressed the nonlocal image modeling as particular regularization functionals,
which can be used as part of the overall variational minimization functional given
in Eq. (3.6). This formulation is an important development since it allows to apply nonlocal …ltering to variety of problems that exploit the variational framework,
such as deblurring [KOJ05, Mig08], inpainting [PBC08], super-resolution [PBC08],
compressive sensing [PBC08], image colorization [LTE08], and tomographic reconstruction [CMF+ 08].

3.2

Transform-domain …lters

In Section 2.1 we stated that linear transforms can be a very useful tool for modeling the redundancies in natural images. Therefore it is not surprising that they
…nd a signi…cant application in image processing. Indeed, transforms such as the
DCT and the DFT have long [AR75] been used in signal and image processing to
exploit redundancies in signals (audio, images, video) and represent them sparsely.
For example, the ubiquitous MPEG 1, 2, and 4 video compression standards as
well as the JPEG image compression standard all exploit the block DCT. The
block DCT is realized by applying 2-D DCT on small disjoint image blocks, where
local correlations are exploited to produce sparse image representation.
Following their introduction [BA83, Mey93, Mal89a, Dau88, Mal89b] to the
signal-processing community, multiscale transforms (wavelets, pyramidal decompositions, etc.) have been found particularly e¤ective in obtaining sparse image
representations [Mal08], a very important property also discussed in Section 2.1 in
the context of natural-image statistics. We give the following de…nition of multiscale transforms: linear transforms whose basis elements are obtained by dilations
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(scalings) and translations, and possibly by rotations, of one or more generating
functions. A notable member of the multiscale transforms is the wavelet decomposition, which uses a wavelet generating function # of zero mean to compose a
dictionary of basis elements, which can be expressed in the continuos domain as
½
μ
¶¾
1
w¡x
D = # x>v (w) = p #
>
v
v
x2R>vA0
where x is a shift (translation) parameter and v is a scale parameter. Dyadic
wavelet decompositions where x = 2m are probably the most commonly used ones
in image processing. The discrete dyadic wavelet decomposition can be e¢ciently
computed using a cascaded two-band …lterbank (see Chapter 7 in [Mal08]) in R (Q )
time on a signal with Q elements. In contrast with trigonometric transforms (such
as the DCT, the DFT, etc.) and transforms with …xed spatial localization (such
as the block DCT and the short-time Fourier transform), multiscale decompositions are more ‡exible as they allow for sparse representation of images structures
with varying localization in time and in frequency and, possibly, with varying
orientation.
The dictionary of a transform can in general be overcomplete, which means
some strict subset of its elements forms a basis. Overcomplete multiscale representations, in particular, allow for much more ‡exibility and for sparser image representations than non-overcomplete ones and have become a very important tool
in image restoration [Mal08, CD95, SFAH92a]. Translation-invariance of a multiscale decomposition is one property that requires overcompleteness [CD95]; this
property is desirable because image structures are not necessarily aligned with the
particular translations of the basis elements of a ON decomposition. Other commonly used overcomplete transforms are the dual-tree complex wavelets [Kin01],
which are near translation invariant and near rotation invariant, and the steerable
pyramid [SF95, GBP+ 94], which allows for approximate rotation invariance. Not
restricted only to dictionaries of multiscale transforms, overcomplete representations have been used in the extension of the block-DCT type of transforms to
sliding-window transforms [ÖYE98, Gul03], where the overcompleteness is due to
overlaps between successively transformed blocks.
The transforms considered above have …xed dictionaries. Thus, a question
arises whether a transform can have dictionary of elements that are adapted to
the input image. The answer is positive and the development such transforms
that adapt to geometrical regularities in images is an active research topic. The
ON decomposition into principal component (PCA) [Jol02] is one well established
such method, where the basis elements are obtained as the eigenvectors of a covariance matrix (that is either a priori known or is empirically computed). The
decomposition into independent components (ICA) [Hoy99] is another adaptive
(overcomplete, in general) transform that has found applications in image processing. A di¤erent approach to adaptivity was sought by the shape-adaptive DCT
(SA-DCT) [SM95], where the shapes of the neighborhoods on which this transform
is applied are data-adapted; this transform has also been successfully applied to
various image-processing problems [Foi07]. To name a few other adaptive transforms, we would like to mention some of the transforms that have adopted the
“lets” ending: the brushlets [MC97], the ridgelets [Don98], the wedgelets [Don99],
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the curvelets [SCD02], the contourlets [DV05], the bandlets [LPM05], the shearlets
[LLKW05], the surfacelets [LD07], the grouplets [Mal09]. Other adaptive transforms that are exploited very successfully in image denoising are given in Section
3.2.3.

3.2.1

Bayesian transform-domain …lters

Bayesian estimation together with stochastic modeling of (multiscale) transform
coe¢cients is a powerful tool in image processing [Mal08, Bov05]. The main problems in this area are the choice of transform and the derivation of prior models
for its coe¢cients. A sparse image representation allows to use a relatively lowcomplexity prior with few parameters — whereas in pixel domain, low-complexity
priors are not appropriate, in general, due to the huge diversity of natural images. Studies [WZ90, BS97b] on multiscale transforms of natural images have
found that the transform coe¢cients have highly kurtoic marginal distribution
characterized by a strong peak at zero and heavy tails, which can be modeled
e.g. by the generalized Gaussian distribution [Mal08] (which also generalizes the
Laplacian distribution). In addition to these …ndings, multiscale representations
of natural images contain correlations both between coe¢cients from a given scale
(intra-scale) and between coe¢cients from di¤erent scales (inter-scale). To model
these correlations, multivariate priors must be considered. The Gaussian scale
mixtures (GSM) model [RCB99, WS00] was found to be particularly e¤ective for
capturing intra-scale correlations by modeling neighborhoods of relatively small
size (e.g., 3£3 or 5£5) of multiscale transform coe¢cients. This model was shown
[PS03, PSWS03, GCP05, GCSP08, HS08] to be quite successful for image denoising. An extension of the GSM was recently proposed in [GPP09], where discrete
mixture of linear projected GSMs were used either by projection onto …xed bases
or onto data-adaptive PCA bases. Models of intra-scale correlations of neighboring
coe¢cients by hidden Markov models have also been considered [CNB98, RCB99].
Without going into further details on this topic, we refer the reader to the recent
developments [Sel08, RAS08, HS08, GPP09] and to the references therein. At this
point we can conclude that multiscale transforms can be a very useful tool for deriving low-complexity image priors. The Bayesian estimation has had a signi…cant
implication in the derivation of shrinkage estimators — a topic discussed in the
following section.

3.2.2

Shrinkage …lters

Closely related to the Bayesian estimation and the variational formulation, shrinkage of a transform spectrum is one of the main image-restoration tools. A very
simple general de…nition of shrinkage is: a procedure that attenuates the magnitudes of transform coe¢cients. A shrinkage estimator can be expressed in the
following simple form
|^shr = T ¡1 fshrink (T f}g)g >
where T is a linear transform operator, T ¡1 is its inverse, and shrink is a shrinkage
nonlinear operator. Early works [Yar85] of Yaroslavski showed good potential
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of empirical Wiener …ltering (a form of shrinkage) being applied in block-DCT
domain, which is de…ned (for AWGN) as
¯ ¯2
¯^¯
¯ ¯
shinkW IE () =  ¯ ¯2
,
(3.8)
¯^¯
¯ ¯ +  2
¯ ¯2
¯ ¯
where ¯^
 ¯ is an (empirical) estimate of the squared magnitude of . Notably,
shrinkage of wavelet coe¢cients was established and extensively studied in milestone works of Donoho and Johnstone [DJ94, DJ95]. In particular, they studied
soft- and hard-thresholding, de…ned respectively as
½
sign () (jj ¡  ) > if jj A 
shrinkST () =
0>
otherwise,
½
> if jj A 
(3.9)
shrinkHT () =
0> otherwise,
where  is a threshold parameter, whose selection is an important problem.
A
p
well-adopted non-adaptive threshold is the so-called universal threshold 2 ln (q),
where q is the number of elements in the input signal (and 2 is the AWGN
variance).
The development of data-adaptive thresholds and shrinkage functions has been
and still is a very active research topic. The SureShrink proposed in [DJ95] uses
an adaptive threshold that minimizes the Stein’s unbiased risk estimate at each
decomposition level. Bayesian estimation used with particular prior PDFs of multiscale transform coe¢cients has found a signi…cant application in the derivation of
shrinkage estimators. The Bayesian approaches considered in the previous section
can be interpreted by some shrinkage rules which depend on the noise model and
on the exploited priors. In what follows, we consider approaches that explicitly derive shrinkage operators from problems posed in the Bayesian framework. Among
the …rst such approaches is the wavelet coring [SA96], which uses a generalized
Laplacian prior for the coe¢cients of the steerable pyramid [SF95]. A later development [LL98] showed that wavelet shrinkage can be considered as the minimizer
of some particular variational formulation; i.e. this work established an equivalence
between these two denoising approaches. The bivariate shrinkage [SS02] exploits
inter-scale correlations in wavelet transforms by a bivariate Laplacian prior of the
parent-child pair of wavelet coe¢cients, where a parent coe¢cient has the same
relative spatial location as its child but is at the next coarser scale. The ProbShrink
estimator proposed in [PP06] exploits both inter- and intra-scale correlations. The
recent SURE-LET [LB08] shrinkage estimator exploits inter-scale correlation and
was later also extended [YCP08] to exploit intra-scale correlations. The trivariate
shrinkage [YZW09] exploits a trivariate Gaussian prior to model both the interand intra-scale correlations.
Since shrinkage is the main denoising tool used throughout the thesis, it is
worth considering the quadratic risks (i.e. MSE) of the hard- and soft-thresholding
shrinkage operators de…ned above in the simpli…ed scenario of non-adaptive threshold and orthonormal transform. The general formula of the quadratic risk for any
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Figure 3.1: Plot of the quadratic risk (scaled by the noise variance  2 ), ul @2 , of a
single hard-thresholded transform coe¢cient T f|gl (when using a …xed threshold
 = ) as a function of  and the signal-to-noise amplitude ratio jT f|gl j @.
estimator |^ is
u|^ =

o
1 X n
E (| ({) ¡ |^ ({))2 =
j[j {2[

Given an orthonormal transform T and a …xed threshold  = > the quadratic
risk of the hard-thresholding is derived as in [MAJ+ 98],
j[j

u|^H T

2 X
=
uH T
j[j l=1

μ

¶
jT f|gl j
> >


(3.10)

where T f|gl denotes the l-th (noise-free) transform coe¢cient (for soft-thresholding,
HT should be replaced by ST) and
uHT (> ) = 1 + (2 ¡ 1) [© ( ¡ ) ¡ © (¡ ¡ )] +
+ ( ¡ ) ! ( ¡ ) + ( + ) ! ( + )
¡ 2
¢
uST (> ) =  ¡ 2 ¡ 1 [© ( ¡ ) ¡ © (¡ ¡ )] +
+1 + 2 ¡ ( ¡ ) ! ( + ) ¡ ( + ) ! ( ¡ ) >
where  = jT f|gl j @ denotes the signal-to-noise amplitude ratio; ! and © are the
standard normal PDF and CDF, respectively. In order to give an interpretation
of the quadratic risk formula, in Fig. 3.1 we present the quadratic risk ul =
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2 uH T (jT f|gl j @> ) when hard-thresholding a single transform coe¢cient T f|gl .
We make the following observations based on this …gure.
1. When  À  (i.e., jT f|gl j À  = , which means that it is very likely to
retain the coe¢cient), then we observe ul ¼  2 , which means that the risk
is the same as if we use the noisy coe¢cient (whose risk is also  2 ).
2. When  is relatively large (e.g.  A 2) and  ? 1 (meaning that jT f|gl j ?
), then we observe that ul ? 2 , which means that the hard-thresholded
coe¢cient has smaller quadratic risk than the noisy one — that is the case
when hard-thresholding bene…ts us.
3. When  ¼  (i.e., jT f|gl j ¼  =  , which is the case when the coe¢cient
has approximately the same magnitude as the threshold), then ul A 2 and
thus hard-thresholding is at disadvantage; i.e. its quadratic risk is greater
than the risk of the noisy transform coe¢cient.
Based on the above observations, we can conclude that it is desirable to have as
many as possible small-magnitude coe¢cients jT f|g¢ j ¿  (in a ON-transform
spectrum of the image |) and as few as possible high magnitude coe¢cients
jT f|g¢ j À . The ideal case corresponds to having only one non-zero transform
coe¢cient — i.e. the case when one of the basis elements of the ON-transform
coincides with the noise-free image |. The above observations exemplify why sparsity of an image representation is crucial when performing hard-thresholding, and
shrinkage in general.

3.2.3

Adaptive-transform …lters

Adaptive transforms, whose basis elements are adaptively computed from the input
data (e.g., PCA, ICA, wavelet packets), can be a powerful tool for image denoising.
It is reasonable to expect that the adaptivity of the basis elements only improves
the sparsity of representing various image details as compared with transforms
that have …xed basis elements.
An image denoising method that uses local Principal Component Analysis
(PCA) was proposed in [MP03], where it was shown to be highly e¤ective in reconstructing textures and oscillatory patterns. Independent Component Analysis
(ICA) bases have also been shown [Hoy99] to be e¤ective for sparse representation
of natural-image patches and hence for image denoising. The pointwise shapeadaptive DCT (P.SA-DCT ) image denoising [FKE07a, Foi07] exploits shrinkage
of the SA-DCT spectra of adaptive-shape image neighborhoods. The adaptiveshape neighborhoods, obtained using the directional LPA-ICI estimator, capture
highly homogeneous signal that can be sparsely represented by the SA-DCT. A recent extension [CM09a] of the steering kernel regression image denoising [TFM07]
exploits adaptive transforms in addition to adaptive estimation neighborhoods
(with fewer degrees of freedom as compared with the SA-DCT …lter).
In the context of adaptive transforms, we wish to mention the K-SVD method
[EA06], which can be regarded as a signi…cant advance on this topic. The K-SVD is
a framework for learning a dictionary of basis elements (atoms) that can represent
image patches (of relatively small, …xed size) sparsely. Such a dictionary can be
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trained either from one or more representative noise-free images or alternatively
from the input noisy image itself. The training of the dictionary is posed as an
optimization problem which is solved by applying singular value decompositions
and orthogonal matching pursuit (OMP) [MZ93]. The application of a learnt KSVD dictionary in conjunction with OMP was shown [EA06] to achieve very good
denoising results. In the recent work [MSE08], the K-SVD method was extended by
employing a multiscale representation; i.e., dictionary elements at di¤erent scales
of a quad-tree decomposition are utilized. This method, which we abbreviate
MS-K-SVD, is among the state-of-the-art as we show later in Section 4.6.

3.2.4

Nonlocal transform-domain …lters

The nonlocal spatial …lters considered in Section 3.1.5 were shown (e.g., in [KB06])
to be competitive with the best transform-domain …lters. Thus arises the question
whether sparse transform-domain representations and nonlocal modeling can be
combined so that the strengths of both techniques are preserved. We showed that
the answer to this question is positive by proposing the image denoising method
in [P1], where the following techniques were exploited:
² grouping: …nd and stack together similar blocks into 3-D arrays (exploiting
nonlocal modeling)
² collaborative …ltering: apply a 3-D transform in order to represent sparsely
the 3-D arrays, attenuate noise by shrinkage, and invert the 3-D transform,
² aggregation: combine the estimates of the collaborative …ltering in case of
overlaps.
A generalization of this denoising method was proposed in [P2], which we called
BM3D. The term BM3D stands for Block-Matching and 3-D …ltering (blockmatching is used to …nd similar blocks). The good denoising results of the BM3D
…lter [P2] not only con…rmed that the joint application of linear transforms and
nonlocal modeling is indeed e¤ective, but they inspired applications of this denoising scheme to other image processing applications, which we consider in Chapter
5. In addition, we proposed extensions of the BM3D …lter to anisotropic neighborhoods [P7] and to data-adaptive PCA representations [P8], both of which we
consider in more details in Chapter 4.
The BM3D …lter has been studied [KFEA10] in the context of nonparametric
regression modeling in imaging. It is classi…ed there as a multipoint nonlocal estimator, which uses a multiple-model of the grouped similar blocks. Following this
model, the collaborative …ltering is derived as a minimizer of a particular variational functional. Other important issues that are considered (separately from
collaborative …ltering) in this paper are overcomplete representations and the aggregation of individual estimates by weighted averaging. One of the …rst attempts
to provide a theoretical justi…cation of the combination of grouping, collaborative
…ltering, and aggregation was [KFE07], where mix-distribution observation modeling was considered. A variational formulation with a particular nonlocal image
prior was proposed in [Kat09] and was shown to be minimized by an iterative
application of the BM3D …lter. A breakthrough in image deblurring occurred in
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the later work [KE08] which also exploits the BM3D …lter in iterative variational
minimization with a prior on sparsity.
In addition to the works done by the author of this thesis and by his collaborators, there exist other methods that belong to the class of nonlocal transformdomain …ltering. One such development is the grouplets transform [Mal09] which
is based on a modi…ed Haar dyadic decomposition and, in analogy with the BM3D
…lter, on a speci…c grouping procedure. The grouping is realized as a multiscale
association …eld that de…nes the structural similarities between neighborhoods
centered at various spatial locations. It is quite obvious that this association …eld
exploits nonlocal image modeling in a manner that is similar to the nonlocal …lters. As suggested in [Mal09], the construction of the association …eld can be
done by block-matching, yet another analogy to the BM3D …lter. The overall
grouplet spectrum is obtained by a weighted Haar dyadic decomposition modi…ed
by the multiscale association …eld. The modi…cation is as follows; the di¤erence
(detail) and the averaging (approximation) coe¢cients are computed respectively
by a di¤erence and average between an pixel and its associated one — rather than
between spatially neighboring pixels as in the ordinary Haar decomposition. The
grouplets can be applied on an image or on a wavelet spectrum of an image, since
the wavelet spectrum also contains structural regularities. In the latter case the
overall transform was termed grouping bandlets. Whereas the few results given in
[Mal09] for image denoising by shrinkage of grouping bandlets show good detail
reconstruction, the MSE results are not competitive with the state-of-the-art. Application of the grouping bandlets to video denoising was proposed in [MY08] and
to inpainting in [MCAFM08].
Another work that we wish to mention in this section is the image representation by nonlocal spectral bases [Pey08]. In particular, this work shows the
superiority of a nonlocal manifold modeling of images patches over local one and
shows how the models can be exploited for image denoising by thresholding of
adapted orthogonal decomposition spectra.
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Chapter 4

BM3D: a Nonlocal
Transform-Domain Filter
In this chapter we study the BM3D …lter [P2] and its generalizations to adaptiveshape neighborhoods [P7] and to data-adaptive PCA representations [P8]. In
particular, we brie‡y explain the BM3D algorithm and present results that are
mostly complementary to the results presented in [P1], [P2], [P7], [P8].

4.1

The basic BM3D algorithm

Let us …rst present the basic algorithm exploited by the BM3D …lter.
Basic BM3D algorithm
² Partition the input image } into (overlapping) blocks ]{2[ , where [ is the
set of these blocks’ coordinates. For each block ]{2[ in the partition, do:
– grouping: group blocks that are similar to ]{ into a 3-D array,
Z3D
{ = grouping (]{ ) >

(4.1)

– collaborative …ltering : …lter the 3-D array Z3D
{ by applying a 3-D transform T , shrinkage, and the inverse 3-D transform,
¢¢¢
¡
¡ ¡
^ {3D = T ¡1 shrink T Z3D
.
(4.2)
Y
{
^ 3D by weighted
² Aggregation: aggregate all …ltered blocks from each group Y
{2[
averaging at locations where they overlap.

The following paragraph and sub-sections give some additional details of the above
algorithm, whereas a more detailed study can be found in [P2] or in [P1].
27
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Figure 4.1: Illustration of grouping blocks from noisy natural images corrupted by
AWGN with =15. Each fragment shows a reference block marked with R and a
few of the blocks matched to it.

Figure 4.2: Flowchart of the basic BM3D algorithm. The block designated with
R is the current reference block.
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The partition (i.e., selection of the set [) of the input image into blocks can be
performed as in [P2] where a raster scan is followed and each next block is taken
with a …xed pixel shift from the previous one so that there is some mutual overlap.
Such a selection enables two desirable properties; there exists at least one estimate
for each image pixel and blocking artifacts are to some degree avoided. Below we
discuss the two fundamental procedures of the BM3D algorithm, the grouping and
the collaborative …ltering. In the following sub-sections, the currently processed
block is …xed as ]{ and we further denote it as reference block.

4.1.1

Grouping

The grouping procedure incorporates the nonlocal image modeling by …nding
blocks that are similar to the given reference block, ]{ , and stacking them together to form a 3-D array, Z3D
{ . Before we proceed, we would like to de…ne block
similarity, a term that is very frequently used not only in this section but in the
rest of the thesis. We de…ne the block similarity between two blocks as the inverse
of a os -distance between these blocks, where s = 2 is assumed if s is not explicitly
speci…ed. When computed from (non-overlapping) blocks corrupted by AWGN,
then the block-distance is also noisy with variance de…ned by Eq. (3) in [P2].
A natural question arises: what is the advantage of grouping similar blocks?
The motivation for doing the grouping procedure is the induction of high correlation across the third dimension of the 3-D array Z3D
{ (i.e. between the grouped
blocks). This correlation can then be exploited to improve the estimation of the
noise-free image underlying the AWGN. Furthermore, one may also contend that
since the grouped blocks are already present in the image, a method such as a
transform applied on the whole image can take advantage of their similarity without bothering to do any grouping. Whereas this is possible for highly structured
images, for natural images in general, the diversity of details is so great that e.g.
a …xed linear transform cannot achieve good sparsity for each of the extremely
many possible con…gurations of the image details. The grouping procedure is a
good solution for that problem — it exploits structural similarities of possibly
nontrivial details to obtain a collection of similar image patches of relatively small
size (e.g. 8£8 patches were used in [P2]). Its strength is in detecting structures
in the image, where they are otherwise not easy to …nd. This is well illustrated
in Fig. 4.1 where a few examples of grouping are given. In particular, a good
example is the second image on the bottom row of this …gure, which shows how
blocks that belong to two di¤erent parallel edges are combined in a single group.
The order in which the found similar blocks are stacked in Z3D
{ was empirically
found in [P2] to a¤ect only marginally the denoising performance, and not in a
consistent manner over the set of test images.
Another question is how to …nd the similar blocks. In [P1] we proposed to
apply block-matching to compute block distances between the reference block ]{
and other blocks that belong to a search neighborhood of …xed size centered at
{. The decision which blocks to group in Z3D
{ is based on whether their distances
are smaller than a prede…ned threshold and, in addition, on a restriction of the
maximum number of grouped blocks, denoted by Q2 in [P1]. The latter means
that at most Q2 blocks with the smallest block-distances to ]{ are grouped. An
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illustration of some particular groupings is given in Fig. 4.1.

4.1.2

Collaborative …ltering

As we stated in the previous sub-section, the correlation induced in Z3D
{ by the
grouping can be exploited to improve the estimation. One possible approach to
exploit this correlation, exempli…ed by the nonlocal spatial …lters, is to perform a
weighted averaging of the central pixels of all grouped blocks, where the weights
depend on the blocks’ similarity with the reference block. The result of this averaging is an estimate of the central pixel of the reference block. While this
approach can work well for images with high degree of structural similarities (such
as textures), it is outperformed in terms of both detail preservation and PSNR by
transform-domain methods (such as the BLS-GSM [PSWS03]).
Naturally, arises the question: can sparsifying transforms be combined with
nonlocal modeling so that both techniques complement each other?
A positive answer to the above question was …rst given in [P1] with the development of what we call collaborative …ltering. The collaborative …ltering used by
the BM3D algorithm is a procedure that …lters jointly a group of similar blocks
and produces estimates for each one of them. The name collaborative stems from
the collaboration of individual grouped blocks in the …ltering of a whole group.
This collaboration is essentially achieved by exploiting both similarities between
grouped image blocks and similarities within each block. As discussed earlier in
Section 3.2,
² linear transforms can be particularly e¤ective in obtaining sparse representations when there exist correlations in the input signal and
² shrinkage is a powerful denoising tool that exploits sparse representations.
In line with these observations, we proposed as early as [P1] a collaborative …ltering
that comprises forward sparsifying 3-D transform T , shrinkage (denoted shrink),
and inverse 3-D transform T ¡1 . A sparse representation after applying the 3-D
transform T enables the shrinkage to e¤ectively attenuate noise. An evaluation of
various separable 3-D transforms was done in [P2], which showed that the MSE
performance di¤erences are not signi…cant as long as the transform applied across
the third (temporal) dimension of a group has a DC basis element. This result can
be explained by the fact that the DC basis element (of the transform applied across
the third dimension of a group) is the one that incorporates the similarity between
the grouped blocks. In particular, the 3-D transforms that were used to generate
the results in [P2] are separable compositions of 1-D Haar dyadic decomposition
(across the third dimension of a group) and either a 2-D dyadic biorthogonal
wavelet decomposition or the 2-D DCT. The shrinkage operators exploited in [P2]
are either hard-thresholding or empirical Wiener …ltering. The former uses the
non-adaptive universal threshold and the latter requires preliminary estimates of
the magnitudes of all 3-D transform coe¢cients, the computation of which is discussed in Section 4.2. The output of the collaborative …ltering is essentially a 3-D
^ {3D , that contains an estimate of each pixel in each of the grouped blocks.
array, Y
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Aggregation

After performing grouping and collaborative …ltering for all of the reference blocks
3D
^ {2[
^ {3D contains an estimate
]{2[ , we obtain the …ltered groups Y
. Each group Y
of its corresponding reference block as well as estimates of each grouped block.
Overlaps between these estimated blocks are practically inevitable, which means
^ 3D is a redundant representation of the denoised image. Thus arises the
that Y
{2[
question how should the obtained estimates be combined to form a single estimate
of the noise-free image. A very simple solution is, e.g., to average all estimated
blocks that overlap at a given pixel location. In [P1], we followed a more elaborate
and well established (see [KFEA10]) weighted averaging with weights
z{ = 

¡2

°
°
° shrink ¡T ¡Z3D ¢¢ °¡2
°
°
{
° ,
°
°
°
T (Z3D
{ )

(4.3)

2

where divisions are performed elementwise and a division by zero is assumed zero;
this equation is equivalent to Eqs. (10) and (11) from [P2], with shrink being
respectively hard-thresholding from Eq. (3.9) or empirical Wiener …ltering from
Eq. (3.8). There are a few important properties of these weights.
² The weights are approximately1 inversely proportional to the residual noise
variance in each of the groups.
² The weighted average is the maximum likelihood estimate of the denoised
pixel provided that the averaged pixel-estimates are unbiased, independent
and normally distributed, and their variances are the inverse of their weights.
² Another interpretation of the proposed weights is that sparser 3-D transformdomain representations are given greater weights, i.e. manifested by a stronger
attenuation of the spectrum by the shrinkage.
It is also worth noting that the very same weight z{ is assigned to each of the
^ {3D , including the reference block’s estimated pixels. That
estimates contained in Y
means that there is no preference given for the reference block nor is there any
preference based on the block-distance to the reference. In addition, in [P2] we
proposed to further scale z{ across each block so that the pixels at the border
of the block are given smaller weights and the central pixel is given the greatest
weight; this was realized with a Kaiser window.
Weighted averaging (as well as nonlocal image modeling) is exploited by both
the BM3D …lter and the nonlocal spatial …lters. Therefore, it is worth discussing
what are the fundamental di¤erences between these weighted averaging schemes.
Indeed, the BM3D …lter performs the actual noise attenuation by the shrinkage
used in the collaborative …ltering, which produces estimates for all pixels in each
1 The word approximately is used since equality holds only if the grouped blocks are nonoverlapping and the shrinkage does not depend on theinput noisy image. If some of the grouped
blocks overlap, which is very likely, then the noise in T Z3D
is correlated and taking into account
{
this correlation involves computationally very expensive procedures of detecting the overlaps and
computing the variance of each transform coe¢cient. In addition, both the hard-thresholding
and the empirical Wiener …ltering (used by the BM3D …lter) do depend on the input data.

32

CHAPTER 4. BM3D: A NONLOCAL TRANSFORM-DOMAIN FILTER

grouped block. Subsequently, weighted averaging is used only to combine estimates that overlap at a given pixel location, if there exist such overlaps at all.
On the other hand, the nonlocal spatial …lters solely rely on weighted averaging of noisy pixels to perform denoising, where the weights depend on similarities
between neighborhoods centered at the averaged pixels and the neighborhood centered around the estimated pixel. That is, the weighted averaging is the primary
denoising tool of the nonlocal spatial …lters — which is not the case with the
BM3D …lter.

4.2

Two-step implementation of the BM3D …lter

The overall BM3D …lter proposed in [P2] exploits the basic BM3D algorithm
described in Section 4.1 in two successive steps (illustrated in Fig. 3 of [P2]). In
the …rst step, the grouping is done by block-matching in the input noisy image
and the collaborative …ltering uses hard-thresholding shrinkage. In the second step,
the grouping is done by block-matching in the estimated image from the …rst step
and the collaborative …ltering exploits empirical Wiener …ltering, which utilizes
the estimated image from the …rst step to determine the shrinkage coe¢cients,
given in Eq. (8) in [P2]. In this context, the …rst step of this algorithm can
be viewed as an initialization step. The improvement contributed by the second
step can be explained as follows. Performing the block-matching (used by the
grouping procedure) in the initial estimate, rather than in the noisy image, means
that the noise is not a¤ecting the correctness of the block-matching. In addition,
the empirical Wiener …ltering is more e¤ective than hard-thresholding when the
estimate image from the second iteration is used for providing a reliable estimate
of the power spectrum of the 3-D groups. The bene…t of applying this two-step
estimation has been empirically con…rmed in every single experiment performed
by the author. The particular selection of hard-thresholding and empirical Wiener
…ltering for the …rst and the second steps, respectively, has also been a result
of an empirical optimization, where various other shrinkage schemes have been
considered.
The complexity of the BM3D algorithm is linear with respect to the number
of pixels in the image and the approximate number of arithmetic operations per
pixel is given in Section IV.A in [P2]. From there it is also evident that the
complexity can signi…cantly vary depending on various parameters — allowing a
trade-o¤ with the denoising quality. In particular, in [P2] we proposed what we
called “Fast Pro…le” with a set of algorithm parameters that reduce the complexity
…ve times as compared with the default parameters used there, which were called
“Normal Pro…le”. The performance (PSNR) di¤erence between these two pro…les
is mostly marginal as shown in Fig. 9 in [P2].

4.3

Highly sparse 3-D transform representation

Sparse image representation is a central topic of this thesis. In Section 2.1, sparse
representations were linked to the formation of vision in the brain and identi…ed
as very important concept in the modeling of natural-image statistics. In fact,
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the pursue of sparse image representations has long been established as one of the
main research problems for the latter. In the introduction (Chapter 3), sparse
representations were also identi…ed as a very important tool in image restoration.
In particular, the transform-domain …lters from Section 3.2 explicitly rely on sparse
transform-domain image representation to achieve denoising (e.g., by shrinkage).
In line with the above observations, the BM3D algorithm presented in Section
4.1 exploits grouping of similar blocks only in order to improve the sparsity of the
representation in the 3-D transform domain. Given the importance of sparsity, it
is interesting to see if the sparsity improvement of the BM3D can be measured in
objective manner.
Various measures of sparsity exist [HR08] and to this date there is no single
unanimously adopted such measure. Based on the study made in [HR08], we
adopted the Hoyer measure of sparsity, de…ned originally in [Hoy04] for a discrete
signal v with q elements as
p
q ¡ kvk1 @ kvk2
p
Hoyer (v) =
q¡1
where k¢ks denotes the s-norm. The range of the this measure is [0> 1], where
unity (i.e. sparsest possible signal) is attained when there is only one nonzero
element in v and zero (i.e. least sparse signal) is attained when all elements of v
are equal. The values in between zero and unity are interpolating between these
two boundary cases.
We performed experiment where we computed the average Hoyer sparsity of
all noise-free groups’ 3-D transform spectra. For this experiment we used the
luminance of each of the 24 images from the Kodak dataset. For this experiment
we restricted the original BM3D algorithm to group only blocks that are not
mutually overlapping; this was done in order to have a fair comparison as otherwise
the sparsity can be seen as a result of grouping the very same data. The main result
of this experiment is given in Fig. 4.3, a comparison of the average sparsity of 3-D
transform spectra with the average sparsity of 2-D transform spectra. The used
3-D transform was a separable composition of a 2-D DCT (applied on each block)
and 1-D full dyadic Haar decomposition (applied across the third dimension). In
the case of using only a 2-D transform, we applied only the 2-D DCT on each of
the grouped blocks (thus skipping the 1-D transform across the third dimension).
In order to take into account the e¤ect of noise, the block-matching was performed
on images blocks corrupted by AWGN with  = 15 — whereas the grouped blocks
were essentially noise-free. In addition, the experiments were performed with 8£8
blocks and maximum grouped Q2 = 16. A conclusion that can be made from
the result given in Fig. 4.3 is that the 3-D transform domain representation is
consistently sparser than the 2-D transform representation (by more than a 10
per-cent increase in the Hoyer measure) for each of the 24 considered test images.

4.4

Links to human visual perception

In this section we make some speculations about possible links between the grouping procedure used by the BM3D and the human vision. In Section 2.1 we pointed
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Figure 4.3: Comparison of the average sparsity of 3-D transform spectra (red) with
the average sparsity of 2-D transform spectra (blue). The Hoyer sparsity measure
is averaged over all noise-free groups’ spectra.

out to evidence (prior work) that simple cells in the V1 of the visual cortex respond to simple local oscillations that vary in orientation and scale. An important
question that arises is how are the individual responses combined for the purpose
of subsequent processing such as recognition. Interestingly, the Gestalt theory
[Kof35], which o¤ers a non-constructive answer to this question, had been established in the beginning of the twentieth century — much earlier than the question
above had arisen. In the context of vision, the Gestalt theory speci…es that perceptual grouping occurs in the brain so that a whole (i.e. Gestalt) is perceived
rather than a collection of the (various) individual objects that form it. That is,
”the whole is greater than the sum of its parts”. Various principles (laws) of perceptual grouping have been proposed. The principle of similarity says that similar
objects tend to be perceived as a whole within a larger context of objects that are
not similar. The principle of proximity says that objects that are mutually closer
(as compared to other objects) are perceived as a whole. The principle of good
continuity says that geometrically continuous (rather than discontinuous) objects
are perceived as a whole. Other principles include the principles of symmetry, of
closure, of common fate. Whereas the Gestalt theory does not specify how the
perceptual grouping is realized in the brain, neuroscientists have …lled that gap.
Recent works [FH04, Lee03] suggest that complex feed-forward and feed-back connections between neurons in V1 of the visual cortex are responsible for some of the
Gestalt groupings. This is a signi…cant advance from the traditional understanding
that neurons in V1 are fully characterized by the their individual response …elds
(i.e. ones that resemble the basis elements of multiscale decompositions).
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In the context of Gestalt perceptual grouping, the grouping done by the BM3D
…lter can be seen as incorporating at least: the principle of similarity by grouping
blocks that are similar to a reference block; the principle of proximity by grouping
only blocks that are in a …xed search neighborhood around the reference block.
That is, the grouping done by the BM3D …lter exploits these principles in order
to capture structural similarities in the image. This behavior is well illustrated
in Fig. 4.1, where we show some grouped blocks which follow the structure of
underlying objects (such as edges).

4.5

Extensions

In this section we consider extensions of the BM3D …lter that attempt to further
increase the sparsity of representing images in local 3-D transform domain. We
consider extension to anisotropic neighborhoods and to data-adaptive PCA in the
following sub-sections.

4.5.1

SA-BM3D: extension to anisotropic neighborhoods

The similarity between grouped blocks was shown (Section 4.3) to improve the
sparsity in 3-D transform domain, which results in improved denoising results.
A signi…cant contribution to this sparsity comes from the intra-block similarity,
or to put it more precisely, the ability of the transform to represent sparsely
individual blocks. In particular, the BM3D …lter uses square blocks of …xed size.
It is thus interesting to know if employing neighborhoods that are not square can
be bene…cial for improving the sparsity. The exploitation of neighborhoods of
adaptively varying shapes has already been identi…ed as a solution to this problem
by the P.SA-DCT …lter [FKE07a]. This …lter uses adaptive-shape neighborhoods,
within which the noise-free signal is assumed to be highly homogeneous. This
allows sparse representation of these neighborhoods in SA-DCT domain. The
shapes of these neighborhoods are adaptively determined from the input image
using the directional LPA-ICI estimator.
In pursue of improving the BM3D …lter by increasing the sparsity in the 3D transform domain, in [P7] we proposed a joint generalization of the BM3D
and the P.SA-DCT …lters. This method, termed SA-BM3D, exploits grouping
of similar adaptive-shape neighborhoods into 3-D groups, which are generalized
cylinders with adaptive-shape cross sections. In this manner, both the nonlocal
image modeling and the local adaptivity to image details are exploited. The correlation (similarity) between the true-signal components within a group is increased
as compared with the BM3D where the 3-D groups are parallelograms with …xed
square cross-sections. The collaborative …ltering of such groups uses a 3-D transform that is a separable composition of the (2-D) SA-DCT and the 1-D Haar
dyadic decomposition. The overall algorithm in [P7] utilizes the same two-step
procedure as the BM3D, where shrinkage by hard-thresholding is used in the …rst
step and empirical Wiener …ltering is used in the second step. We showed in
[P7] that the developed SA-BM3D inherits the strengths of both the P.SA-DCT
and the BM3D …lters and outperforms both of them especially in terms of visual
quality (i.e. lack or artifacts and preservation of edges).
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Figure 4.4: Flowchart of the BM3D-SAPCA algorithm.

4.5.2

BM3D-SAPCA: extension to data-adaptive PCA representations

In the previous section, we presented the SA-BM3D …lter which uses adaptiveshape neighborhoods in order to increase the spatial correlation and consequently
the sparsity as compared with the BM3D. However, even though the neighborhoods
have adaptive shapes, the SA-DCT basis is still …xed for any given shape; i.e. the
basis elements do not adapt to the signal within the grouped neighborhoods.
In order to enable data-adaptivity of the applied shape-adaptive transform, in
[P8] we proposed the BM3D-SAPCA …lter that uses principal component analysis
(PCA) as part of the 3-D transform. Given a 3-D group of adaptive-shape image
patches, the PCA basis is obtained by eigenvalue decomposition of an empirical
second-moments matrix computed from these patches. Subsequently, the PCA
basis is trimmed from those principal components whose corresponding eigenvalues
are smaller than a threshold that is proportional to the noise variance. Hence, the
overall 3-D transform is a separable composition of the PCA (applied on each
adaptive-shape neighborhood) and the 1-D …xed Haar dyadic decomposition in
the third dimension. In [P8] we showed that the BM3D-SAPCA is competitive
and outperforms the current best denoising methods, including the BM3D …lter
that it generalizes, particularly in preserving image details and producing very few
artifacts.
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Results and discussion

Before we present the experiments with the BM3D …lter and its extensions, we wish
to mention some works that have already evaluated the BM3D …lter and which
are not authored by collaborators of the author of the thesis. A psycho-visual
experiment that evaluated images …ltered by various image denoising methods
was performed by the authors of [VVdWPK06]. This experiment showed that
the images denoised by a preliminary version of the BM3D …lter have on average
achieved the highest scores. In another more recent work [CM09b], the authors
study the performance bounds of image denoising methods and in particular show
that the BM3D is among the best performing methods considered therein.
In the sequel of this section we present experimental results that are mostly
complementary to the ones already provided in [P2], [P7], and [P8]. All of these
results are obtained by applying each of the compared methods on exactly the
same noisy images, i.e. using exactly the same arti…cial AWGN realizations. These
results were initially collected in [KFEA10] and in this thesis are used with the
permission of the authors of this article. The same ten standard test images
used therein are used in this thesis but we consider only the ten best-performing
methods from these results; this is done mainly due to space constraints. Thus,
the results of methods such as the NL-means and the LPA-ICI are left out of
the comparisons considered in this work; for a more comprehensive comparison
that includes these and other works, one should see [KFEA10]. We would like to
note that the results of the BM3D algorithm can be reproduced by the publicly
available Matlab script in [DF].
In Tables 4.1 and 4.2, we compare the current state-of-the-art in image denoising, including the BM3D, its generalizations, and also recent developments such as
the MS-K-SVD [MSE08], the P.SA-DCT …lter [FKE07a], the OA-GSM [HS08],
the SA-FIR [KB08]. The methods presented in the tables are ordered from left
to right by decreasing average PSNR/SSIM result. In addition the results listed
in these tables, Fig. 4.7 contains plots with PSNR comparisons of the considered
methods. In order to present objective results that are more closely related to the
perceived image quality than the PSNR, in Tables 4.3 and 4.4, we present SSIM
[WBSS04] results of the compared works. Evaluation of the visual quality can be
done in Figs. 4.5 and 4.6, where we compare fragments of images …ltered with all
of the considered methods.
The BM3D …lter and its extensions are shown in Tables 4.1, 4.2, 4.3, and 4.4
to outperform the other considered works in terms of PSNR and SSIM. Notably,
these good results also correspond to superior detail preservation as can be seen in
Figs. 4.5 and 4.6. It is noteworthy that we do not include the results of the recent
K-LLD method [CM09a]; however, the referred article contains comparisons which
show that while the K-LLD is competitive with the current best methods, it is
outperformed in PSNR by the BM3D …lter for the considered experiments.
It is noteworthy that the PSNR and the SSIM results given in Tables 4.1 and
4.2 are in mutual agreement in almost all of the cases; i.e., the ranking of the
methods based on their PSNR and SSIM results are the same except for few cases.
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Table 4.1: Comparison of the PSNR [dB] results of the current state-of-the-art
image denoising methods. Methods are ordered from left to right by decreasing
average PSNR result.
 BM3D - SA- BM3D MS-KSAKOA- SAFIR BLSTLS
SAPCA BM3D
[P8]
[P7]

5
15
20
25
35

41.47
35.75
34.17
32.97
30.88

41.33
35.47
33.93
32.74
30.80

5
15
20
25
35

38.57
32.37
30.88
29.81
28.17

38.41
32.09
30.62
29.58
28.02

5
15
20
25
35

37.50
32.30
31.02
30.03
28.52

37.30
32.07
30.81
29.84
28.37

5
15
20
25
35

38.86
34.43
33.20
32.23
30.72

38.75
34.28
33.05
32.07
30.57

5
15
20
25
35

40.05
35.17
33.90
32.96
31.38

39.90
35.06
33.85
32.91
31.43

5
15
20
25
35

38.38
33.32
32.01
31.00
29.35

38.14
32.96
31.67
30.65
28.95

SVD

DCT

SVD

[P2] [MSE08] [FKE07a] [EA06]
Montage
41.14 40.96
40.97 40.09
35.15 34.77
34.91 33.86
33.61 33.29
33.36 32.34
32.37 32.02
32.11 31.13
30.46 30.12
30.12 29.30
Cameraman
38.29 38.36
38.15 37.87
31.91 31.79
31.69 31.47
30.48 30.43
30.18 30.00
29.45 29.39
29.11 28.89
27.93 27.84
27.51 27.32
Boats
37.28 37.36
37.14 37.24
32.14 32.14
31.79 31.77
30.88 30.86
30.49 30.39
29.91 29.85
29.48 29.32
28.43 28.37
27.93 27.71
Lena
38.72 38.81
38.54 38.62
34.27 34.14
33.87 33.71
33.05 32.87
32.63 32.39
32.08 31.96
31.66 31.36
30.56 30.40
30.18 29.71
House
39.83 39.91
39.38 39.34
34.94 34.96
34.14 34.25
33.77 33.67
32.92 33.10
32.86 32.71
31.93 32.07
31.38 31.10
30.39 30.29
Barbara
38.31 38.34
37.49 38.11
33.11 33.00
31.39 32.41
31.78 31.59
30.00 30.84
30.72 30.34
28.95 29.58
28.98 28.63
27.35 27.70

GSM
GSM
[HS08] [KB08] [PSWS03] [HP06]

39.14
33.03
31.43
30.17
28.27

39.40
33.27
31.75
30.55
28.73

39.09
32.93
31.32
30.07
28.21

36.18
32.16
30.50
29.66
28.00

37.40
30.93
29.45
28.37
26.84

37.31
30.46
29.29
28.47
27.24

37.47
30.91
29.43
28.34
26.78

37.54
30.96
29.47
28.39
26.85

37.03
31.72
30.41
29.40
27.91

36.25
31.52
30.32
29.36
27.91

36.99
31.72
30.40
29.39
27.92

37.09
31.59
30.25
29.21
27.69

38.52
34.04
32.81
31.83
30.35

38.00
33.81
32.71
31.82
30.42

38.53
33.93
32.69
31.71
30.22

38.64
33.97
32.69
31.69
30.18

38.93
33.73
32.52
31.54
29.98

38.14
33.90
32.94
32.14
30.75

38.67
33.60
32.35
31.35
29.81

39.15
33.82
32.58
31.60
30.07

37.97
32.25
30.76
29.58
27.81

37.02
32.00
30.60
29.39
27.45

37.81
31.90
30.35
29.15
27.35

38.19
32.55
31.06
29.89
28.12
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Table 4.2: Comparison of the PSNR [dB] results of the current state-of-the-art
image denoising methods. The last …ve rows contain the average PSNR result
over all 10 test images considered in this table and in Table 4.1. The methods are
ordered from left to right by decreasing average PSNR results.
 BM3D - SA- BM3D MS-KSAKOA- SAFIR BLSTLS
SAPCA BM3D
P8
P7

P2

5
15
20
25
35

38.34
32.95
31.55
30.43
28.74

38.21
32.68
31.22
30.08
28.35

38.12
32.70
31.29
30.16
28.52

5
15
20
25
35

37.63
32.24
30.88
29.82
28.23

37.56
32.14
30.79
29.73
28.14

37.52
32.11
30.76
29.72
28.15

5
15
20
25
35

37.30
32.05
30.85
29.96
28.62

37.16
31.86
30.69
29.82
28.53

37.14
31.86
30.72
29.85
28.56

5
15
20
25
35

38.03
32.20
30.83
29.81
28.39

5
15
20
25
35

38.61
33.28
31.93
30.90
29.30

37.84 37.82
31.94 31.93
30.59 30.59
29.61 29.62
28.23 28.22
Average
38.46 38.42
33.05 33.01
31.72 31.69
30.70 30.67
29.14 29.12

SVD
DCT
SVD GSM
GSM
[MSE08] [FKE07a] [EA06] [HS08] [KB08] [PSWS03] [HP06]

Peppers
38.22
37.99 37.79
32.45
32.45 32.20
31.07
31.04 30.80
30.05
29.92 29.67
28.37
28.27 28.04
Couple
37.57
37.36 37.33
31.99
31.78 31.47
30.61
30.39 30.02
29.55
29.32 28.88
28.00
27.71 27.09
Hill
37.18
37.03 37.03
31.90
31.60 31.47
30.70
30.40 30.19
29.80
29.50 29.23
28.45
28.22 27.79
Man
37.88
37.63 37.53
31.86
31.70 31.52
30.52
30.32 30.16
29.59
29.32 29.08
28.17
27.91 27.62
(over 10 test images)
38.46
38.17 38.10
32.90
32.53 32.41
31.56
31.17 31.02
30.52
30.13 29.92
28.95
28.56 28.26

37.31
31.82
30.40
29.29
27.64

37.22
32.09
30.81
29.79
28.24

37.31
31.82
30.40
29.29
27.64

37.22
32.09
30.81
29.79
28.24

37.13
31.50
30.14
29.11
27.61

36.79
31.50
30.19
29.15
27.55

37.13
31.50
30.14
29.11
27.61

36.79
31.50
30.19
29.15
27.55

36.99
31.48
30.28
29.39
28.13

36.54
31.34
30.20
29.35
28.11

36.99
31.48
30.28
29.39
28.13

36.54
31.34
30.20
29.35
28.11

37.53
31.66
30.29
29.29
27.83

37.03
31.53
30.25
29.30
27.97

37.53
31.66
30.29
29.29
27.83

37.03
31.53
30.25
29.30
27.97

37.79
32.22
30.85
29.80
28.24

37.37
32.14
30.91
29.93
28.44

37.75
32.14
30.75
29.70
28.14

37.56
32.10
30.71
29.69
28.14
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Table 4.3: Comparison of the SSIM results (multiplied by 1000) of the current
state-of-the-art image denoising methods. The methods are ordered from left to
right by decreasing average SSIM results.
 BM3D - SA- BM3D MS-KSAKOA- SAFIR BLSTLS
SAPCA BM3D
P8
P7

P2

5
15
20
25
35

982
956
943
930
904

983
955
941
927
899

982
954
940
926
896

5
15
20
25
35

963
910
886
864
828

962
903
877
856
823

962
901
875
854
822

5
15
20
25
35

944
857
829
804
762

940
853
824
799
757

939
854
826
801
759

5
15
20
25
35

946
898
881
865
837

945
896
878
861
831

944
896
877
861
831

5
15
20
25
35

960
899
876
861
838

958
897
876
861
838

957
891
873
859
837

5
15
20
25
35

966
926
909
894
861

965
923
906
888
850

965
923
905
887
848

SVD
DCT
SVD GSM
GSM
[MSE08] [FKE07a] [EA06] [HS08] [KB08] [PSWS03] [HP06]

Montage
980
981
971
950
951
927
938
936
910
924
922
895
892
893
869
Cameraman
962
961
953
900
902
882
878
875
853
857
852
830
819
815
796
Boats
941
940
937
856
848
841
825
816
809
798
789
780
753
740
732
Lena
947
944
944
895
891
891
876
872
872
861
855
855
830
825
826
House
958
955
950
897
882
872
871
862
853
856
847
838
832
822
814
Barbara
965
963
963
921
910
912
901
886
889
879
862
866
836
811
820

977
939
923
907
875

967
922
903
886
853

974
932
916
901
872

967
917
894
873
834

959
894
864
837
796

951
875
842
816
777

955
863
837
818
790

953
872
838
809
762

941
842
804
772
720

935
845
813
786
740

921
835
803
775
728

934
846
814
786
738

946
885
863
843
808

942
891
873
857
829

938
887
870
854
828

942
889
869
851
821

954
877
860
845
814

947
869
851
837
811

932
866
854
844
825

942
866
846
829
798

964
910
881
850
795

962
909
883
856
807

957
904
876
844
785

961
901
871
842
787
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Table 4.4: Comparison of the SSIM results (multiplied by 1000) of the current
state-of-the-art image denoising methods. The last …ve rows contain the average
SSIM results over all 10 test images considered in this table and in Table 4.3. The
methods are ordered from left to right by decreasing average SSIM results.
 BM3D - SA- BM3D MS-KSAKOA- SAFIR BLSTLS
SAPCA BM3D
P8
P7

P2

SVD
DCT
SVD GSM
GSM
[MSE08] [FKE07a] [EA06] [HS08] [KB08] [PSWS03] [HP06]

5
15
20
25
35

957
907
887
869
836

956
907
887
868
835

956
907
887
868
834

957
900
882
863
826

5
15
20
25
35

953
878
849
821
773

952
877
848
820
770

951
877
848
820
771

952
875
843
812
762

5
15
20
25
35

945
846
809
779
730

943
839
803
774
726

943
839
804
775
728

944
844
804
773
721

5
15
20
25
35

957
874
841
811
763

954
867
832
803
756

954
867
833
805
758

5
15
20
25
35

957
895
871
850
813

956
892
867
846
809

955
891
867
846
808

955
867
832
804
754
Average
956
891
865
843
802

Peppers
955
948 954
902
883 898
881
860 876
862
839 855
827
804 819
Couple
950
947 950
868
855 855
835
819 815
805
787 779
750
731 712
Hill
943
941 943
832
829 823
792
788 777
759
755 740
709
704 683
Man
952
949 951
861
855 855
823
819 815
791
789 779
741
740 725
(over 10 test images)
954
950 954
885
875 878
858
847 848
834
823 821
793
784 775

948
888
865
843
804

949
893
873
854
822

948
884
858
834
792

947
861
828
798
748

945
856
822
791
735

947
861
827
796
744

941
827
788
755
706

937
814
775
744
697

940
827
788
756
706

951
859
823
792
740

948
853
816
785
739

951
859
822
790
737

949
875
847
823
781

946
870
844
821
782

949
872
843
817
772
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Original

Noisy  = 25
PSNR 20.15, SSIM 0.336

BLS-GSM [PSWS03]
PSNR 28.34, SSIM 0.808

TLS [HP06]
PSNR 28.40, SSIM 0.830

SAFIR [KB08]
PSNR 28.47, SSIM 0.818

OA-GSM [HS08]
PSNR 28.37, SSIM 0.815

K-SVD [EA06]
PSNR 28.89, SSIM 0.837

P.SA-DCT [FKE07a]
PSNR 29.11, SSIM 0.851

MS-K-SVD [MSE08]
PSNR 29.39, SSIM 0.857

BM3D [P2]
PSNR 29.45, SSIM 0.854

SA-BM3D [P7]
PSNR 29.58, SSIM 0.855

BM3D-SAPCA [P8]
PSNR 29.81, SSIM 0.864

Figure 4.5: Fragment of Cameraman …ltered by the current state-of-the-art denoising methods; in addition, the noisy (=25) and the original fragments are also
shown.

4.6. RESULTS AND DISCUSSION

43

Original

Noisy  = 25
PSNR 20.17, SSIM 0.401

BLS-GSM [PSWS03]
PSNR 29.15, SSIM 0.842

TLS [HP06]
PSNR 29.89, SSIM 0.865

SAFIR [KB08]
PSNR 29.39, SSIM 0.843

OA-GSM [HS08]
PSNR 29.58, SSIM 0.856

K-SVD [EA06]
PSNR 29.58, SSIM 0.850

P.SA-DCT [FKE07a]
PSNR 28.95, SSIM 0.862

MS-K-SVD [MSE08]
PSNR 30.34, SSIM 0.878

BM3D [P2]
PSNR 30.71, SSIM 0.887

SA-BM3D [P7]
PSNR 30.65, SSIM 0.888

BM3D-SAPCA [P8]
PSNR 31.00, SSIM 0.894

Figure 4.6: Fragment of Barbara …ltered by the current state-of-the-art denoising
methods; in addition, the noisy (=25) and the original fragments are also shown.
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Figure 4.7: Comparison of the PSNR results of the considered state-of-the-art
methods for eight test images. For improved visibility, we set the results of the
BM3D-SAPCA as reference zero and present only the PSNR di¤erences with this
particular method, which, in almost all cases, outperforms the others.

Chapter 5

Applications of the BM3D
Filter
In this chapter we consider application of the BM3D …ltering to:
² video denoising (Section 5.1),
² raw image denoising (Section 5.2),
² RGB-image denoising (Section 5.3),
² image deblurring (Section 5.4),
² image sharpening (Section 5.5).
These applications, except for the denoising of raw sensor images, are based on the
articles that are part of this compound thesis. In addition to these applications,
however, there exist quite a few other applications of the BM3D …lter, some of
which are:
² cross-color …ltering of noisy raw images [DVF+ 09],
² multiframe raw-image denoising [BF08],
² image and video super-resolution [DFKE08],
² image deblurring via nonlocal variational minimization [KE08],
² noise variance estimation [DF09].

5.1

Video denoising

In this section we consider the denoising of AWGN from video data, a problem that
is nearly as signi…cant a research topic as the denoising of AWGN from images.
While the various …ndings about natural image statistics discussed in Section 2.1
are also relevant for individual video frames, the video data has one key property
45
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that is of notable importance in video processing — i.e. correlation between successive frames that capture the same scene. That is, video data exhibits strong
correlations in both spatial (intra-frame) and temporal (inter-frame) dimensions.
In particular, the authors of [VHR98] have shown that the 3-D spatio-temporal
independent components of natural image sequences are oscillations with varying
scales and orientations, in analogy with the independent components of images.
Similar results were obtained in [Ols03a] for the basis elements of overcomplete
spatio-temporal linear representations that maximize sparsity. In the recent study
[WL09], image sequences were shown to exhibit a strong prior of temporal smoothness, manifested by low temporal variation of the phases in complex-wavelet transform domain. Not surprisingly, temporal correlations are of fundamental importance to video coding (MPEG 1, 2, and 4, etc.), where predictions from neighboring
frames are exploited. These predictions are realized by estimating the motion of
small blocks between successive frames, which allows to code motion vectors rather
than the blocks themselves and thus signi…cant compression is achieved.
Linear transforms are an important and commonly used tool for obtaining
sparse representations of video data, where both the inter- and the intra-frame
correlations discussed above are typically exploited. Indeed, most of the current developments in video denoising, such as [BZE06, ZPP06, RAS07, SL03, GSP07], employ some transforms, such as multiscale decompositions, the DCT, etc. Wavelet
decompositions in both spatial and temporal dimensions were used in [BZE06],
where noise was attenuated by a two-threshold shrinkage of the spatial wavelet
spectrum and by hard-thresholding of the temporal wavelet spectrum where the
threshold is adaptive with respect to detected motion. The 3-D dual-tree complexwavelet decomposition used in [SL03] allowed for directional selectivity (in three
dimensions) that resulted in sparse representation of objects that are moving across
successive frames as well as of objects characterized by intra-frame correlations.
Wavelet packets in 3-D spatio-temporal domain, combined with adaptive softthresholding were proposed in [RYW04] for video denoising. A wavelet decomposition in spatial domain was used [GSP07] in conjunction with the 1-D DCT
in temporal dimension, where the shrinkage threshold is adaptive and captures
inter-scale wavelet coe¢cient dependencies. Inter-frame statistical modeling of
wavelet coe¢cients was employed by [RAS07]. There are also methods that exploit wavelet decomposition only in spatial domain. In [ZPP06], an overcomplete
wavelet decomposition is applied on each frame; the noise attenuation is done by
motion-adaptive recursive temporal …ltering on each subband, followed by adaptive
smoothing of the (spatial) wavelet coe¢cients. The 2-D dual-tree complex wavelet
was applied on each frame in [JFW06], motion was estimated using multiresolution block-matching and then noise was attenuated by an adaptive 2-D shrinkage
combined with temporal Kalman …ltering. Adaptive transforms by training a
dictionary of atoms was recently employed in [PE09]. The obtained adaptive dictionary is composed of 3-D atoms, which can represent sparsely spatio-temporal
patches. This work is an extension of the K-SVD [EA06] …lter to image sequences
and achieves results that are among the state-of-the-art.
The non-local image modeling has a quite natural application to video processing and denoising since structural similarities between image patches can be sought
not only in one frame but in many successive ones. Closely related to the non-
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local …ltering scheme, the video-denoising method proposed in [RE05] and later
extended in [S2] exploits grouping of similar blocks (restricted to one block per
frame) and denoising by hard-thresholding in 3-D DCT domain — in analogy with
the BM3D nonlocal transform-domain image denoising. Among the …rst methods
to explicitly exploit the nonlocal modeling for video-denoising, however, were the
nonlocal spatial estimators [BCM05a, MS05]. The video-denoising counterpart of
the NL-means [BCM05a] extends the search for similar blocks to spatio-temporal
search neighborhoods. A similar denoising scheme [MS05] appeared at approximately the same time, which emphasized that the nonlocal modeling is particularly
e¤ective in exploiting correlations that are due to motion of objects across successive frames. Later developments in nonlocal spatial …ltering have since been
proposed in [BKB07, BCM08, SM08]. The space-time adapted patch-based video
restoration [BKB07] proposed weighted averaging of image patches that belong to
an adaptively-grown neighborhood around the current pixel. The recent extension
[SM08] of this method showed that it can be improved by exploiting higher order
regression model of the true signal within each neighborhood.
Extending the previous works [RE05] and [S2], in [P4] we proposed the VBM3D
video-denoising method, which can be interpreted as a generalization of the BM3D
…lter to video denoising. The VBM3D follows the two-step BM3D algorithm
(Section 4.2) but performs the search for similar blocks not only within a single
frame but also within neighboring frames. The resultant search neighborhood is
therefore a spatio-temporal (3-D) one. In addition, for the VBM3D we proposed
a procedure termed predictive search block-matching which searches for similar
blocks in adaptive spatio-temporal neighborhoods, which are adaptively to motion.
This procedure reduces signi…cantly the computational cost and enables e¢cient
capturing of similar blocks that follow the motion of objects across frames. As in
the BM3D …lter, collaborative …ltering by transform domain shrinkage is applied
to produce estimates of all grouped blocks. The VBM3D was shown [P4] to be
very e¤ective for video denoising and it is still regarded as state-of-the-art, just as
its image-denoising counterpart.

5.1.1

Results

We consider experiments performed with the VBM3D method, an implementation
of which is publicly available [DF] and all results presented here and in [P4] can be
reproduced with it. Since in [P4] we already evaluated the PSNR performance of
the VBM3D …lter for a variety of standard image sequences, here we concentrate on
comparisons with other works, some of which have been developed after [P4] was
published. The results of the 3DWTF [SL03] and the WRSTF [ZPP06] methods,
as well as the original and noisy test sequences used in our experiments are all
courtesy of Dr. Zlokolica, the …rst author of [ZPP06]. The rest of the results were
obtained from the authors of each of the methods. In Fig. 5.1 we compare the
PSNR-per-frame for the three image sequences that we consider (i.e., Salesman,
Flower garden, and Tennis). These results show that the VBM3D outperforms
the other works in most of the cases, except for the Tennis sequence where the
3D-K-SVD is the best performing method for some of the frames but still, the
VBM3D results are relatively very close (within 0.3 dB di¤erence). Figs. 5.2,
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Figure 5.1: PSNR-per-frame comparison between some of the current state-of-theart video denoising methods for Flower garden, Tennis, and Salesman sequences,
corrupted by AWGN with =20.
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Original fragment

Noisy ( = 20)

STPB [BKB07]
PSNR 24.55

TMMC [GAML07]
PSNR 24.16

IFSM [RAS07]
PSNR 25.22

3DWTF [SL03]
PSNR 26.05

WRSTF [ZPP06]
PSNR 26.40

3D-K-SVD [PE09]
PSNR 27.55

VBM3D [P4]
PSNR 28.38

Figure 5.2: Fragment of Flower garden sequence …ltered by some of the current
state-of-the-art denoising methods; in addition, the noisy (=20) and the original
fragments are also shown.
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Original fragment

Noisy ( = 20)

TMMC [GAML07]
PSNR 27.78

IFSM [RAS07]
PSNR 29.90

STPB [BKB07]
PSNR 30.47

3DWTF [SL03]
PSNR 32.90

WRSTF [ZPP06]
PSNR 33.09

3D-K-SVD [PE09]
PSNR 33.43

VBM3D [P4]
PSNR 34.64

Figure 5.3: Fragment from frame 30 of Salesman sequence …ltered by some of the
current state-of-the-art denoising methods; in addition, the noisy ( = 20) and
the original fragments are also shown.

5.1. VIDEO DENOISING

51

Original fragment

Noisy ( = 20)

TMMC [GAML07]
PSNR 26.56

IFSM [RAS07]
PSNR 27.30

STPB [BKB07]
PSNR 26.69

3DWTF [SL03]
PSNR 28.03

WRSTF [ZPP06]
PSNR 27.50

3D-K-SVD [PE09]
PSNR 29.00

VBM3D [P4]
PSNR 28.71

Figure 5.4: Fragment from frame 30 of Tennis sequence …ltered by some of the
current state-of-the-art denoising methods; in addition, the noisy (=20) and the
original fragments are also shown.
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5.3, and 5.4 present a visual comparison denoising results for fragments of frame
30 of each of the three considered video sequences. In particular, we notice that
both the 3D-K-SVD and the VBM3D achieve better detail preservation for Flower
garden than the other methods. For Salesman, on the other hand, the VBM3D
is the best performing method especially in reconstructing the hand of the man,
which is a fast moving object in this particular sequence. The static background is
equally well reconstructed by the 3D-K-SVD. Finally, for the fragment of Tennis,
we notice that the VBM3D reconstructs well the objects but the background,
which resembles a noise-like pattern, is somewhat better reconstructed by the
3D-K-SVD.

5.2

Practical denoising of digital photographs

As discussed in Section 1.1, the acquisition of digital photographs involves optics, image sensor, and image postprocessing chain. Since denoising is part of the
postprocessing, there arises the question at which point should the denoising be
performed — as the very …rst operation or after some other processing has already
been done. Let us recall that a noise model of raw sensor images was given in Section 1.1, i.e. uncorrelated signal-dependent (Poissonian-Gaussian) noise given by
Eq. (2.4). If a raw image that follows this model undergoes some of the various postprocessing operations in an image postprocessing chain [KWCL06], the
noise is no longer uncorrelated. The correlations depend on the particular processing applied and, in general, are not trivially modeled, especially when nonlinear
processing is used. Thus, in practical image denoising of digital photographs, the
case of denoising applied directly on raw sensor data is preferable since a valid
noise model is available.
Expectably, the BM3D …lter cannot be directly applied on noisy images that
contain signal-dependent noise since it assumes AWGN model, for which the noise
has constant variance. To take into account the signal-dependent nature of the
noise, two practical approaches can be considered. The …rst and quite natural approach is to use a …lter which is speci…cally designed to attenuate signal-dependent
noise, such as [FBKE06, FKE07b]. The second approach is to successively do the
following:
² apply a variance-stabilizing transformation (e.g. [Ans48, PS81, Foi09]) on
the noisy image, which aims at producing an image with constant variance,
² apply a …lter for AWGN,
² inverse the variance stabilizing transformation.
Since the goal of this work is to demonstrate the e¤ectiveness of the BM3D
…lter for denoising raw sensor images, we undertake the second approach mentioned
above, where we use the variance stabilizing transformation proposed from [Foi09]
and the BM3D …lter from [P2].
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Figure 5.5: The Bayer CFA pattern.

5.2.1

Processing of raw Bayer images

It is worth discussing some properties of raw sensor images before we discuss their
denoising. The most widely adopted technique to reproduce colors in digital image
acquisition devices [Nak06] is the application of a color …lter array (CFA), i.e. an
optical …lter that speci…es the sensitivity of each pixel to certain spectral band
in the visible range. The overall array is obtained by a repetition of a particular
pattern, a consequence of which is that a raw CFA image resembles a mosaic.
Arguably the most widely adopted pattern, the Bayer pattern is formed by a
repetition of a 2£2 array that contains four components: two green pixels along a
diagonal, one red, and one blue; the Bayer pattern is illustrated in Fig. 5.5. In this
work, as the name of this subsection suggests, we consider exclusively denoising of
raw Bayer images. Demosaicking is the operation of interpolating the missing color
components; a review of recent demosaicking methods can be found in [Pal07].
Since the BM3D …lter does not assume any particular spatial smoothness, it
can be applied directly on raw Bayer images, i.e. images with mosaic appearance
where the four components are interleaved according to the pattern from Fig. 5.5.
Let us discuss why it is not surprising that the BM3D …lter can be applied on
raw CFA images. Indeed, the regularity of the CFA pattern enables its sparse
transform-domain representation — similarly to what happens with uniformly
regular areas that are also represented sparsely. Even more important than the
regularity of the mosaic structure is the similarity between image patches — a key
requirement for the BM3D algorithm to e¤ectively attenuate noise. Indeed, due
to the repetitive nature of the CFA, the existence of similar image patches in the
(unknown) image results in correlations between the corresponding patches that
are sampled according the CFA. Whereas we consider only raw Bayer images, the
approach presented in this work is not restricted to this particular CFA and, in
fact, the structure of the Bayer pattern is not utilized at all by the …ltering scheme
proposed above.
As mentioned earlier we consider raw images corrupted by the Gaussian-Poissonian
noise introduced in Section 2.2.3. In order to apply the BM3D …lter on such images, we need to perform variance stabilization as in [Foi09], which requires the
noise-model parameters to be either a priori known or estimated. For this work we
use the estimation procedure from [FTKE08] which estimates the noise parameters from the input noisy image. It is noteworthy that the noise-model estimation
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from [FTKE08] also models possible clipping of the data due to under- or overexposures.
A method for denoising raw sensor images that uses the BM3D …lter in a manner that is very similar to what we propose above has been proposed in [DVF+ 09].
This method applies a slightly modi…ed BM3D …lter on a raw Bayer image prior to
demosaicking. This slight modi…cation concerns the block-matching being applied
only on blocks that are aligned at the same Bayer component. In other words,
only blocks that contain identical Bayer pattern are considered; e.g. if the upperleft pixel of a block is a red, then the matching is done only on blocks with red
upper-left pixels. The same work presents an interesting experimental result: the
BM3D …lter is more e¤ective when applied directly on a raw Bayer image rather
than when applied independently on each of the four Bayer components.

5.2.2

Results

We present results that were obtained with the publicly available Matlab script
which implements the variance stabilizing and the declipping transformations from
[Foi09], which script uses the (clipped) noise modeling from [FTKE08] and also
invokes the standard BM3D which is available at [DF]. We consider four raw
Bayer images with resolution 5 MPix, the G1 green channels of each are in the
upper-left parts of Figs. 5.8, 5.9, 5.6, and 5.7. These images are taken in relatively
dimly illuminated conditions, which has resulted in relatively low SNR, which can
be observed in the green components of each raw image. In the above mentioned
…gures, we present the denoised counterparts of the noisy images. In order to
better visualize the improvement of the denoising, we have applied an identical
postprocessing chain to each of the …ltered and the original images and have thus
obtained their corresponding RGB-images. Fragments of the RGB images are used
to further show the signi…cant improvement after applying the proposed denoising
scheme.

5.3

Denoising of color RGB-images

In Section 5.2 we considered denoising of raw Bayer images where a practical signaldependent noise model was considered. The situation when raw images are not
provided and only a noisy RGB image is available is considered in [P3]. There we
propose an extension of the BM3D …lter, termed CBM3D, for denoising of AWGN
from RGB images. The very …rst step of the CBM3D is a luminance-chrominance
color-space transformation (e.g., YCbCr, opponent, YIQ, etc.) on the input noisy
image in order to take advantage of the high correlation between the red, the
green, and the blue components. The main peculiarity of the CBM3D …lter is a
technique that in [P3] was termed grouping constraint on the chrominances. This
grouping constraint means that (for a given reference block) the block-matching
is done only in the luminance and based on the it, exactly the same grouping is
performed for each of the three channels in order to obtain three groups. That is,
the grouping constraint imposes the structural similarities from the luminance to
both chrominances. The main justi…cation of this procedure is that the luminance
typically has higher SNR than the chrominances and also the luminance contains
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Figure 5.6: Results of applying the BM3D …lter in conjucntion with the variance
stabilizing and declipping transformations from [Foi09] on a 5 MPix raw Bayer
image taken in a dim envirnoment using analog gain 8. The top row contains the
G1 green channels (gamma corrected for better visibility) of the original and the
denoised raw images; the second row contains RGB images obtained by applying
an identical image processing chain both to the original and to the denoised raw
images. In addition, the last two rows show enlarged fragments of these RGB
images.
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Figure 5.7: Results of applying the BM3D …lter in conjucntion with the variance
stabilizing and declipping transformations from [Foi09] on a 5 MPix raw Bayer
image taken in a dim envirnoment using analog gain 8. The top row contains the
G1 green channels (gamma corrected for better visibility) of the original and the
denoised raw images; the second row contains RGB images obtained by applying
an identical image processing chain both to the original and to the denoised raw
images. In addition, the last two rows show enlarged fragments of these RGB
images.
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Figure 5.8: Results of applying the BM3D …lter in conjucntion with the variance
stabilizing and declipping transformations from [Foi09] on a 5 MPix raw Bayer
image taken in a dim envirnoment using analog gain 16. The top row contains the
G1 green channels (gamma corrected for better visibility) of the original and the
denoised raw images; the second row contains RGB images obtained by applying
an identical image processing chain both to the original and to the denoised raw
images. In addition, the last two rows show enlarged fragments of these RGB
images.
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Figure 5.9: Results of applying the BM3D …lter in conjucntion with the variance
stabilizing and declipping transformations from [Foi09] on a 5 MPix raw Bayer
image taken in a dim envirnoment using analog gain 10. The top row contains the
G1 green channels (gamma corrected for better visibility) of the original and the
denoised raw images; the second row contains RGB images obtained by applying
an identical image processing chain both to the original and to the denoised raw
images. In addition, the last two rows show enlarged fragments of these RGB
images.
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the most important structures of the image such as edges; further justi…cation is
given in [P3]. It is noteworthy that the general approach of applying a constraint
on the chrominances was initially proposed in [FKE06, FKE07a].

5.3.1

Results

In this section we show results that complement the ones presented in [P3]. In
particular, we consider the RGB images from the Kodak dataset. All results
presented here and also in [P3] are obtained by the CBM3D Matlab script available
in [DF].
Table 5.1 presents PSNR results of the CBM3D algorithm applied to RGBimages from the Kodak dataset. We consider noise levels  = 5> 15> 20> 25> 35;
these values of  are chosen as a practical range of noise levels, since for  A 35,
the visual quality is not satisfactory (having PSNR well below 30 dB).
In accordance with the results of the grayscale BM3D …lter, the proposed
CBM3D …lter achieves state-of-the-art performance in denoising RGB images —
in terms of both PSNR and subjective visual quality. This is achieved at a reasonable computational complexity and, in addition, further complexity scalability
can be realized by exploiting the complexity/performance trade-o¤ of the BM3D
presented in P2.

5.4

Image deblurring

Image blurring is a common degradation in imaging, which can have various
sources, such as:
² relative motion between scene and camera or object motion during exposure
time and
² out-of-focus objects.
In addition to being a degradation, the blur can be induced on purpose by the lens
as in the case of extended depth of …eld imaging systems [DC95]. In all situations,
however, it is desirable to inverse the blurring. To de…ne the problem, a model for
the blurring is necessary. In many practical cases, blurring can be modeled by a
convolution of the true (unknown) image with a …xed point-spread function (PSF)
and addition of noise. Such a model is given by
} ({) = (| ¤ y) ({) +  ({) ,

(5.1)

where | is the true (non-degraded) image, y is a blur PSF,  is i.i.d. Gaussian
noise with zero mean and variance  2 , and { 2 [ is a 2-D coordinate in the image
domain [. Deblurring, or non-blind deblurring in particular, is the operation of
estimating the blurred signal | when given }, y, and = Blind deblurring implies
that the PSF y and  are unknown and need to be estimated; the estimation of
the PSF is a signi…cant research topic itself. In this work we consider non-blind
deblurring.
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AWGN  = 25; Output PSNR 31.78 dB

AWGN  = 25; Output PSNR: 30.93 dB
Figure 5.10: Noisy and denoised (by the CBM3D …lter) images 19 and 22 from
the Kodak dataset.
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AWGN  = 15; Output PSNR 34.97 dB

AWGN  = 15; Output PSNR: 32.70 dB
Figure 5.11: Noisy and denoised (by the CBM3D …lter) images 4 and 8 from the
Kodak dataset.
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Im.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

5
39.37
40.34
42.47
40.57
39.45
40.00
42.10
39.15
41.18
41.20
40.25
41.34
38.25
39.42
41.01
41.02
40.95
39.01
40.15
41.28
39.96
39.59
41.96
39.77

15
32.13
34.58
37.05
34.97
32.70
33.38
36.41
32.70
36.47
36.27
33.88
35.95
30.79
32.76
35.42
34.88
35.41
32.62
34.22
35.83
33.80
33.43
37.14
33.00


20
30.40
33.33
35.64
33.66
31.0
31.78
34.87
31.12
35.12
34.90
32.38
34.70
28.98
31.19
34.09
33.42
34.01
31.04
32.79
34.44
32.21
31.98
35.83
31.33

25
29.13
32.40
34.54
32.67
29.73
30.59
33.66
29.88
34.06
33.81
31.25
33.76
27.64
30.03
33.08
32.33
32.93
29.83
31.78
33.45
30.99
30.93
34.79
30.09

35
27.31
31.07
32.62
31.02
27.61
28.78
31.64
27.82
32.28
31.97
29.52
32.24
25.70
28.24
31.47
30.64
31.16
28.00
30.19
31.84
29.17
29.36
33.09
28.19

Table 5.1: Output PSNR of the CBM3D algorithm proposed in [P3] for all 24
RGB-images from the Kodak dataset.
Deblurring is in general an ill-posed problem. Thus, even noise with very small
magnitude, such as quantization noise for example, can cause extreme degradations
after naive inversion. Regularization, which we discussed in Section 3.1.4, is a
well known [Vog02, Han97] and extensively studied tool that can be exploited
to alleviate the ill-posedness of the deblurring. It imposes some regularity on
the obtained solution; e.g., Tikhonov regularization imposes smoothness, total
variation imposes preservation of salient details and smoothness of details with
small variation. A huge number of regularization schemes exist [Vog02, Han97].

5.4.1

Regularization by denoising

In this work we are interested in a relatively recent technique [NCB04] that exploits denoising to improve the regularization of image deblurring. In particular,this technique has become a basis of the current best-performing restoration
methods [FDKE06, GCMP07, KE08], and [P6]. Indeed, the e¤ectiveness of this
deblurring scheme depends greatly on the e¤ectiveness of the exploited denoising
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…lter. Various denoising methods have been employed to improve the regularization of image deblurring. Filtering in multiscale transform domain (e.g., wavelets
and pyramid transforms) was shown [NCB99, NCB04, GCMP07] to be e¤ective for
this purpose. Another class of denoising techniques used for regularized inversion
[KFEA04, KEA05, FDKE06] are based on the LPA-ICI [KEA06] which exploits a
non-parametric local polynomial …t in anisotropic estimation neighborhoods; the
best results of these class of methods are achieved by the P.SA-DCT deblurring
[FDKE06]. The BM3D …lter, in particular, has been utilized by [KE08] and by
[P6]. In agreement with the state-of-the-art image-denoising results of the BM3D,
the deblurring methods that use it are also among the current state-of-the-art in
image deblurring.

5.4.2

BM3D extension for denoising additive colored noise

In [P6], we extended the BM3D …lter to denoising of additive colored noise, the
model of which was given in Section 2.2.2. This extension was used in [P6] to
improve the standard Tikhonov regularization by imposing the nonlocal image
prior corresponding to the BM3D …lter. In order to enable attenuation of colored
noise, the BM3D algorithm was modi…ed in two aspects. First, the book-matching
was modi…ed to use the block-distance from Eq. (6) in [P6], i.e. a weighted o 2 norm of the di¤erence between the spectra of two blocks, where the weights are
inversely proportional to the variances of the spectrum elements. Second, the
shrinkage used for collaborative …ltering was modi…ed to take into account the
di¤erent variances of the 3-D transform coe¢cients, whereas in the case of white
noise, the variance is constant.

5.4.3

Results

Table 1 from [P6] gives a comparison of the proposed work and other prior works.
Since the publication date of [P6], there have appeared new better performing
methods among which we wish to mention [KE08], where some of the collaborators
of the author have utilized the BM3D …lter in an iterative variational minimization
of a particular prior on sparsity.
In this section we present results that complement the ones from [P6] by considering test images from the Kodak dataset (not the standard test images used
in [P6]). To carry out these experiments we used the publicly available Matlab
function in [DF]. Since we consider grayscale-image deblurring, we used the luminance channel of each test image, which we compute as the average of the red, the
green, and the blue channels. We consider the following PSFs, which are among
the ones used in [P6]:
¢
¡
² PSF 1: y ({1 > {2 ) = 1@ 1 + {21 + {22 > {1 > {2 = ¡7> = = = > 7,
² PSF 2: y is a 9 £ 9 uniform kernel (boxcar),
² PSF 3: y = [1 4 6 4 1]W [1 4 6 4 1] @256,
P
All PSFs are normalized so that
y = 1.
Figs. 5.12 and 5.13 present images that are arti…cially corrupted according to
the model from Eq. (5.1), where the combinations of PSF and  are chosen as in
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[P6]. The reconstructed images show satisfactory detail preservation in accordance
with the mentioned signi…cant increase of the SNR. The enlarged fragments give
further information about the preservation of …ne details.
Notably, the results that we present here and also the ones from [P6] are all
obtained without any modi…cation to the …xed regularization parameters. As mentioned in [P6], this is a signi…cant achievement since the proper selection of regularization parameters in standard regularization schemes (such as e.g. Tikhonov
regularization) is a challenging problem [Han97] that in general, does no have an
established solution. In fact, the regularization parameters depend potentially on
the image, on the PSF, and on .

5.5

Image sharpening

Image enhancement by sharpening of image details is an application of high practical importance. It is often used as a preprocessing step prior to segmentation
in the context of image analysis, classi…cation, pattern recognition. In addition,
sharpening can improve the visual perception of images with poor contrast, which
is a common task performed in image postprocessing chains. Various methods
for image sharpening exist; traditional ones include high-pass linear …ltering and
elementwise histogram-based transformations such as histogram-equalization, matching, and -shaping. Current advances [HHKA05, ASP07] in the …eld exploit
image-adaptive …ltering and also linear transforms such as wavelet decompositions
and trigonometric transforms (DCT, DFT, etc.) to improve the e¢ciency of the
sharpening. Sharpening in transform domain is typically achieved by applying
a nonlinear operator to the transform spectrum. Example of a well established
such technique is alpha rooting [Pra78, AE92], which involves taking the power
of the spectrum magnitude according to Eq. (1) in [P5]. Linear transforms have
been shown in the recent work [ASP07] to achieve good sharpening when used in
conjunction with histogram-based methods. Other relatively recent developments
in image enhancement utilize fuzzy logic [Rus02], weighted order-statistic …ltering
[AB06], and adaptive unsharp masking [PRM00].
Inherent limitation of most sharpening methods is the ampli…cation of noise,
[McC80] which is inevitably present in any practical application. In fact, the
separation of noise and image details when performing sharpening is a problem
that is equivalent to denoising. Thus, sharpening and denoising have often been
performed simultaneously, e.g., as in [Rus02, AB06]. From another point of view,
for methods that do not take noise into account, the noise ampli…cation can be
regarded as a limitation to the amount of applicable sharpening — i.e. beyond a
certain point of sharpening, the noise becomes excessively strong.
Since the BM3D …lter has been shown to be very e¤ective for noise attenuation,
in [P5] we combined it with alpha-rooting in order to simultaneously sharpen
image details and attenuate noise. For noise attenuation, we rely on collaborative
hard-thresholding of 3-D spectra, exactly as in the …rst step of the BM3D …lter.
Subsequently, sharpening is realized by applying the nonlinear alpha-rooting, given
in Eq. (1) of [P5], on the thresholded spectra. The simultaneous application of
grouping and collaborative …ltering allows for both good noise suppression and
e¤ective sharpening of even very …ne image details.
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Blur: PSF1, 2 = 2; Output ISNR 6.28 dB

Blur: PSF1, 2 = 8; Output ISNR 6.74 dB
Figure 5.12: Deblurring results of the BM3D-DEB deconvolution method for Kodak images 7 and 24, shown respectively in the upper and lower parts.
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Blur: PSF2, 2 = 0=308; Output ISNR 7.77 dB

Blur: PSF3, 2 = 49; Output PSNR 2.84 dB
Figure 5.13: Deblurring results of the BM3D-DEB deconvolution method for Kodak images 5 and 8, shown respectively in the upper and lower parts.
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Results

We present results of experiments performed with the implementation of the proposed sharpening available in [DF]. First, in Fig. 5.14 we demonstrate the application of this method on noise-free images, where only their luminances are processed
and the chrominances are not modi…ed. The results show a noticeable contrast
improvement without any disturbing artifacts such as ringing around edges. In
Figs. 5.16 and 5.15, where we consider grayscale input images with relatively mild
AWGN (with  = 5 and with  = 15). We applied the standard unsharp masking sharpening on these images in order to demonstrate the noise ampli…cation
problem that was mentioned earlier in this section. The results of the proposed
joint denoising and sharpening do not su¤er from this noise ampli…cation e¤ect
and image details are e¤ectively sharpened even in the presence of noise.
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Figure 5.14: The proposed image sharpening applied to the noise-free luminance
components of Kodak images 16 and 24; the chrominances were not modi…ed. We
assumed =1 (on the intensity range [0,255]), which corresponds to a very mild
noise that is readily enountered in the otherwise noise-free Kodak images.

5.5. IMAGE SHARPENING

69

Figure 5.15: Illustration of image sharpening applied on the luminance of Kodak
image 23 with quite mild AWGN (with = 5); this image is given in the top
along with an enlarged fragment of it. The second row is the result of applying
the standard unsharp mask method; the original image is sharpened but there
are notable noise ampli…cation problems. The third row presents the result of
the proposed method, which does not contain noise-ampli…cation artifacts and the
image appears sharpened.
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Figure 5.16: Illustration of image sharpening applied on the luminance of Kodak
image 21 with quite mild AWGN (with =5); this image is given in the top row
along with an enlarged fragment of it. The second row contains the result of
applying the standard unsharp mask method; the original image is sharpened but
there are notable noise ampli…cation problems. The third row presents the result
of the proposed method, which does not contain noise ampli…cation artifacts and
the image appears sharpened.

Chapter 6

Conclusions
This thesis studies a new class of nonlocal transform-domain …lters and their application to various image processing problems. In particular, the BM3D …lter
(Section 4.1, [P1], [P2]) is the main topic of this thesis. The main contribution of
this …lter is to the problem of obtaining sparse image representations. It exempli…es that nonlocal image modeling can be exploited in conjunction with linear
transforms in order to obtain highly sparse transform-domain image representations. The good denoising results of the BM3D …lter and its successful applications
to other problems can be seen as direct consequences of the ability to represent
images sparsely. The sparsity improvement of the 3-D transform domain representation used by the BM3D …lter over the 2-D counterpart is shown in Section 4.3,
where the Hoyer sparsity measure is used as an objective measure of sparsity. To
further improve the sparsity, the BM3D is extended to anisotropic neighborhoods
(Section 4.5.1, [P7]) and to data-adaptive PCA transform (Section 4.5.2, [P8]).
In this thesis we have also presented denoising, in general, and the BM3D …lter in particular, as a fundamental tool in image processing. Whereas we consider
exclusively the BM3D …lter, other denoising …lters can, in general, be exploited.
Chapter 5 considers a few image-processing applications that bene…t from exploiting the BM3D …ltering scheme. A relatively natural generalization of the BM3D
…lter to video denoising, termed VBM3D, was shown to achieve state-of-the-art
video-denoising results (Section 5.1, [P4]). The BM3D …lter in conjunction with
a variance-stabilizing transformation achieves very good noise attenuation and
detail preservation when applied on raw sensor images (Section 5.2). Denoising
of RGB-images by using a luminance-chrominance color space transformation is
also identi…ed as a successful application of the BM3D …lter (Section 5.3, [P3]).
Another considered application is image deblurring (Section 5.4, [P6]), where the
BM3D …lter is used to improve the standard Tikhonov regularization. Not only
the proposed deblurring method achieves state-of-the-art image deblurring results
but it does so by using …xed regularization parameter – independent of either
the PSF, the image, or the noise level. The last considered application is joint
image sharpening and denoising (Section 5.5, [P5]). It achieves very good sharpening in the presence of noise, which is a particularly challenging task since image
sharpening tends to amplify high-frequency noise.
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In addition to the applications that are considered in this thesis, the BM3D
…lter is used in other works. A method for estimation of the variance of AWGN in
images is proposed in [DF09], where the grouping and the 3-D transform-domain
representations are used to e¤ectively separate the noise and image details —
where, however, only the statistics of the noise are estimated. An iterative image
deblurring via nonlocal variational minimization is proposed in [KE08], which uses
a modi…cation of the BM3D in each iteration. This method is shown to provide
exceptional deblurring results. The VBM3D …lter is applied for multiframe rawimage denoising [BF08], where a collection of frames roughly corresponds to a video
signal (i.e. having correlation between frames). Another application is image- and
video-upsampling (super-resolution) considered in [DFKE08].

6.1

Future work

Future work on the BM3D …lter can be targeted to at least the few directions
that we list in the following. The grouping can be modi…ed to enable grouping
of image patches with various scales, orientations, shapes. In addition, di¤erent
block-distance measures can be exploited other than the o2 -distance. The collaborative …ltering may be improved by employing an overcomplete transform or even
a pre-computed dictionary of atoms as the one obtained by the K-SVD [EA06].
The aggregation of the …ltered image patches may also bene…t from a modi…cation
of the averaging weights or from an application of robust weighted averaging (exploiting order statistics). The BM3D …lter’s two-step estimation algorithm may be
extended to an iterative scheme where the grouping and the collaborative …ltering
are improved using results of previous iterations.
We can also foresee some future applications of the BM3D …lter. One such application can be joint CFA demosaicking and denoising; a signi…cant advance in this
direction is already done by the super-resolution method proposed in [DFKE08].
Another application may be HDR composition from a stack of LDR images (e.g.
with varying exposures). The ability of the grouping to collect similar blocks
(possibly combined with sub-pixel accuracy of the block-matching) may replace
the otherwise inevitable registration of the LDR images, which are never perfectly
aligned. Sub-pixel accuracy of the block-matching may also be bene…cial for video
denoising as it is for motion-estimation based video compression.
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Image denoising with block-matching and 3D ltering
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ABSTRACT
We present a novel approach to still image denoising based on eective ltering in 3D transform domain by
combining sliding-window transform processing with block-matching. We process blocks within the image in a
sliding manner and utilize the block-matching concept by searching for blocks which are similar to the currently
processed one. The matched blocks are stacked together to form a 3D array and due to the similarity between
them, the data in the array exhibit high level of correlation. We exploit this correlation by applying a 3D
decorrelating unitary transform and eectively attenuate the noise by shrinkage of the transform coe!cients.
The subsequent inverse 3D transform yields estimates of all matched blocks. After repeating this procedure for
all image blocks in sliding manner, the nal estimate is computed as weighed average of all overlapping blockestimates. A fast and e!cient algorithm implementing the proposed approach is developed. The experimental
results show that the proposed method delivers state-of-art denoising performance, both in terms of objective
criteria and visual quality.
Keywords: image denoising, block-matching, 3D transforms

1. INTRODUCTION
Much of the recent research on image denoising has been focused on methods that reduce noise in transform
domain. Starting with the milestone work of Donoho,1, 2 many of the later techniques3—7 performed denoising in
wavelet transform domain. Of these methods, the most successful proved to be the ones4, 5, 7 based on rather sophisticated modeling of the noise impact on the transform coe!cients of overcomplete multiscale decompositions.
Not limited to multiscale techniques, the overcomplete representations have traditionally played a signicant role
in improving the restoration abilities of even the most basic transform-based methods. This is manifested by
the sliding-window transform denoising,8, 9 where the basic idea is to successively denoise overlapping blocks
by coe!cient shrinkage in local 2D transform domain (e.g. DCT, DFT, etc.). Although the transform-based
approaches deliver very good overall performance in terms of objective criteria, they fail to preserve details which
are not suitably represented by the used transform and often introduce artifacts that are characteristic of this
transform.
A dierent denoising strategy based on non-local estimation appeared recently,10, 11 where a pixel of the true
image is estimated from regions which are found similar to the region centered at the estimated pixel. These
methods, unlike the transform-based ones, introduce very few artifacts in the estimates but often oversmooth
image details. Based on an elaborate adaptive weighting scheme, the exemplar-based denoising10 appears to be
the best of them and achieves results competitive to the ones produced by the best transform-based techniques.
The concept of employing similar data patches from dierent locations is popular in the video processing eld
under the term of “block-matching”, where it is used to improve the coding e!ciency by exploiting similarity
among blocks which follow the motion of objects in consecutive frames. Traditionally, block-matching has
found successful application in conjunction with transform-based techniques. Such applications include video
compression (MPEG standards) and also video denoising,12 where noise is attenuated in 3D DCT domain.
We propose an original image denoising method based on eective ltering in 3D transform domain by
combining sliding-window transform processing with block-matching. We undertake the block-matching concept
for a single noisy image; as we process image blocks in a sliding manner, we search for blocks that exhibit similarity
to the currently-processed one. The matched blocks are stacked together to form a 3D array. In this manner,
Image Processing: Algorithms and Systems, Neural Networks, and Machine Learning
edited by E.R. Dougherty, J.T. Astola, K.O. Egiazarian, N.M. Nasrabadi, S.A. Rizvi
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we induce high correlation along the dimension of the array in which the blocks are stacked. We exploit this
correlation by applying a 3D decorrelating unitary transform which produces a sparse representation of the true
signal in 3D transform domain. E!cient noise attenuation is done by applying a shrinkage operator (e.g. hardthresholding or Wiener ltering) on the transform coe!cients. This results in improved denoising performance
and eective detail preservation in the local estimates of the matched blocks, which are reconstructed by an
inverse 3D transform of the ltered coe!cients. After processing all blocks, the nal estimate is the weighted
average of all overlapping local block-estimates. Because of overcompleteness which is due to the overlap, we
avoid blocking artifacts and further improve the estimation ability.
Although the proposed approach is general with respect to the type of noise, for simplicity of exposition, we
restrict our attention to the problem of attenuating additive white Gaussian noise (AWGN).
The basic approach and its extension to Wiener ltering are presented in Sections 2 and 3, respectively.
An e!cient algorithm which implements the proposed approach is developed in Section 4. Finally, Section 5 is
devoted to demonstration and discussion of experimental results.

2. DENOISING BY SHRINKAGE IN 3D TRANSFORM DOMAIN WITH
BLOCK-MATCHING
Let us introduce the observation model and notation used throughout the paper. We consider noisy observations
z : X $ R of the form z (x) = y (x) +  (x), where x 5 X is
 a 2D spatial coordinate that belongs to the image
domain X  Z2 , y is the true image, and  (x)  N 0, 2 is white Gaussian noise of variance 2 . By Zx we
denote a block of xed size N1 × N1 extracted from z, which has z (x) as its upper-left element; alternatively, we
say that Zx is located at x. With ye we designate the nal estimate of the true image.
Let us state the used assumptions. We assume that some of the blocks (of xed size N1 ×N1 ) of the true image
exhibit mutual correlation. We also assume that the selected unitary transform is able to represent sparsely these
blocks. However, the diversity of such blocks in natural images often makes the latter assumption unsatised
in 2D transform domain and fullled only in 3D transform domain due to the correlation introduced by blockmatching. The standard deviation  of the AWGN can be accurately estimated (e.g.1 ), therefore we assume its
a-priori knowledge.

2.1. Local Estimates
We successively process all overlapping blocks of xed size in a sliding manner, where "process" stands for the
consecutive application of block-matching and denoising in local 3D transform domain. For the sub-subsections
to follow, we x the currently processed block as ZxR , where xR 5 X, and denominate it as "reference block".
2.1.1. Block-matching
Block-matching is employed to nd blocks that exhibit high correlation to ZxR . Because its accuracy is significantly impaired by the presence of noise, we utilize a block-similarity measure which performs a coarse initial
denoising in local 2D transform domain. Hence, we dene a block-distance measure (inversely proportional to
similarity) as
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where x1 , x2 5 X, T2D is a 2D linear unitary transform operator (e.g. DCT, DFT, etc.), is a hard-threshold
operator, thr2D is xed threshold parameter, and n·n2 denotes the L2 -norm. Naturally, is dened as

, if || > thr
(, thr ) =
0, otherwise.
The result of the block-matching is a set SxR  X of the coordinates of the blocks that are similar to ZxR
according to our d-distance (1); thus, SxR is dened as
SxR = {x 5 X | d (ZxR , Zx ) <  match } ,

SPIE-IS&T/ Vol. 6064 606414-2

92

(2)

Figure 1. Fragments of Lena, House, Boats and Barbara corrupted by AWGN of  = 15. For each fragment blockmatching is illustrated by showing a reference block marked with ’R’ and a few of its matched ones.

where  match is the maximum d-distance for which two blocks are considered similar. Obviously d (ZxR , ZxR ) = 0,
which implies that |SxR |  1, where |SxR | denotes the cardinality of SxR .
The matching procedure in presence of noise is demonstrated on Figure 1, where we show a few reference
blocks and the ones matched as similar to them.
2.1.2. Denoising in 3D transform domain
We stack the matched noisy blocks Zx5SxR (ordering them by increasing d-distance to ZxR ) to form a 3D array
of size N1 × N1 × |SxR |, which is denoted by ZSxR . We apply a unitary 3D transform T3D on ZSxR in order
to attain sparse representation of the true signal. The noise is attenuated by hard-thresholding the transform
1
coe!cients. Subsequently, the inverse transform operator T3D
yields a 3D array of reconstructed estimates
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e Sx comprises of |SxR | stacked local block estimates
where thr3D is a xed threshold parameter. The array Y
R
xR
e
Yx5Sx of the true image blocks located at x 5 SxR . We dene a weight for these local estimates as
R


$ xR =

1
Nhar ,

if Nhar  1
otherwise,

1,

(4)

where Nhar is the number of non-zero transform coe!cients after hard-thresholding. Observe that 2 Nhar is
e Sx . Thus, sparser decompositions of ZSx result in less noisy estimates which
equal to the total variance of Y
R
R
are awarded greater weights by (4).

2.2. Estimate Aggregation
xR
After processing all reference blocks, we have a set of local block estimates Yex5S
, ;xR 5 X (and their correxR
sponding weights $xR , ;xR 5 X), which constitute an overcomplete representation of the estimated image due to
the overlap between the blocks. It is worth mentioning that a few local block estimates might be located at the
same coordinate (e.g. Yexxba and Yexxbb are both located at xb but obtained while processing the reference blocks at
xa and xb , respectively). Let YexxmR (x) be an estimate of y (x), where x, xR 5 X, and xm 5 SxR . We zero-extend
YexxmR (x) outside its square support in order to simplify the formulation. The nal estimate ye is computed as a
weighted average of all local ones as given by
S
S
e xR
xR 5X
xm 5SxR $ xR Yxm (x)
S
S
ye(x) =
, ;x 5 X,
(5)
xR 5X
xm 5Sx $ xR "xm (x)
R

Equality holds only if the matched blocks that build ZSxR are non-overlapping; otherwise, a certain amount of
correlation is introduced in the noise.
W
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where "xm : X $ {0, 1} is the characteristic function of the square support of a block located at xm 5 X.
One can expect substantially overcomplete representation of the signal in regions where a block is matched
to many others. On the other hand, if a match is not found for a given reference block, the method reduces to
denoising in 2D transform domain. Thus, the overcomplete nature of the method is highly dependent on the
block-matching and therefore also on the particular noisy image.

3. WIENER FILTER EXTENSION
Provided that an estimate of the true image is available (e.g. it can be obtained from the method given in the
previous section), we can construct an empirical Wiener lter as a natural extension of the above thresholding
technique. Because it follows the same approach, we only give the few fundamental modications that are required
for its development and thus omitting repetition of the concept. Let us denote the initial image estimate by
e : X $ R. In accordance with our established notation, Ex designates a square block of xed size N1 × N1 ,
extracted from e and located at x 5 X.

3.1. Modication to Block-Matching
In order to improve the accuracy of block-matching, it is performed within the initial estimate e rather than the
noisy image. Accordingly, we replace the thresholding-based d-distance measure from (1) with the normalized
L2 -norm of the dierence of two blocks with subtracted means. Hence, the denition (2) of SxR becomes

 

(6)
Sx = x 5 X | N 1  Ex  Ex  Ex  Ex  <  match ,
1

R

R

R

2

where ExR and Ex are the mean values of the blocks ExR and Ex , respectively. The mean subtraction allows for
improved matching of blocks with similar structures but dierent mean values.

3.2. Modication to Denoising in 3D Transform Domain
The linear Wiener lter replaces the nonlinear hard-thresholding operator. The attenuating coe!cients for the
Wiener lter are computed in 3D transform domain as


2


T3D ESxR 
WSxR = 
,

2


T3D ESxR  + 2
where ESxR is a 3D array built by stacking the matched blocks Ex5SxR (in the same manner as ZSxR is built by
stacking Zx5SxR ). We lter the 3D array of noisy observations ZSxR in T3D -transform domain by an elementwise
multiplication with WSxR . The subsequent inverse transform gives
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e Sx comprises of stacked local block estimates Ye xR
where Y
x5SxR of the true image blocks located at the matched
R
locations x 5 SxR . As in (4), the weight assigned to the estimates is inversely proportional to the total variance
e S and dened as
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(8)

Figure 2. Flowchart for denoising by hard-thresholding in 3D transform domain with block-matching.

4. ALGORITHM
We present an algorithm which employs the hard-thresholding approach (from Section 2) to deliver an initial
estimate for the Wiener ltering part (from Section 3) that produces the nal estimate. A straightforward
implementation of this general approach is computationally demanding. Thus, in order to realize a practical
and e!cient algorithm, we impose constraints and exploit certain expedients. In this section we introduce these
aspects and develop an e!cient implementation of the proposed approach.
The choice of the transforms T2D and T3D is governed by their energy compaction (sparsity) ability for noisefree image blocks (2D) and stacked blocks (3D), respectively. It is often assumed that neighboring pixels in small
blocks extracted from natural images exhibit high correlation; thus, such blocks can be sparsely represented
by well-established decorrelating transforms, such as the DCT, the DFT, wavelets, etc. From computational
e!ciency point of view, however, very important characteristics are the separability and the availability of fast
algorithms. Hence, the most natural choice for T2D and T3D is a fast separable transform which allows for sparse
representation of the true-image signal in each dimension of the input array.

4.1. E!cient Image Denoising Algorithm with Block-Matching and 3D Filtering
Let us introduce constraints for the complexity of the algorithm. First, we x the maximum number of matched
blocks by setting an integer N2 to be the upper bound for the cardinality of the sets SxR 5X . Second, we do
block-matching within a local neighborhood of xed size NS × NS centered about each reference block, instead
of doing it in the whole image. Finally, we use Nstep as a step by which we slide to every next reference block.
Accordingly, we introduce XR  X as the set of the reference blocks’ coordinates, where |XR |  N|X|
(e.g.,
2
step
Nstep = 1 implies XR = X).
In order to reduce the impact of artifacts on the borders of blocks (border eects), we use a Kaiser window
Wwin2D (with a single parameter ) as part of the weights of the local estimates. These artifacts are inherent of

SPIE-IS&T/ Vol. 6064 606414-5

95

many transforms (e.g. DFT) in presence of sharp intensity dierences across the borders of a block.
Let the input noisy image be of size M × N , thus |X| = M N. We use two buers of the same size–ebu for
estimates and wbu for weights–to represent the summations in the numerator and denominator, respectively,
in (5). For simplicity, we extend our notation so that ebu (x) denotes a single pixel at coordinate x 5 X and
ebu x designates a block located at x in ebu (the same notation is to be used for wbu ).
A owchart of the hard-thresholding part of the algorithm is given in Figure 2 (but we do not give such for
the Wiener ltering part since it requires only the few changes given in Section 3). Following are the steps of
the image denoising algorithm with block-matching and 3D ltering.
1. Initialization. Initialize ebu (x) = 0 and wbu (x) = 0, for all x 5 X.
2. Local hard-thresholding estimates. For each xR 5 XR , do the following sub-steps.
(a) Block-matching. Compute SxR as given in Equation (2) but restrict the search to a local neighborhood
of xed size NS × NS centered about xR . If |SxR | > N2 , then let only the coordinates of the N2 blocks
with smallest d-distance to ZxR remain in SxR and exclude the others.
(b) Denoising by hard-thresholding in local 3D transform domain. Compute the local estimate blocks
xR
and their corresponding weight $ xR as given in (3) and (4), respectively.
Yex5S
x
R

(c) Aggregation. Scale each reconstructed local block estimate YexxR , where x 5 SxR , by a block of weights
W (xR ) = $xR Wwin2D and accumulate to the estimate buer: ebu x = ebu x + W (xR ) YexxR , for all
x 5 SxR . Accordingly, the weight block is accumulated to same locations as the estimates but in the
weights buer: wbu x = wbu x + W (xR ), for all x 5 SxR .
3. Intermediate estimate. Produce the intermediate estimate e (x) =
used as initial estimate for the Wiener counterpart.

ebug (x)
wbug (x)

for all x 5 X, which is to be

4. Local Wiener ltering estimates. Use e as initial estimate. The buers are re-initialized: ebu (x) = 0
and wbu (x) = 0, for all x 5 X. For each xR 5 XR , do the following sub-steps.
(a) Block-matching. Compute SxR as given in (6) but restrict the search to a local neighborhood of xed
size NS × NS centered about xR . If |SxR | > N2 , then let only the coordinates of the N2 blocks with
smallest distance (as dened in Subsection 3.1) to ExR remain in SxR and exclude the others.
and
(b) Denoising by Wiener ltering in local 3D transform domain. The local block estimates Ye xR
their weight $ xR are computed as given in (7) and (8), respectively.

x5SxR

(c) Aggregation. It is identical to step 2c.
5. Final estimate. The nal estimate is given by ye(x) =

ebug (x)
,
wbug (x)

for all x 5 X.

4.2. Complexity
The time complexity order of the algorithm as a function of its parameters is given by
#
$
 2



N1 + N2 NS2
OT3D (N1 , N1 , N2 )
+
O
M
N
,
O (MN OT2D (N1 , N1 )) + O MN
2
2
Nstep
Nstep
where the rst two addends are due to block-matching and the third is due to T3D used for denoising and where
OT2D (N1 , N1 ) and OT3D (N1 , N1 , N2 ) denote the complexity orders of the transforms T2D and T3D , respectively.
Both OT2D and OT3D depend on properties of the adopted transforms such as separability and availability of
fast algorithms. For example, the DFT has an e!cient implementation by means of fast
 Fourier
 transform
(FFT). The 2D FFT, in particular, has complexity O (N1 N2 log (N1 N2 )) as opposed to O N12 N22 of a custom
non-separable transform. Moreover, an eective trade-o between complexity and denoising performance can be
achieved by varying Nstep .
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Table 1. Results in output PSNR (dB) of the denoising algorithm with block-matching and ltering in 3D DFT domain.

Image
/ PSNR

Lena
512 × 512

Barbara
512 × 512

House
256 × 256

Peppers
256 × 256

Boats
512 × 512

Couple
512 × 512

Hill
512 × 512

5/ 34.15
10/ 28.13
15/ 24.61
20/ 22.11
25/ 20.17
30/ 18.59
35/ 17.25
50/ 14.16
100/ 8.13

38.63
35.83
34.21
33.03
32.08
31.29
30.61
29.08
26.04

38.18
34.87
33.08
31.77
30.75
29.90
29.13
27.51
24.14

39.54
36.37
34.75
33.54
32.67
31.95
31.21
29.65
25.92

37.84
34.38
32.31
30.87
29.80
28.97
28.14
26.46
23.11

37.20
33.79
31.96
30.65
29.68
28.90
28.20
26.71
24.00

37.40
33.88
31.93
30.58
29.57
28.75
28.03
26.46
23.60

37.11
33.57
31.79
30.60
29.74
29.04
28.46
27.21
24.77

5. RESULTS AND DISCUSSION
We present experiments conducted with the algorithm introduced in Section 4, where the transforms T2D and T3D
are the 2D DFT and the 3D DFT, respectively. All results are produced with the same xed parameters–but
dierent for the hard-thresholding and Wiener ltering parts. For the hard-thresholding, N1 is automatically
selected in the range 7  N1  13 based on ,  match = 0.233, N2 = 28, Nstep = 4, NS = 73,  = 4, th2D = 0.82,
and th3D = 0.75. For the Wiener ltering, N1 is automatically selected in the range 7  N1  11 based on ,

 match = 4000
+ 0.0105, N2 = 72, Nstep = 3, NS = 35, and  = 3. In Table 1, we summarize the results of the
proposed technique in terms of output peak signal-to-noise ratio (PSNR) in decibels (dB), which is dened as
#
$
2552
.
PSNR = 10 log10
S
|X|1 x5X (y (x)  ye (x))2
At http://www.cs.tut.fi/~foi/3D-DFT, we provide a collection of the original and denoised test images that
were used in our experiments, together with the algorithm implementation (as C++ and MATLAB functions)
which produced all reported results. With the mentioned parameters, the execution time of the whole algorithm
is less than 9 seconds for an input image of size 256 × 256 on a 3 GHz Pentium machine.
In Figure 3, we compare the output PSNR of our method with the reported ones of three6, 7, 10 state-of-art
techniques known to the authors as best. However, for standard deviations 30 and 35 we could neither nd nor
reproduce the results of both the FSP+TUP 7 and the exemplar-based10 techniques, thus they are omitted.
In Figure 4, we show noisy ( = 35) House image and the corresponding denoised one. For this test
image, similarity among neighboring blocks is easy to perceive in the uniform regions and in the regular-shaped
structures. Hence, those details are well-preserved in our estimate. It is worth referring to Figure 1, where
block-matching is illustrated for a fragment of House.
Pairs of noisy ( = 35) and denoised Lena and Hill images are shown in Figures 5 and 6, respectively. The
enlarged fragments in each gure help to demonstrate the good quality of the denoised images in terms of faithful
detail preservation (stripes on the hat in Lena and the pattern on the roof in Hill).
We show fragments of noisy ( = 50) and denoised Lena, Barbara, Couple, and Boats images in Figure 7. For
this relatively high level of noise, there are very few disturbing artifacts and the proposed technique attains good
preservation of: sharp details (the table legs in Barbara and the poles in Boats), smooth regions (the cheeks of
Lena and the suit of the man in Couple), and oscillatory patterns (the table cover in Barbara). A fragment of
Couple corrupted by noise of various standard deviations is presented in Figure 8.
In order to demonstrate the capability of the proposed method to preserve textures, we show fragments of
heavily noisy ( = 100) and denoised Barbara in Figure 9. Although the true signal is almost completely buried
under noise, the stripes on the clothes are faithfully restored in the estimate.
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Noise standard deviation

Noise standard deviation

(a) Barbara

(b) Lena

Noise standard deviation

Noise standard deviation

(c) Peppers

(d) House

Figure 3. Output PSNR as a function of the standard deviation for Barbara (a), Lena (b), Peppers (c), and House (d).
The notation is: proposed method (squares), FSP+TUP 7 (circles), BLS-GSM 6 (stars), and exemplar-based10 (triangles).
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Figure 4. On the left are a noisy ( = 35) House and two enlarged fragments from it; on the right are the denoised
image (PSNR 31=21 dB) and the corresponding fragments.

We conclude by remarking that the proposed method outperforms–in terms of objective criteria–all techniques known to us. Moreover, our estimates retain good visual quality even for relatively high levels of noise.
Our current research extends the presented approach by the adoption of variable-sized blocks and shapeadaptive transforms,13 thus further improving the adaptivity to the structures of the underlying image. Also,
application of the technique to more general restoration problems is being considered.
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Figure 7. Fragments of noisy ( = 50) and denoised test images.
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(a)  = 25, PSNR 29=57 dB

(b)  = 50, PSNR 26=46 dB

(c)  = 75, PSNR 24=74 dB

(d)  = 100, PSNR 23=60 dB

Figure 8. Pairs of fragments of noisy and denoised Couple for standard deviations: 25 (a), 50 (b), 75 (c), and 100 (d).

Figure 9. Fragments of noisy ( = 100) and denoised (PSNR 24=14 dB) Barbara.

SPIE-IS&T/ Vol. 6064 606414-12

102

Publication [P2]
K. Dabov, A. Foi, V. Katkovnik, and K. Egiazarian,
“Image denoising by sparse 3D transform-domain collaborative filtering,” IEEE Trans. Image Process., vol. 16,
no. 8, pp. 2080-2095, August 2007.
© 2010 IEEE. Reprinted, with permission, from IEEE Transactions on Image
Processing.

103

IEEE

TRANSACTIONS ON IMAGE PROCESSING, VOL. 16, NO. 8, AUGUST 2007

Image Denoising by Sparse 3-D Transform-Domain
Collaborative Filtering
Kostadin Dabov, Student Member, IEEE, Alessandro Foi, Vladimir Katkovnik, and
Karen Egiazarian, Senior Member, IEEE

Abstract—We propose a novel image denoising strategy based
on an enhanced sparse representation in transform domain. The
enhancement of the sparsity is achieved by grouping similar 2-D
image fragments (e.g., blocks) into 3-D data arrays which we call
“groups.” Collaborative ﬁltering is a special procedure developed
to deal with these 3-D groups. We realize it using the three successive steps: 3-D transformation of a group, shrinkage of the
transform spectrum, and inverse 3-D transformation. The result
is a 3-D estimate that consists of the jointly ﬁltered grouped image
blocks. By attenuating the noise, the collaborative ﬁltering reveals
even the ﬁnest details shared by grouped blocks and, at the same
time, it preserves the essential unique features of each individual
block. The ﬁltered blocks are then returned to their original
positions. Because these blocks are overlapping, for each pixel,
we obtain many different estimates which need to be combined.
Aggregation is a particular averaging procedure which is exploited
to take advantage of this redundancy. A signiﬁcant improvement
is obtained by a specially developed collaborative Wiener ﬁltering.
An algorithm based on this novel denoising strategy and its efﬁcient implementation are presented in full detail; an extension to
color-image denoising is also developed. The experimental results
demonstrate that this computationally scalable algorithm achieves
state-of-the-art denoising performance in terms of both peak
signal-to-noise ratio and subjective visual quality.
Index Terms—Adaptive grouping, block matching, image denoising, sparsity, 3-D transform shrinkage.

I. INTRODUCTION

P

LENTY of denoising methods exist, originating from various disciplines such as probability theory, statistics, partial
differential equations, linear and nonlinear ﬁltering, and spectral
and multiresolution analysis. All these methods rely on some explicit or implicit assumptions about the true (noise-free) signal
in order to separate it properly from the random noise.
In particular, the transform-domain denoising methods typically assume that the true signal can be well approximated by
a linear combination of few basis elements. That is, the signal
is sparsely represented in the transform domain. Hence, by
preserving the few high-magnitude transform coefﬁcients that
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convey mostly the true-signal energy and discarding the rest
which are mainly due to noise, the true signal can be effectively
estimated. The sparsity of the representation depends on both
the transform and the true-signal’s properties.
The multiresolution transforms can achieve good sparsity
for spatially localized details, such as edges and singularities.
Because such details are typically abundant in natural images
and convey a signiﬁcant portion of the information embedded
therein, these transforms have found a signiﬁcant application
for image denoising. Recently, a number of advanced denoising
methods based on multiresolution transforms have been developed, relying on elaborate statistical dependencies between
coefﬁcients of typically overcomplete (e.g., translation-invariant and multiply-oriented) transforms. Examples of such
image denoising methods can be seen in [1]–[4].
Not limited to the wavelet techniques, the overcomplete representations have traditionally played an important role in improving the restoration abilities of even the most basic transform-based methods. This is manifested by the sliding-window
transform-domain image denoising methods [5], [6] where the
basic idea is to apply shrinkage in local (windowed) transform
domain. There, the overlap between successive windows accounts for the overcompleteness, while the transform itself is
typically orthogonal, e.g., the 2-D DCT.
However, the overcompleteness by itself is not enough to
compensate for the ineffective shrinkage if the adopted transform cannot attain a sparse representation of certain image details. For example, the 2-D DCT is not effective in representing
sharp transitions and singularities, whereas wavelets would typically perform poorly for textures and smooth transitions. The
great variety in natural images makes impossible for any ﬁxed
2-D transform to achieve good sparsity for all cases. Thus, the
commonly used orthogonal transforms can achieve sparse representations only for particular image patterns.
The adaptive principal components of local image patches
was proposed by Muresan and Parks [7] as a tool to overcome
the mentioned drawbacks of standard orthogonal transforms.
This approach produces good results for highly-structured
image patterns. However, the computation of the correct PCA
basis is essentially deteriorated by the presence of noise.
With similar intentions, the K-SVD algorithm [8] by Elad
and Aharon utilizes highly overcomplete dictionaries obtained
via a preliminary training procedure. A shortcoming of these
techniques is that both the PCA and learned dictionaries impose
a very high computational burden.
Another approach [9] is to exploit a shape-adaptive transform on neighborhoods whose shapes are adaptive to salient
image details and, thus, contain mostly homogeneous signal.
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The shape-adaptive transform can achieve a very sparse representation of the true signal in these adaptive neighborhoods.
Recently, an elaborate adaptive spatial estimation strategy,
the nonlocal means, was introduced [10]. This approach is different from the transform domain ones. Its basic idea is to build
a pointwise estimate of the image where each pixel is obtained
as a weighted average of pixels centered at regions that are similar to the region centered at the estimated pixel. The estimates
are nonlocal as in principle the averages can be calculated over
all pixels of the image. A signiﬁcant extension of this approach
is the exemplar-based estimator [11], which exploits pairwise
hypothesis testing to deﬁne adaptive nonlocal estimation neighborhoods and achieves results competitive to the ones produced
by the best transform-based techniques.
In this paper, we propose a novel image denoising strategy
based on an enhanced sparse representation in transform-domain. The enhancement of the sparsity is achieved by grouping
similar 2-D fragments of the image into 3-D data arrays which
we call “groups.” Collaborative ﬁltering is a special procedure
developed to deal with these 3-D groups. It includes three successive steps: 3-D transformation of a group, shrinkage of transform spectrum, and inverse 3-D transformation. Thus, we obtain the 3-D estimate of the group which consists of an array of
jointly ﬁltered 2-D fragments. Due to the similarity between the
grouped fragments, the transform can achieve a highly sparse
representation of the true signal so that the noise can be well
separated by shrinkage. In this way, the collaborative ﬁltering
reveals even the ﬁnest details shared by grouped fragments and
at the same time it preserves the essential unique features of each
individual fragment.
An image denoising algorithm based on this novel strategy is
developed and described in detail. It generalizes and improves
our preliminary algorithm introduced in [12]. A very efﬁcient
algorithm implementation offering effective complexity/performance tradeoff is developed. Experimental results demonstrate
that it achieves outstanding denoising performance in terms of
both peak signal-to-noise ratio (PSNR) and subjective visual
quality, superior to the current state-of-the-art. Extension to
color-image denoising based on [13] is also presented.
The paper is organized as follows. We introduce the grouping
and collaborative ﬁltering concepts in Section II. The developed
image denoising algorithm is described in Section III. An efﬁcient and scalable realization of this algorithm can be found in
Section IV and its extension to color-image denoising is given
in Section V. Experimental results are presented in Section VI.
Section VII gives an overall discussion of the developed approach and Section VIII contains relevant conclusions.
II. GROUPING AND COLLABORATIVE FILTERING
We denominate grouping the concept of collecting similar
-dimensional fragments of a given signal into a
-dimensional data structure that we term “group.” In the case of images
for example, the signal fragments can be arbitrary 2-D neighborhoods (e.g., image patches or blocks). There, a group is a
3-D array formed by stacking together similar image neighborhoods. If the neighborhoods have the same shape and size, the
formed 3-D array is a generalized cylinder. The importance of
grouping is to enable the use of a higher dimensional ﬁltering of

each group, which exploits the potential similarity (correlation,
afﬁnity, etc.) between grouped fragments in order to estimate
the true signal in each of them. This approach we denominate
collaborative ﬁltering.
A. Grouping
Grouping can be realized by various techniques; e.g.,
K-means clustering [14], self-organizing maps [15], fuzzy
clustering [16], vector quantization [17], and others. There
exist a vast literature on the topic; we refer the reader to [18]
for a detailed and systematic overview of these approaches.
Similarity between signal fragments is typically computed as
the inverse of some distance measure. Hence, a smaller distance
implies higher similarity. Various distance measures can be employed, such as the -norm of the difference between two signal
fragments. Other examples are the weighted Euclidean distance
used in the nonlocal means estimator [10], and also
the normalized distance used in the exemplar-based estimator
[11]. When processing complex or uncertain (e.g., noisy) data, it
might be necessary to ﬁrst extract some features from the signal
and then to measure the distance for these features only [18].
B. Grouping by Matching
Grouping techniques such as vector quantization or K-means
clustering are essentially based on the idea of partitioning. It
means that they build groups or clusters (classes) which are disjoint, in such a way that each fragment belongs to one and only
one group. Constructing disjoint groups whose elements enjoy
high mutual similarity typically requires recursive procedures
and can be computationally demanding [18]. Furthermore, the
partitioning causes unequal treatment of the different fragments
because the ones that are close to the centroid of the group are
better represented than those far from it. This happens always,
even in the special case where all fragments of the signal are
equidistantly distributed.
A much simpler and effective grouping of mutually similar
signal fragments can be realized by matching where, in contrast to the above partitioning methods, the formed groups are
not necessarily disjoint. Matching is a method for ﬁnding signal
fragments similar to a given reference one. That is achieved
by pairwise testing the similarity between the reference fragment and candidate fragments located at different spatial locations. The fragments whose distance (i.e., dissimilarity) from
the reference one is smaller than a given threshold are considered mutually similar and are subsequently grouped. The similarity plays the role of the membership function for the considered group and the reference fragment can be considered as
some sort of “centroid” for the group. Any signal fragment can
be used as a reference one, and, thus, a group can be constructed
for it.
We remark that for most distance measures, establishing a
bound on the distance between the reference fragment and all
of the matched ones means that the distance between any two
fragments in that group is also bounded. Roughly speaking, this
bound is the diameter of the group. While for an arbitrary distance measure such a statement may not hold precisely, for the
case of metrics (e.g., -norms) it is just a direct consequence
of the triangle inequality.
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Fig. 1. Illustration of grouping blocks from noisy natural images corrupted by white Gaussian noise with standard deviation 15 and zero mean. Each fragment
shows a reference block marked with “R” and a few of the blocks matched to it.

Block-matching (BM) is a particular matching approach that
has been extensively used for motion estimation in video compression (MPEG 1, 2, and 4, and H.26x). As a particular way of
grouping, it is used to ﬁnd similar blocks, which are then stacked
together in a 3-D array (i.e., a group). An illustrative example of
grouping by block-matching for images is given in Fig. 1, where
we show a few reference blocks and the ones matched as similar
to them.
C. Collaborative Filtering
Given a group of fragments, the collaborative ﬁltering of
the group produces estimates, one for each of the grouped
fragments. In general, these estimates can be different. The term
“collaborative” is taken literally, in the sense that each grouped
fragment collaborates for the ﬁltering of all others, and vice
versa.
Let us consider an illustrative example of collaborative ﬁltering for the estimation of the image in Fig. 2 from an observation (not shown) corrupted by additive zero-mean independent
noise. In particular, let us focus on the already grouped blocks
shown in the same ﬁgure. These blocks exhibit perfect mutual
similarity, which makes the elementwise averaging (i.e., averaging between pixels at the same relative positions) a suitable
estimator. Hence, for each group, this collaborative averaging
produces estimates of all grouped blocks. Because the corresponding noise-free blocks are assumed to be identical, the estimates are unbiased. Therefore, the ﬁnal estimation error is due
only to the residual variance which is inversely proportional to
the number of blocks in the group. Regardless of how complex
the signal fragments are, we can obtain very good estimates provided that the groups contain a large number of fragments.
However, perfectly identical blocks are unlikely in natural
images. If nonidentical fragments are allowed within the same
group, the estimates obtained by elementwise averaging become biased. The bias error can account for the largest share
of the overall ﬁnal error in the estimates, unless one uses an
estimator that allows for producing a different estimate of each

Fig. 2. Simple example of grouping in an artiﬁcial image, where for each reference block (with thick borders) there exist perfectly similar ones.

grouped fragment. Therefore, a more effective collaborative
ﬁltering strategy than averaging should be employed.
D. Collaborative Filtering by Shrinkage in Transform Domain
An effective collaborative ﬁltering can be realized as
shrinkage in transform domain. Assuming
-dimensional
groups of similar signal fragments are already formed, the
collaborative shrinkage comprises of the following steps.
• Apply a
-dimensional linear transform to the group.
• Shrink (e.g., by soft- and hard-thresholding or Wiener ﬁltering) the transform coefﬁcients to attenuate the noise.
• Invert the linear transform to produce estimates of all
grouped fragments.
This collaborative transform-domain shrinkage can be particularly effective when applied to groups of natural image fragments, e.g., the ones in Fig. 1. These groups are characterized
by both:
• intrafragment correlation which appears between the
pixels of each grouped fragment—a peculiarity of natural
images;
• interfragment correlation which appears between the corresponding pixels of different fragments—a result of the
similarity between grouped fragments.
The 3-D transform can take advantage of both kinds of correlation and, thus, produce a sparse representation of the true signal
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in the group. This sparsity makes the shrinkage very effective in
attenuating the noise while preserving the features of the signal.
Let us give a simple illustration of the beneﬁt of this collaborative shrinkage by considering the grouped image blocks
shown in Fig. 1. Let us ﬁrst consider the case when no collaborative ﬁltering is performed but instead a 2-D transform is applied separately to each individual block in a given group of
fragments. Since these grouped blocks are very similar, for
any of them we should get approximately the same number, say
, of signiﬁcant transform coefﬁcients. It means that the whole
group of fragments is represented by
coefﬁcients. In contrast, in the case of collaborative ﬁltering, in addition to the 2-D
transform, we apply a 1-D transform across the grouped blocks
(equivalent to applying a separable 3-D transform to the whole
group). If this 1-D transform has a DC-basis element, then because of the high similarity between the blocks, there are approximately1 only signiﬁcant coefﬁcients that represent the
whole group instead of
. Hence, the grouping enhances the
sparsity, which increases with the number of grouped blocks.
As Fig. 1 demonstrates, a strong similarity between small
image blocks at different spatial locations is indeed very
common in natural images. It is a characteristic of blocks that
belong to uniform areas, edges, textures, smooth intensity gradients, etc. Therefore, the existence of mutually similar blocks
can be taken as a very realistic assumption when modeling
natural images, which strongly motivates the use of grouping
and collaborative ﬁltering for an image denoising algorithm.
III. ALGORITHM
In the proposed algorithm, the grouping is realized by
block-matching and the collaborative ﬁltering is accomplished
by shrinkage in a 3-D transform domain. The used image fragments are square blocks of ﬁxed size. The general procedure
carried out in the algorithm is as follows. The input noisy image
is processed by successively extracting reference blocks from
it and for each such block:
• ﬁnd blocks that are similar to the reference one (blockmatching) and stack them together to form a 3-D array
(group);
• perform collaborative ﬁltering of the group and return the
obtained 2-D estimates of all grouped blocks to their original locations.
After processing all reference blocks, the obtained block estimates can overlap, and, thus, there are multiple estimates for
each pixel. We aggregate these estimates to form an estimate of
the whole image.
This general procedure is implemented in two different forms
to compose a two-step algorithm. This algorithm is illustrated in
Fig. 3 and proceeds as follows.
Step 1) Basic estimate.
a) Block-wise estimates. For each block in the
noisy image, do the following.
i) Grouping. Find blocks that are similar
to the currently processed one and then
1This is just a qualitative statement because the actual number of signiﬁcant
coefﬁcients depends on the normalization of the transforms and on the thresholds used for the 2-D and 3-D cases.

stack them together in a 3-D array
(group).
ii) Collaborative hard-thresholding. Apply
a 3-D transform to the formed group,
attenuate the noise by hard-thresholding
of the transform coefﬁcients, invert the
3-D transform to produce estimates
of all grouped blocks, and return the
estimates of the blocks to their original
positions.
b) Aggregation. Compute the basic estimate of
the true-image by weighted averaging all of
the obtained block-wise estimates that are
overlapping.
Step 2) Final estimate: Using the basic estimate, perform
improved grouping and collaborative Wiener
ﬁltering.
a) Block-wise estimates. For each block, do the
following.
i) Grouping. Use BM within the basic
estimate to ﬁnd the locations of the
blocks similar to the currently processed
one. Using these locations, form two
groups (3-D arrays), one from the noisy
image and one from the basic estimate.
ii) Collaborative Wiener ﬁltering. Apply
a 3-D transform on both groups.
Perform Wiener ﬁltering on the noisy
one using the energy spectrum of the
basic estimate as the true (pilot) energy
spectrum. Produce estimates of all
grouped blocks by applying the inverse
3-D transform on the ﬁltered coefﬁcients
and return the estimates of the blocks to
their original positions.
b) Aggregation. Compute a ﬁnal estimate of the
true-image by aggregating all of the obtained
local estimates using a weighted average.
There are two signiﬁcant motivations for the second step in the
above algorithm:
• using the basic estimate instead of the noisy image allows
to improve the grouping by block-matching;
• using the basic estimate as the pilot signal for the empirical
Wiener ﬁltering is much more effective and accurate than
the simple hard-thresholding of the 3-D spectrum of the
noisy data.
Observation Model and Notation: We consider a noisy image
of the form

where is a 2-D spatial coordinate that belongs to the image
domain
, is the true image, and is i.i.d. zero-mean
Gaussian noise with variance ,
. With
we
denote a block of ﬁxed size
extracted from , where is
the coordinate of the top-left corner of the block. Alternatively,
we say that
is located at in . A group of collected 2-D
blocks is denoted by a bold-face capital letter with a subscript
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Fig. 3. Flowchart of the proposed image denoising algorithm. The operations surrounded by dashed lines are repeated for each processed block (marked with
“R”).

that is the set of its grouped blocks’ coordinates, e.g.,
is a
3-D array composed of blocks
located at
. In
order to distinguish between parameters used in the ﬁrst and in
the second step, we respectively use the superscripts “ht” (hardthresholding) and “wie” (Wiener ﬁltering). For example,
is
the block size used in Step 1 and
is the block size used in
Step 2. Analogously, we denote the basic estimate with
and the ﬁnal estimate with
.
The following subsections present in detail the steps of the
proposed denoising method.
A. Steps 1a and 2a: Block-Wise Estimates
In this step, we process reference image blocks in a
sliding-window manner. Here, “process” stands for performing grouping and estimating the true signal of all grouped
blocks by:
• collaborative hard-thresholding in Step 1aii;
• collaborative Wiener ﬁltering in Step 2aii.
The resultant estimates are denominated “block-wise
estimates.”
Because Steps 1a and 2a bear the same structure, we respectively present them in the following two sections. Therein,
we ﬁx the currently processed image block as
(located at
the current coordinate
) and denominate it “reference
block.”
1) Steps 1ai and 1aii: Grouping and Collaborative HardThresholding: We realize grouping by block-matching within
the noisy image , as discussed in Section II-B. That is, only
blocks whose distance (dissimilarity) with respect to the reference one is smaller than a ﬁxed threshold are considered similar
and grouped. In particular, we use the -distance as a measure
of dissimilarity.
Ideally, if the true-image would be available, the blockdistance could be calculated as
(1)
where
denotes the -norm and the blocks
and
are
respectively located at
and
in . However, only the
noisy image is available and the distance can only be calculated from the noisy blocks
and
as
(2)

and
do not overlap, this distance is a nonIf the blocks
central chi-squared random variable with mean

and variance

(3)
The variance grows asymptotically with
. Thus, for relatively large or small
, the probability densities of the different
are likely to overlap heavily and this results in erroneous grouping.2 That is, blocks with greater ideal
distances than the threshold are matched as similar, whereas
blocks with smaller such distances are left out.
To avoid the above problem, we propose to measure the
block-distance using a coarse preﬁltering. This preﬁltering is
realized by applying a normalized 2-D linear transform on both
blocks and then hard-thresholding the obtained coefﬁcients,
which results in
(4)
where is the hard-thresholding operator with threshold
and
denotes the normalized 2-D linear transform.3
Using the -distance (4), the result of BM is a set that contains
the coordinates of the blocks that are similar to
(5)
where the ﬁxed
is the maximum -distance for which two
blocks are considered similar. The parameter
is selected
from deterministic speculations about the acceptable value of
the ideal difference, mainly ignoring the noisy components of
the signal. Obviously
, which implies that
, where
denotes the cardinality of
. After
obtaining
, a group is formed by stacking the matched noisy
blocks
to form a 3-D array of size
,
2The effect of this is the sharp drop of the output-PSNR observed for two of
the graphs in Fig. 9 at about 
.
3For simplicity, we do not invert the transform T
and compute the distance
directly from the spectral coefﬁcients. When T is orthonormal, the distance
coincides with the ` -distance calculated between the denoised block-estimates
in space domain.
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which we denote
. The matched blocks can in general
overlap. We do not restrict the ordering, which is discussed in
Section IV-B.
is realized by
The collaborative ﬁltering of
hard-thresholding in 3-D transform domain. The adopted
normalized 3-D linear transform, denoted
, is expected
to take advantage of the two types of correlation, discussed
in Section II-D, and attain good sparsity for the true signal
group
. This allows for effective noise attenuation by
hard-thresholding, followed by inverse transform that yields a
3-D array of block-wise estimates
(6)
where
array

is a hard-threshold operator with threshold
. The
comprises of
stacked block-wise estimates

,
. In
, the subscript denotes the location of this block-estimate and the superscript
indicates the
reference block.
2) Steps 2ai and 2aii: Grouping and Collaborative Wiener
Filtering: Given the basic estimate
of the true image obtained in Step 1b, the denoising can be improved by performing
grouping within this basic estimate and collaborative empirical
Wiener ﬁltering.
Because the noise in
is assumed to be signiﬁcantly attenuated, we replace the thresholding-based -distance (4) with
the normalized squared -distance computed within the basic
estimate. This is a close approximation of the ideal distance (1).
Hence, the coordinates of the matched blocks are the elements
of the set
(7)

We use the set
in order to form two groups, one from the
basic estimate and one from the noisy observation:
•
by stacking together the basic estimate blocks
;
•
by stacking together the noisy blocks
.
We deﬁne the empirical Wiener shrinkage coefﬁcients from
the energy of the 3-D transform coefﬁcients of the basic estimate
group as
(8)

is realized as
Then the collaborative Wiener ﬁltering of
the element-by-element multiplication of the 3-D transform
coefﬁcients
of the noisy data with the Wiener
. Subsequently, the inverse transshrinkage coefﬁcients
form

produces the group of estimates
(9)

This group comprises of the block-wise estimates
cated at the matched locations
.

lo-

B. Steps 1b and 2b: Global Estimate by Aggregation
and
,
Each collection of block-wise estimates
, obtained respectively in Steps 1a and 2a, is an overcomplete representation of the true-image because in general
the block-wise estimates can overlap. In addition, more than
one block-estimate can be located at exactly the same coordinate, e.g.,
and
are both located at but obtained
while processing the reference blocks at and , respectively.
One can expect substantially overcomplete representation of the
signal in regions where there are plenty of overlapping blockwise estimates, i.e., where a block is matched (similar) to many
others. Hence, the redundancy of the method depends on the
grouping and, therefore, also on the particular image.
To compute the basic and the ﬁnal estimates of the true-image
in Steps 1b and 2b, respectively, we aggregate the corresponding
block-wise estimates
and
,
. This aggregation is performed by a weighted averaging at those pixel
positions where there are overlapping block-wise estimates. The
selection of weights is discussed in the following section.
1) Aggregation Weights: In general, the block-wise estimates
are statistically correlated, biased, and have different variance
for each pixel. However, it is quite demanding to take into consideration all these effects. Similarly to [6] and [9], we found
that a satisfactory choice for aggregation weights would be ones
that are inversely proportional to the total sample variance of
the corresponding block-wise estimates. That is, noisier blockwise estimates should be awarded smaller weights. If the additive noise in the groups
and
is independent, the
total sample variance in the corresponding groups of estimates
(6) and (9) is respectively equal to
and
,
where
is the number of retained (nonzero) coefﬁcients
after hard-thresholding and
are the Wiener ﬁlter coef, we
ﬁcients (8). Based on this, in Step 1b for each
assign the weight
if
otherwise

(10)

. Similarly, in Step 2b for each
for the group of estimates
, we assign the weight
(11)
.
for the group of estimates
We remark that independence of the noise in a group is only
achieved when the noisy blocks that build this group do not
overlap each other. Therefore, on the one hand, the cost of ensuring independence would constitute a severe restriction for
the BM, i.e., allowing matching only among nonoverlapping
blocks. On the other hand, if the possible overlaps are considered, the computation of the individual variance of each transform coefﬁcient in
or
becomes a prohibitive complication that requires considering the covariance
terms in the corresponding transform coefﬁcients. In our algorithm we use overlapping blocks but do not consider the covariances. Hence, the proposed weights (10) and (11) are only
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loosely inversely proportional to the corresponding total sample
variances.
2) Aggregation by Weighted Average: The global basic estimate
is computed by a weighted average of the block-wise
estimates
obtained in Step 1a, using the weights
deﬁned in (10), i.e.,

these are reused for subsequent reference blocks whose
neighborhoods overlap the current one. Thus,
these transforms are computed exactly once for each
processed coordinate; e.g., they are not recomputed each
time in (4). In addition, in (6), (8), and (9), we compute the forward
and
transforms simply by
applying
across precomputed
- and
-transformed blocks, respectively.
Realize efﬁciently the aggregation.
• First, in Steps 1aii and 2aii, the obtained block-wise estimates are weighted and accumulated in a buffer (with the
size of the image). At the same time, the corresponding
weights are accumulated at the same locations in another
buffer. Then, in Steps 1b and 2b, the aggregation (12) is
ﬁnally realized by a simple element-wise division between the two buffers.
Reduce the border effects.
• Use a
Kaiser window (with parameter ) as
part of the weights in (12) in order to reduce border
effects which can appear when certain 2-D transforms
(e.g., the 2-D DCT, the 2-D DFT, or periodized wavelets)
are used.

(12)

is the characteristic function of the
where
square support of a block located at
, and the block-wise
estimates
are zero-padded outside of their support.
The global ﬁnal estimate
is computed by (12), where
,
,
, and
are replaced respectively by
,
,
, and
.
IV. FAST AND EFFICIENT REALIZATION
A straightforward implementation of the method presented
in the previous section is highly computationally demanding. In
order to realize a practical and efﬁcient algorithm, we impose
constraints and exploit certain expedients which we present in
the following list.
Reduce the number of processed blocks.
• Rather than sliding by one pixel to every next reference
block, use a step of
pixels in both horizontal and vertical directions. Hence, the number of reference blocks is decreased from approximately
to
.
Reduce the complexity of grouping.
• Restrict the maximum size of a group by setting an upper
bound
on the number of grouped blocks; i.e.,
ensuring
.
• Search for candidate matching blocks in a local neighborhood of restricted size
centered about the
currently processed coordinate
.
• To further speed-up the BM, we use predictive search,
i.e., the search neighborhoods are nonrectangular and
depend on the previously matched blocks. We form such
a neighborhood as the union of
(where
) ones centered at the previous matched coordinates correspondingly shifted by
in the direction of processing the image, e.g., in horizontal direction for raster scan. For every
th processed block,
we nevertheless perform an exhaustive-search BM in the
larger
neighborhood. In particular,
implies that only exhaustive-search in
is used.
Reduce the complexity of applying transforms.
• Restrict the transforms
and
to the class of separable transforms and use respectively
and
across the matched blocks and a 1-D transform,
,
along the third dimension of a group, along which the
blocks are stacked.
• The spectra
,
, and
are
precomputed for each block in a neighborhood
around the currently processed coordinate. Later,

A. Complexity
The time complexity of the algorithm is
and, thus,
depends linearly on the size of the input image, as all parameters
are ﬁxed.
Given the restrictions introduced in the previous subsection,
without exploiting predictive-search BM, the number of operations per pixel is approximately

where for simplicity we omit the superscripts “ht” and “wie”
from the parameters/operators, and where:
• the ﬁrst addend is due to precomputing
for each sliding
block (within a
neighborhood);
• the second is due to grouping by exhaustive-search BM in
a
neighborhood;
• the third addend is due to the transforms
that is a separable composition of
and
.
Above,
denotes the number of arithmetic operations required
for a transform ; it depends on properties such as availability
of fast algorithms, separability, etc. For example, the DFT can
be computed efﬁciently by a fast Fourier transform algorithm
and a dyadic wavelet decomposition can be realized efﬁciently
using iterated ﬁlterbanks.
By exploiting fast separable transforms and the predictivesearch BM, we can signiﬁcantly reduce the complexity of the
algorithm.
B. Parameter Selection
We studied the proposed algorithm using various transforms
and parameters. As a results, we propose sets of parameters
that are categorized in two proﬁles, “Normal” and “Fast,” presented in Table I. The main characteristics of these proﬁles are
as follows.
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TABLE I
PARAMETER SETS FOR THE FAST AND NORMAL PROFILES

TABLE II
DEPENDENCY OF THE OUTPUT PSNR (dB) ON THE USED TRANSFORMS. THE
COLUMNS CORRESPONDING TO T CONTAIN PSNR RESULTS OF THE BASIC
ESTIMATE y
AND ALL OTHER COLUMNS CONTAIN RESULTS OF THE FINAL
ESTIMATE y
. THE NOISE IN THE OBSERVATIONS HAD 

= 25

—

• Normal Proﬁle. This proﬁle offers a reasonable compromise between computational complexity and denoising
performance. It is divided in two cases depending on the
level of noise.
—
the noise is not too severe to affect the correctness of the grouping; hence, the thresholding in the
-distance (4) is disabled by setting
and relatively small block sizes are used,
,
.
—
corresponds to high level of noise; hence,
is used to improve the correctness of the grouping and
larger block sizes are used,
and
.
• Fast Proﬁle. Provides lower computational complexity at
the cost of decreased denoising performance. It exploits
the proposed fast predictive-search BM (unlike the Normal
Proﬁle, which uses only the exhaustive-search BM).
The beneﬁt of using thresholding
for the -distance
and larger block sizes when
is illustrated in Fig. 9 and
discussed in Section VI.
To show how the denoising performance depends on the
choice of the transforms
,
, and
, we present
some experimental results in Table II. As already stated, the
3-D transforms
and
used in Steps 1 and 2 of our
method are formed by a separable composition of
and
, respectively, with
. Furthermore, both
and
are separable compositions of 1-D transforms such as the ones
speciﬁed in the table. The following normalized transforms
were used in our experiment.
• DST, DCT: The discrete sine and cosine transforms.
• WHT: The Walsh–Hadamard transform.
• A few full dyadic wavelet decompositions using the
following.

: The Daubechies wavelet with vanishing moments, where
,2,4,6; when
, it coincides
with the Haar wavelet.
—
: A bi-orthogonal spline wavelet, where the
vanishing moments of the decomposing and the reconstructing wavelet functions are 1 and , respectively.
• DC+rand: An orthonormal transform that has a DC basis
element and the rest of its basis elements have random nature, i.e., obtained by orthonormalization of realizations of
a white Gaussian process.
In addition, only for
, we experimented with elementwise
averaging, i.e., preserving only the DC in the third dimension
(and discarding all other transform coefﬁcients), hence its name
“DC-only.” For this case, all grouped blocks are estimated by
elementwise averaging, exactly as in the illustrative example of
Section II-C.
In Table II, we present results corresponding to various
,
, and
. There, the Normal Proﬁle parameters were
used in all cases, where only the transform corresponding to
a particular table column was changed. Boldface result correspond to the best performing transform. We observe that the
choice of
and
does not have a signiﬁcant impact on
the denoising performance. Even the “DC+rand” transform,
whose basis elements except for the DC are random, shows
only a modest PSNR decrease in the range 0.1–0.4 dB. This
can be explained by the fact that the collaborative ﬁltering
depends mainly on
for exploiting the interfragment correlation among grouped blocks. The estimation ability does not
signiﬁcantly depend on the energy compaction capabilities of
and
. In this sense, the interfragment correlation appears as a much more important feature than the intrafragment
correlation.
Let us now focus on the results corresponding to the various
transforms in Table II. One can distinguish the moderately worse performance of the DST as compared with not only
the other standard transforms but also with the “DC+rand.” We
argue that the reason for this is the lack of DC basis element in
the DST—in contrast with all other transforms, which have this
element. Why is the DC of
important? Roughly speaking,
this is so because the DC basis element captures the similarity
between elements along the 3rd dimension of a group. Since
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TABLE III
GRAYSCALE-IMAGE DENOISING: OUTPUT PSNR (dB) OF THE PROPOSED BM3D ALGORITHM

+

Fig. 4. Grayscale-image denoising: output PSNR as a function of  for the following methods. “ ”: proposed BM3D; “”: FSP+TUP BLS-GSM [4]; “ ”:
BLS-GSM [3]; “2”: exemplar-based [11]; “5”: K-SVD [8]; “3”: pointwise SA-DCT [9]. (Note that the result of [4] for Boats and the results of [4] and [11] for
Cameraman are missing since they were neither reported in the corresponding articles, nor were implementations of these methods publicly available.)

the grouped blocks are similar, so are their corresponding 2-D
spectra and the DC terms reﬂect this similarity.
However, as it has been discussed in Section II, the existence
of perfectly matching blocks is unlikely. In order to avoid trivial
groups containing only the reference block, a strictly positive
threshold is used in (5) and (7). Additionally, as follows from
(3), the accuracy of the block-distance is affected by the noise.
In practice this means that within a group there can be blocks
for which the underlying true signal
is much farther from

than
. Therefore, the sole DC element is not able to
capture the potential differences between grouped blocks. This
is conﬁrmed by the poor results of the “DC-only” for
. The
availability of additional basis elements in any of the other transforms, even the random ones in “DC+rand,” results in big performance improvement over the “DC-only.”
We experimentally found that the ordering of blocks in
the group does not have a signiﬁcant effect on the estimation
ability of the algorithm. This is conﬁrmed by the results of the
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Fig. 5. Noisy ( = 25) grayscale House image and the BM3D estimate (PSNR 32.86 dB).

Fig. 6. Fragments of noisy ( = 25, PSNR 20.18 dB) grayscale images and the corresponding BM3D estimates. (a) Lena (PSNR 32.08 dB); (b) Barbara (PSNR
30.73 dB); (c) Cameraman (PSNR 29.45 dB); (d) Man (PSNR 29.62 dB); (e) Boats (PSNR 29.91 dB); (f) Couple (PSNR 29.72 dB).

“DC+rand” for
which achieves the same results as any
of the other (structured, nonrandom) orthogonal transforms.
For this transform, the ordering is irrelevant for the DC and is
relevant only for the other basis elements which, however, are
generated randomly. Hence, we may conclude that the ordering
of the blocks in the groups does not inﬂuence the ﬁnal results.
Given this and because in our implementation the BM already
produces a collection of blocks ordered by their block-distance,
we resort to using exactly this ordering. Naturally, ﬁrst in a
group is always the reference block as the distance to itself is
trivially equal to zero.

Note that, even though a group is constructed based on the
similarity with respect to a given reference block, this does not
imply that this block is better represented by the group than any
of the others. For example, it can happen that all the matched
blocks (except the reference block) are quite dissimilar from
the reference one but tightly similar to each other. Such a group
could be termed as “unbalanced.”
We choose the Haar full dyadic decomposition for
because it can be efﬁciently implemented with iterated ﬁlterbanks using 2-tap analysis/synthesis ﬁlters. To apply such an
orthonormal full dyadic decomposition, the transform size must
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Fig. 7. On the left: Fragment of a noisy (
23.49 dB).

= 100, PSNR 8.14 dB) grayscale Barbara; on the right: the corresponding fragment of the BM3D estimate (PSNR

be a power of 2. We enforced this requirement by restricting
the number of elements of both
(5) and
(7) to be the
largest power of 2 smaller than or equal to the original number
of elements in
and
, respectively.
V. EXTENSION TO COLOR-IMAGE DENOISING
We consider a natural RGB image with additive i.i.d. zeromean Gaussian noise in each of its channels. Let a luminancechrominance transformation be applied on such a noisy image,
where the luminance channel is denoted with and the chrominance channels are denoted with and . Prominent examples
and the opponent color
of such transformations are the
transformations, whose transform matrices are, respectively

chrominances since the grouping is sensitive to the level of
noise. Because a proper grouping is essential for the effectiveness of our method, we propose to perform the grouping only
once for the luminance and reuse exactly the same grouping
when applying collaborative ﬁltering on the chrominances
and . That is, the sets of grouped blocks’ coordinates
from (5) and (7) are found for , respectively in Steps 1ai
and 2ai, and reused for both
and ; using these sets, the
collaborative ﬁltering (Steps 1aii and 2aii) and the aggregation
(Steps 1b and 2b) are performed separately on each of the
three channels. The grouping constraint on the chrominances
is based on the assumption that if the luminances of two blocks
are mutually similar, then their chrominances are also mutually
similar. Furthermore, given that grouping by block-matching
takes approximately half of the execution time of the BM3D,
the grouping constraint enables a computational reduction of
approximately one third as compared to applying the grayscale
BM3D separately on the three channels.
VI. RESULTS

(13)

Due to properties of the underlying natural color image, such
as high correlation between its , , and channels, the following observations can be made.
has higher signal-to-noise ratio (SNR) than
and
•
(decorrelation of the , , and channels).
contains most of the valuable information (edges,
•
shades, objects, texture patterns, etc.).
and contain mostly low-frequency information (very
•
often these channels come from undersampled data).
• Iso-luminant regions with variation only in and are
unlikely.
A straightforward extension of the developed grayscale
denoising method for color-image denoising would be to apply
it separately on each of the , , and channels. This naive
approach, however, would suffer from the lower SNR in the

In this section, we present and discuss the experimental results obtained by the developed algorithms; the grayscale version is denominated block-matching and 3-D ﬁltering (BM3D)
and the color version is accordingly abbreviated C-BM3D. For
all experiments, we used the Matlab codes available at http://
www.cs.tut.ﬁ/~foi/GCF-BM3D. At this website, we also provide further results and the original and denoised test images
used in our experiments. Unless speciﬁed otherwise, we use the
parameters of the “Normal Proﬁle” from Table I for both the
BM3D and the C-BM3D.
A. Grayscale-Image Denoising
The output PSNR results of the BM3D algorithm for a standard set of grayscale images are given in Table III. The PSNR
of an estimate of a true image , is computed according to the
standard formula

114

DABOV et al.: IMAGE DENOISING BY SPARSE 3-D TRANSFORM-DOMAIN COLLABORATIVE FILTERING

Fig. 8. Fragments of the grayscale (top row) Boats and (bottom row) Cameraman denoised by (from left to right): [3], [8], [9], [12], and the proposed BM3D for
noise with 
(fragments of the noisy images can be seen in Fig. 6).

= 25

In Fig. 4, we compare the output PSNR results of the proposed BM3D with those of the state-of-the-art techniques
BLS-GSM [3], FSP+TUP BLS-GSM [4], exemplar-based [11],
K-SVD [8], Pointwise SA-DCT [9]; for the K-SVD method
[8], we report its best results, which are those obtained with
an adaptive dictionary trained on the noisy image. It can be
seen from the ﬁgure that the proposed BM3D demonstrates the
best performance and uniformly outperforms all of the other
techniques. In particular, a signiﬁcant improvement is observed
for House and Barbara since these images contain structured
objects (edges in House and textures in Barbara) which enable
a very effective grouping and collaborative ﬁltering.
In Fig. 5, we show a noisy
House image and the corresponding BM3D estimate. In this test image, similarity among
neighboring blocks is easy to perceive in the uniform regions
and along the regular-shaped structures, some of which are illustrated in Fig. 1. Hence, such details are well-preserved in the
estimate.
The denoising performance of the BM3D algorithm is further
illustrated in Fig. 6, where we show fragments of a few noisy
test images and fragments of the corresponding denoised ones. The denoised images show good preservation of:
• uniform areas and smooth intensity transitions (cheeks of
Lena, and the backgrounds of the other images);
• textures and repeating patterns (the scarf in Barbara);
• sharp edges and singularities (borders of objects in
Cameraman and Boats).
A denoising example for an extreme level of noise such as
is shown in Fig. 7. Given that the original image is almost completely buried into noise, the produced estimate shows
reasonable detail preservation. In particular, repeated patterns,
such as the stripes on the clothes, are faithfully reconstructed.
Regarding the subjective visual quality, we ﬁnd that various
image details are well preserved and at the same time very few

artifacts are introduced; one can observe this in Figs. 6–8. The
state-of-the-art subjective visual quality of our algorithm is conﬁrmed by the result of the psycho-visual experiment carried out
by Vansteenkiste et al. [19]. There, 35 evaluators classiﬁed the
preliminary version [12] of the BM3D algorithm as the best
among 8 evaluated state-of-the-art techniques. The criteria in
this evaluation were perceived noisiness, perceived blurriness,
and overall visual quality. Furthermore, we consider the subjective visual quality of the current BM3D algorithm to be signiﬁcantly better (in terms of detail preservation) than that of its
preliminary version evaluated in [19]. In Fig. 8, we show images denoised by the current and by the preliminary versions of
the BM3D algorithm. A close inspection reveals that the images
denoised by the current BM3D have both fewer ringing artifacts
and better preservation of details.
We show the PSNR performance of the Fast and Normal
BM3D Proﬁles in Fig. 9. The two cases of the Normal Proﬁle
from Table I are considered separately for
in order
to show the sharp PSNR drop of the “
” graph at about
due to erroneous grouping. On the other hand, for the
“
” graph, where the thresholding-based -distance (4)
is used with a relatively large block-size
, one can observe
that there is no sharp PSNR drop. It is noteworthy that, for up
to moderate levels of noise such as
, the PSNR difference between the Fast and the Normal Proﬁles is in the range
0.05–0.2 dB. This can be an acceptable price for the 6-fold reduction of the execution time shown in Table I; more precisely,
the approximate execution time (for denoising a 256
256
image calculated on a 1.5-GHz Celeron M) decreases from 4.1 s
for the Normal Proﬁle to 0.7 s for the Fast Proﬁle. The BM3D
algorithm allows for further complexity/performance tradeoff
by varying
. As a rough comparison, the execution times
(for denoising a 256 256 image on a 1.5-GHz Celeron M)
of the other methods considered in Fig. 4 were: 22.1 s for the
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Fig. 9. Comparison between the output PSNR corresponding to the proﬁles in Table I. Notation is: “5” for fast proﬁle, “ ” for the normal proﬁle in the case
“  40” and “+” in the case “ 40”; both instances of the normal proﬁle are shown for all considered values of in the range [10, 75].

>



TABLE V
COLOR-IMAGE DENOISING: OUTPUT-PSNR COMPARISON WITH
THE TWO STATE-OF-THE-ART RECENT METHODS [20] AND [9]

TABLE IV
COLOR-IMAGE DENOISING: OUTPUT PSNR
OF THE PROPOSED C-BM3D ALGORITHM

BLS-GSM, 6.2 s for the SA-DCT ﬁlter, 9–30 min (depending
on ) for training the adaptive K-SVD on an input noisy image,
and 25–120 s to perform the ﬁltering using the found dictionary. The execution time of the exemplar-based method was reported in [11] to be about 1 min when measured on a 2-GHz
Pentium IV. The execution time of the FSP+TUP BLS-GSM
was not reported; however, it is a two-step BLS-GSM extension
that should not be faster than the BLS-GSM.
B. Color-Image Denoising
We performed experiments with the C-BM3D using the opponent color space transformation (13) and the Normal Proﬁle
algorithm parameters. In all experiments, we considered noisy
images with i.i.d. zero-mean Gaussian noise of variance
in
each of their , , and channels. The PSNR for RGB images
is computed using the standard formula



where the subscript
denotes the color channel.
Table IV presents the output-PSNR results of the proposed
C-BM3D algorithm for a few standard test images. A comparison with the two recent state-of-the-art methods [9], [20]
is given in Table V. One can see that the proposed algorithm
outperforms them for the three test images considered there.

Fig. 10. Color-image denoising: On the left are a noisy Lena image ( = 50,
PSNR 14.15 dB) and a fragment of it; on the right are the C-BM3D estimate
(PSNR 29.72 dB) and the corresponding fragment.

The visual quality can be inspected from Fig. 10 where a
noisy (with
) color Lena and the C-BM3D estimate are
shown. One can observe the faithfully preserved details on the
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hat, the sharp edges, and the smooth regions. The approximate
execution time of the C-BM3D for a 256 256 RGB image
was 7.6 s on a 1.5-GHz Celeron M.
VII. DISCUSSION
The approach presented in this paper is an evolution of our
work on local approximation techniques. It started from the
classical local polynomial approximation with a simple symmetric neighborhood. The adaptive pointwise varying size of
this neighborhood was a ﬁrst step to practically efﬁcient algorithms. A next step was devoted to anisotropic estimation
based on adaptive starshaped neighborhoods allowing nonsymmetric estimation areas. The nonsymmetry of these estimates is
a key-point in designing estimators relevant to natural images.
This development has been summarized in the recent book [21].
These techniques are based on ﬁxed-order approximations.
For image processing, these approximations are in practice
reduced to zero and ﬁrst order polynomials. It became clear
that the developed neighborhood adaptivity had practically
exhausted its estimation potential.
The breakthrough appears when the adaptive order local
approximations are introduced. First, it was done in terms of
the orthonormal transform with varying window size [22]. The
hard-thresholding of the spectrum of these transforms means
that some terms in the approximating series are adaptively
dropped, and, thus, the order of the model becomes data dependent [23]. The most efﬁcient development of the idea of
the adaptive order estimation in local neighborhoods was the
pointwise shape-adaptive DCT ﬁlter [9], where the orthonormal
transform is calculated in adaptive shape neighborhoods deﬁned by special statistical rules.
The next essential step in the development of the local approximations is presented in this paper. The spatial adaptivity is
realized by selection of sets of blocks similar to a given reference one. Thus, local estimates become nonlocal. The selected
blocks are grouped in 3-D arrays, jointly ﬁltered, and aggregated
at the places where they were taken from. The joint ﬁltering of
the blocks in the 3-D arrays is realized by shrinkage of the spectrum items; thus, the idea of the order adaptive estimation is exploited again but in quite a speciﬁc way. The main advantages of
this approach are the nonlocality and the collaborative ﬁltering.
The latter results in effective preservation of local features in
image blocks and very efﬁcient denoising.
We wish to mention the work of a few other authors in order
to clarify the context of our contribution and to state what makes
it different from other similar approaches.
Since our method and the nonlocal estimators [10] and
[11] are based on the same assumptions about the signal, it is
worth comparing this class of techniques with our method. The
weighted mean used in the nonlocal estimation corresponds
to a zero-order polynomial approximation. Its effectiveness
depends on an elaborate computation of adaptive weights,
depending on the similarity between image patches centered
at the estimated pixel and the ones used in the averaging.
Our approach is different; by using a more ﬂexible set of
the basis functions (embedded in the transform), we enable

order-adaptivity of the model and a more efﬁcient exploitation
of the similarity between grouped blocks. This is realized by
collaborative ﬁltering that allows for high-order estimates (not
only weighted means) to be calculated for all grouped blocks.
The algorithm proposed in [8] is derived from a global optimization formulation. The image is segmented in a set of overlapping blocks and the ﬁltering is enabled by ﬁtting a minimum
complexity model to each of these blocks. The ﬁnal image estimate is obtained by fusing these models. A very good performance of the algorithm mainly follows from using a set of
basis functions (dictionaries) obtained by training. In contrast,
our collaborative ﬁltering is essentially different because the
model induced by hard-thresholding has low-complexity only
in relation to the group as a whole. For the block-wise estimates and for the image overall, the model can instead be highly
complex and redundant as each block can enter in many groups
and, thus, can participate in many collaborative estimates. This
redundancy gives a very good noise attenuation and allows to
avoid artifacts typical for the standard thresholding schemes.
Thus, we may say that instead of some low-complexity modeling as in [8], we exploit speciﬁc overcomplete representations.
The collaborative Wiener ﬁltering used in the second step and
the aggregation of block-wise estimates using adaptive weights
are major features of our approach. The Wiener ﬁltering uses
the power spectrum of the basic estimate to ﬁlter the formed
groups. As a result, the estimation improves signiﬁcantly over
the hard-thresholding used in the ﬁrst step. The improvement in
PSNR can be seen from Table II (by comparing the numbers in
” with the numbers in any of the other two
the column of “
” or “
”); one can observe that the improvecolumns “
ment is substantial, typically greater than 0.5 dB.
The basis functions used in our algorithm are standard ones,
computationally efﬁcient, and image independent. We believe
that the proposed denoising method could be improved by using
more sophisticated bases such as adaptive PCA [7], or overcomplete learned dictionaries [8]. However, the computational complexity would signiﬁcantly increase because these transforms
are typically nonseparable and do not have fast algorithms. As
it is shown in the previous section, even with the currently used
standard transforms, our algorithm already demonstrates better
performance than both [8] and [11].
The proposed extension to color images is nontrivial because
we do not apply the grayscale BM3D independently on the three
luminance-chrominance channels, but we impose a grouping
constraint on both chrominances. The grouping constraint
means that the grouping is done only once, in the luminance
(which typically has a higher SNR than the chrominances), and
exactly the same grouping is reused for collaborative ﬁltering
in both chrominances. It is worth comparing the performance
of the proposed C-BM3D versus the independent application
of the grayscale BM3D on the individual color channels. This
is done in Table VI which shows that the C-BM3D achieves
0.2–0.4 dB better PSNR than the independent application of the
BM3D on the opponent color channels and 0.3–0.8 dB better
PSNR than the independent application of the BM3D on the
RGB channels. This improvement shows the signiﬁcant beneﬁt
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TABLE VI
PSNR RESULTS OF THREE DIFFERENT APPROACHES TO COLOR-IMAGE
DENOISING. THE NOISE WAS ADDED IN RGB WITH 
AND ALL
PSNR (dB) VALUES WERE ALSO COMPUTED IN RGB SPACE

= 25

of using the grouping constraint on the chrominances in the
C-BM3D.
We note that a similar idea of ﬁltering the chrominances
using information from the luminance was exploited already
in the Pointwise SA-DCT denoising method [9]. There, adaptive-shape estimation neighborhoods are determined only for
and then reused for both and . The PSNR improvement
(0.1–0.4 dB) of the proposed approach compared with [9]
is consistent with the improvement between the grayscale
versions of these two methods.

VIII. CONCLUSION
The image modeling and estimation algorithm developed in
this paper can be interpreted as a novel approach to nonlocal
adaptive nonparametric ﬁltering. The algorithm demonstrates
state-of-the-art performance. To the best of our knowledge, the
PSNR results shown in Tables III and IV are the highest for denoising additive white Gaussian noise from grayscale and color
images, respectively. Furthermore, the algorithm achieves these
results at reasonable computational cost and allows for effective
complexity/performance tradeoff, as shown in Table I.
The proposed approach can be adapted to various noise
models such as additive colored noise, non-Gaussian noise,
etc., by modifying the calculation of coefﬁcients’ variances in
the basic and Wiener parts of the algorithm. In addition, the
developed method can be modiﬁed for denoising 1-D-signals
and video, for image restoration, as well as for other problems
that can beneﬁt from highly sparse signal representations.
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-2,17 ,0$*( 6+$53(1,1* $1' '(12,6,1* %< ' 75$16)250'20$,1
&2//$%25$7,9( ),/7(5,1*
.RVWDGLQ 'DERY $OHVVDQGUR )RL 9ODGLPLU .DWNRYQLN DQG .DUHQ (JLD]DULDQ
,QVWLWXWH RI 6LJQDO 3URFHVVLQJ 7DPSHUH 8QLYHUVLW\ RI 7HFKQRORJ\
32 %R[  7DPSHUH  )LQODQG
¿UVWQDPHODVWQDPH#WXW¿
$%675$&7
,Q RUGHU WR VLPXOWDQHRXVO\ VKDUSHQ LPDJH GHWDLOV DQG DW
WHQXDWH QRLVH ZH SURSRVH WR FRPELQH WKH UHFHQW EORFN
PDWFKLQJ DQG ' ¿OWHULQJ %0' GHQRLVLQJ DSSURDFK
EDVHG RQ ' WUDQVIRUPGRPDLQ FROODERUDWLYH ¿OWHULQJ ZLWK
DOSKDURRWLQJ D WUDQVIRUPGRPDLQ VKDUSHQLQJ WHFKQLTXH
7KH %0' H[SORLWV JURXSLQJ RI VLPLODU LPDJH EORFNV LQWR
' DUUD\V JURXSV RQ ZKLFK FROODERUDWLYH ¿OWHULQJ E\
KDUGWKUHVKROGLQJ LV DSSOLHG :H SURSRVH WZR DSSURDFKHV
RI VKDUSHQLQJ E\ DOSKDURRWLQJ WKH ¿UVW DSSOLHV DOSKD
URRWLQJ LQGLYLGXDOO\ RQ WKH ' WUDQVIRUP VSHFWUD RI HDFK
JURXSHG EORFN WKH VHFRQG DSSOLHV DOSKDURRWLQJ RQ WKH
'WUDQVIRUP VSHFWUD RI HDFK ' DUUD\ LQ RUGHU WR VKDUSHQ
¿QH LPDJH GHWDLOV VKDUHG E\ DOO JURXSHG EORFNV DQG IXUWKHU
HQKDQFH WKH LQWHUEORFN GLIIHUHQFHV 7KH FRQGXFWHG H[SHUL
PHQWV ZLWK WKH SURSRVHG PHWKRG VKRZ WKDW LW FDQ SUHVHUYH
DQG VKDUSHQ ¿QH LPDJH GHWDLOV DQG HIIHFWLYHO\ DWWHQXDWH
QRLVH
 ,1752'8&7,21
7KH SUREOHP RI VKDUSHQLQJ LPDJH GHWDLOV ZKLOH DWWHQXDW
LQJ QRLVH DULVHV LQ SUDFWLFH DV D SUHSURFHVVLQJ VWHS SULRU WR
VHJPHQWDWLRQ ELQDUL]DWLRQ E\ WKUHVKROGLQJ LQ WKH FRQ
WH[W RI LPDJH DQDO\VLV FODVVL¿FDWLRQ SDWWHUQ UHFRJQLWLRQ
7KH SURFHGXUH LV DOVR YHU\ XVHIXO LQ FRQVXPHU DSSOLFD
WLRQV ZKHUH LW LV XWLOL]HG WR REWDLQ PRUH YLVXDOO\ DSSHDOLQJ
GLJLWDO SKRWRJUDSKV 9DULRXV PHWKRGV IRU LPDJH VKDUS
HQLQJ H[LVW 7UDGLWLRQDO RQHV UHO\ RQ OLQHDU ¿OWHULQJ WKDW
ERRVWV KLJKHU IUHTXHQFLHV RU RQ HOHPHQWZLVH WUDQVIRUPD
WLRQV VXFK DV WKH KLVWRJUDPEDVHG PHWKRGV HTXDOL]DWLRQ
PDWFKLQJ DQG VKDSLQJ  &XUUHQW DGYDQFHV >  @ LQ
WKH ¿HOG H[SORLW WUDQVIRUPV VXFK DV ZDYHOHW GHFRPSRVL
WLRQV DQG WULJRQRPHWULF WUDQVIRUPV '&7 ')7 HWF WR
LPSURYH WKH HI¿FLHQF\ RI WKH VKDUSHQLQJ 7KH VKDUSHQ
LQJ LV W\SLFDOO\ DFKLHYHG E\ DPSOLI\LQJ FHUWDLQ SDUWV RI WKH
WUDQVIRUP VSHFWUXP ([DPSOH RI D ZHOO HVWDEOLVKHG VXFK
WHFKQLTXH LV WKH DOSKDURRWLQJ > @ ZKHUH WKH DPSOL¿FD
WLRQ LV DFKLHYHG E\ WDNLQJ WKH URRW RI WKH PDJQLWXGH RI
WKH RULJLQDO FRHI¿FLHQWV IRU VRPH FRQVWDQW  A  $ UH
FHQW ZRUN >@ VKRZHG WKDW KLVWRJUDPV RI WKH ORJDULWKP RI
D WUDQVIRUP VSHFWUXP FDQ DOVR EH XWLOL]HG IRU VKDUSHQLQJ
XVLQJ PHWKRGV VXFK DV KLVWRJUDP PDWFKLQJ DQG VKDSLQJ

$Q LQKHUHQW GUDZEDFN RI PRVW VKDUSHQLQJ PHWKRGV LV
WKH DPSOL¿FDWLRQ RI WKH QRLVH FRPSRQHQW WKDW LV LQHYLWDEO\
SUHVHQW ZKHQ GHDOLQJ ZLWK SUDFWLFDO DSSOLFDWLRQV
5HFHQWO\ ZH SURSRVHG D KLJKO\ HIIHFWLYH LPDJH GH
QRLVLQJ PHWKRG >@ QDPHO\ WKH EORFNPDWFKLQJ DQG '
¿OWHULQJ %0'  EDVHG RQ ¿OWHULQJ RI HQKDQFHG VSDUVH
QRQORFDO LPDJH UHSUHVHQWDWLRQV 8VLQJ EORFNZLVH SURFHVV
LQJ ZH JURXS EORFNV VLPLODU WR WKH FXUUHQWO\ SURFHVVHG
RQH LQWR ' DUUD\V WHUPHG ³JURXSV´ 6XEVHTXHQWO\ ZH
DSSO\ ZKDW ZH FDOO ³FROODERUDWLYH ¿OWHULQJ´ RQ HDFK RI
WKHVH JURXSV ,Q >@ ZH VKRZHG WKDW WKLV ¿OWHULQJ FDQ EH
HI¿FLHQWO\ UHDOL]HG E\ VKULQNDJH HJ KDUGWKUHVKROGLQJ
LQ 'WUDQVIRUP GRPDLQ ,W LV H[DFWO\ LQ WKH 'WUDQVIRUP
GRPDLQ ZKHUH WKH HQKDQFHG VSDUVH UHSUHVHQWDWLRQ RI WKH
WUXH VLJQDO LV DWWDLQHG +HQFH WKH VKULQNDJH RI WKH WUDQV
IRUP FRHI¿FLHQWV DOORZV IRU ERWK JRRG QRLVH DWWHQXDWLRQ
DQG IDLWKIXO GHWDLO SUHVHUYDWLRQ 7KH UHVXOW RI WKH FROODE
RUDWLYH ¿OWHULQJ RI D JURXS LV D VHW RI JURXSHG EORFN HVWL
PDWHV ZKLFK DUH WKHQ UHWXUQHG WR WKHLU RULJLQDO ORFDWLRQ LQ
WKH LPDJH GRPDLQ 6LQFH WKH EORFN HVWLPDWHV IURP D JLYHQ
JURXS FDQ PXWXDOO\ RYHUODS DQG DOVR RYHUODS ZLWK RQHV
IURP GLIIHUHQW JURXSV ZH DJJUHJDWH WKHP E\ D ZHLJKWHG
DYHUDJLQJ LQ RUGHU WR REWDLQ D VLQJOH HVWLPDWH RI HDFK LP
DJH SL[HO
,Q WKLV SDSHU ZH SURSRVH WR FRPELQH WKH %0' GH
QRLVLQJ DSSURDFK ZLWK DOSKDURRWLQJ LQ RUGHU WR VLPXOWD
QHRXVO\ VKDUSHQ LPDJH GHWDLOV DQG DWWHQXDWH QRLVH +DUG
WKUHVKROGLQJ LV DSSOLHG RQ WKH 'WUDQVIRUP VSHFWUXP RI
HDFK JURXS WR DWWHQXDWH WKH QRLVH 6XEVHTXHQWO\ VKDUS
HQLQJ LV UHDOL]HG E\ PRGLI\LQJ WKH WKUHVKROGHG WUDQVIRUP
FRHI¿FLHQWV RI WKH JURXSHG EORFNV :H VKRZ H[SHULPHQWDO
UHVXOWV FRUUHVSRQGLQJ WR WZR DSSURDFKHV RQH ZLWK DOSKD
URRWLQJ SHUIRUPHG RQ WKH ' WUDQVIRUP VSHFWUXP DQG WKH
RWKHU ZLWK DOSKDURRWLQJ DSSOLHG VHSDUDWHO\ RQ WKH ' WUDQV
IRUP VSHFWUXP RI HDFK JURXSHG EORFN 7KH MRLQW DSSOLFD
WLRQ RI WKH FROODERUDWLYH ¿OWHULQJ DQG DOSKDURRWLQJ DOORZV
IRU ERWK JRRG QRLVH VXSSUHVVLRQ DQG HIIHFWLYH SUHVHUYD
WLRQ DQG VKDUSHQLQJ RI HYHQ YHU\ ¿QH LPDJH GHWDLOV ,W LV
ZRUWK QRWLQJ WKDW WKH DGRSWHG ' WUDQVIRUP LV D VHSDUD
EOH FRPSRVLWLRQ RI D ' WUDQVIRUP RQ HDFK EORFN DQG D
' WUDQVIRUP LQ WKH ³WHPSRUDO´ GLPHQVLRQ DORQJ ZKLFK
EORFNV DUH VWDFNHG  ZKLFK PDNHV SRVVLEOH WKH DSSOLFDWLRQ
RI DOSKDURRWLQJ RQ ' WUDQVIRUP VSHFWUD ,Q WKH IROORZLQJ
VHFWLRQV ZH SUHVHQW WKH GHYHORSHG PHWKRG DQG VKRZ WKDW

7KLV ZRUN ZDV VXSSRUWHG E\ WKH $FDGHP\ RI )LQODQG SURMHFW 1R
 )LQQLVK &HQWUH RI ([FHOOHQFH SURJUDP >  @ 
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LW FDQ EH YHU\ HIIHFWLYH ZKHQ DSSOLHG RQ ERWK DUWL¿FLDOO\
GHJUDGHG LPDJHV DQG UHDO UHWLQDO PHGLFDO LPDJHV

>@ 7KLV VLPSOH WHFKQLTXH LV DSSOLHG IRU ERWK WKH %0'
6+' DQG WKH %0'6+' RQ ' DQG ' WUDQVIRUP
VSHFWUD UHVSHFWLYHO\ 7KH DOSKDURRWLQJ LV PRWLYDWHG E\
 352326(' 0(7+2'
IDFW WKDW H[FHSW IRU WKH '& WKH WUDQVIRUP EDVLV HOHPHQWV
H[WUDFW GLIIHUHQWLDO LQIRUPDWLRQ RI WKH VLJQDO ,WV HIIHF
:H FRQVLGHU D QRLV\ LPDJH }  | ZKHUH | LV WKH QRLVH
WLYHQHVV LV EDVHG RQ DPSOLI\LQJ WKHVH FRHI¿FLHQWV DFFRUG
IUHH LPDJH ZLWK SRRU FRQWUDVW DQG  LV LLG *DXVVLDQ
LQJ WR (TXDWLRQ   3HUIRUPLQJ KDUGWKUHVKROGLQJ SULRU
QRLVH ZLWK ]HUR PHDQ DQG YDULDQFH    )ROORZLQJ DUH
WR DOSKDURRWLQJ UHVROYHV SUREOHPV >@ RI WKLV VKDUSHQ
WKH WZR YDULDWLRQV RI WKH SURSRVHG PHWKRG GHQRPLQDWHG
%0'6+' DQG %0'6+' 7KH IRUPHU SHUIRUPV DOSKD LQJ WHFKQLTXH UHJDUGLQJ QRLVH DPSOL¿FDWLRQ ZKLFK FDXVHV
VSLNH DUWLIDFWV 
URRWLQJ RQ ' WUDQVIRUP VSHFWUD DQG WKH ODWWHU RQ ' WUDQV
$V VKRZQ LQ >@ WKH RYHUODSSLQJ ¿OWHUHG EORFNV FDQ
IRUP VSHFWUD 7KHLU FRUUHVSRQGLQJ ÀRZFKDUWV DUH VKRZQ
EH HIIHFWLYHO\ DJJUHJDWHG XVLQJ ZHLJKWV WKDW DUH LQYHUVHO\
LQ )LJXUH 
SURSRUWLRQDO WR WKH WRWDO YDULDQFH RI WKH ¿OWHUHG JURXSV WR
 3URFHVV RYHUODSSLQJ EORFNV LQ D UDVWHU VFDQ )RU
ZKLFK WKH UHVSHFWLYH EORFNV EHORQJ :KLOH IRU WKH GHQRLV
HDFK VXFK EORFN GR WKH IROORZLQJ
LQJ PHWKRG GHVFULEHG WKHUH WKLV WRWDO YDULDQFH FDQ EH DS
SUR[LPDWHG DV  WLPHV WKH QXPEHU RI UHWDLQHG LH QRQ
D 8VH EORFNPDWFKLQJ WR ¿QG WKH ORFDWLRQV RI
]HUR FRHI¿FLHQWV DIWHU WKUHVKROGLQJ LQ WKH FDVH RI MRLQW
WKH EORFNV LQ } WKDW DUH VLPLODU WR WKH FXUUHQWO\
GHQRLVLQJ DQG VKDUSHQLQJ GXH WR WKH DPSOL¿FDWLRQ FDXVHG
SURFHVVHG RQH )RUP D ' DUUD\ JURXS E\
E\ DOSKDURRWLQJ WKH YDULDQFH RI HDFK VKDUSHQHG FRHI¿
VWDFNLQJ WKH EORFNV ORFDWHG DW WKH REWDLQHG OR
FLHQW LQ WKH JURXS FRXOG EH GLIIHUHQW IURP WKH RULJLQDO  
FDWLRQV
:H GHULYH D VLPSOH HVWLPDWRU IRU WKH WRWDO UHVLGXDO YDUL
DQFH LQ HDFK JURXS /HW w EH WKH KDUGWKUHVKROGHG '
E $SSO\ D ' WUDQVIRUP RQ WKH IRUPHG JURXS
WUDQVIRUP VSHFWUXP RI D JURXS DQG wvk EH WKH VSHFWUXP RI
F $WWHQXDWH WKH QRLVH E\ KDUGWKUHVKROGLQJ WKH
WKH VKDUSHQHG VLJQDO REWDLQHG E\ (TXDWLRQ  ,I w   
' WUDQVIRUP VSHFWUXP
ZH FDQ UHZULWH wvk l DV WKH SURGXFW RI WZR LQGHSHQGHQW
4
G 6KDUSHQLQJ :H SURSRVH WKH IROORZLQJ WZR DO
 4
WHUPV (  w   DQG l  
w l w l   $V
WHUQDWLYHV
VXPLQJ WKDW WKH PRGXOL RI w  DQG w l DUH PXFK ODUJHU
 %0'6+' $SSO\ DOSKDURRWLQJ RQ WKH
WKDQ WKHLU VWDQGDUG GHYLDWLRQ  ZKLFK FDQ EH D UHDVRQDEOH
KDUGWKUHVKROGHG ' WUDQVIRUP VSHFWUXP
DVVXPSWLRQ VLQFH w  LV D '& FRHI¿FLHQW DQG w l VXU
DQG LQYHUW WKH ' WUDQVIRUP WR SURGXFH
YLYHG WKUHVKROGLQJ  WKH YDULDQFHV RI WKH SURGXFW RI WKHVH
¿OWHUHG JURXSHG EORFNV
WZR WHUPV FDQ EH URXJKO\ DSSUR[LPDWHG XVLQJ WKH ¿UVW
SDUWLDO GHULYDWLYHV DV IROORZV
 %0'6+' ,QYHUW WKH ' WUDQVIRUPV
DORQJ WKH WHPSRUDO GLPHQVLRQ RI WKH IRUP

 wvk l  (3 H w  H l   w  
HG ' DUUD\ WKHQ SHUIRUP DOSKDURRWLQJ

VHSDUDWHO\ RQ WKH ' WUDQVIRUP VSHFWUD RI
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OGLQJ  :H UHIHU WKH UHDGHU WR >@ IRU GHWDLOV

*LYHQ D WUDQVIRUP VSHFWUXP w RI D VLJQDO ZKLFK FRQ
 $l 
WDLQV D '& FRHI¿FLHQW WHUPHG w  WKH DOSKDURRWLQJ LV
SHUIRUPHG DV
7KXV WKH WRWDO YDULDQFH RI WKH ¿OWHUHG LH WKUHVKROGHG
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ZKHUH wvk LV WKH VSHFWUXP RI WKH UHVXOWDQW VLJQDO DQG ZKHUH
DQ H[SRQHQW  A  UHVXOWV LQ VKDUSHQLQJ RI LPDJH GHWDLOV

&RQVHTXHQWO\ WKH ZHLJKWV XVHG IRU WKH DJJUHJDWLRQ DUH
GH¿QHG DV WKH UHFLSURFDO RI WKH DERYH y 1RWH WKDW WKHVH
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)LJXUH  )ORZFKDUWV RI WKH WZR YDULDWLRQV RI WKH SURSRVHG PHWKRG 7RS %0'6+' ZKLFK DSSOLHV DOSKDURRWLQJ RQ
WKH ' VSHFWUXP RI HDFK JURXS ERWWRP %0'6+' ZKLFK DSSOLHV DOSKDURRWLQJ RQ WKH ' VSHFWUXP RI HDFK JURXSHG
EORFN
ZHLJKWV DUH XVHG RQO\ IRU %0'6+' DQG IRU WKH %0'
6+' IRU VLPSOLFLW\ ZH UHVRUW WR WKH VDPH ZHLJKWV XVHG
LQ %0' >@ LH $ l    )XUWKHU RQH FDQ REVHUYH WKDW
LI    ZH REWDLQ $ l   7KXV  FDQ EH LQWHUSUHWHG
DV D JHQHUDOL]DWLRQ RI WKH ZHLJKWV XVHG LQ >@
 5(68/76

 ',6&866,21 $1' &21&/86,216

:H SUHVHQW H[SHULPHQWDO UHVXOWV IURP WKH WZR YDULDWLRQV
RI WKH SURSRVHG PHWKRG 7KHLU LPSOHPHQWDWLRQ DORQJ ZLWK
WKH RULJLQDO QRLVHIUHH DQG WKH ¿OWHUHG LPDJHV DUH DYDLO
DEOH RQOLQH  :H XVHG WKH VDPH DOJRULWKP SDUDPHWHUV DV LQ
%0' >@ RQH FDQ UHIHU WR WKH SURYLGHG 0DWODE FRGHV IRU
DGGLWLRQDO GHWDLOV 7KH H[SRQHQW  VHWV WKH GHVLUHG OHYHO
RI VKDUSHQLQJ $Q LOOXVWUDWLRQ RI DSSO\LQJ WKH SURSRVHG
PHWKRG IRU D IHZ YDOXHV RI  LV JLYHQ LQ )LJXUH  ,I QRW
VSHFL¿HG RWKHUZLVH LQ RXU H[SHULPHQWV ZH XVHG   =
,Q )LJXUHV  DQG  RQH FDQ VHH WKH UHVXOWV RI DSSO\LQJ
WKH SURSRVHG PHWKRG RQ LPDJHV GHJUDGHG E\ QRLVH ZLWK
  >  ,W FDQ EH REVHUYHG WKDW ¿QH GHWDLOV DUH ZHOO
SUHVHUYHG DQG VKDUSHQHG ZKLOH WKH QRLVH LV VXSSUHVVHG ,W
LV ZRUWK UHFDOOLQJ WKDW WKH %0' LV SDUWLFXODUO\ HIIHFWLYH
IRU REMHFWV WKDW DUH IRUPHG E\ EORFNV IRU ZKLFK WKHUH FDQ
EH IRXQG SOHQW\ RI VLPLODU EORFNV DW GLIIHUHQW VSDWLDO OR
FDWLRQV 6XFK REMHFWV DUH HGJHV UHSHDWLQJ SDWWHUQV DQG
WH[WXUHV +HQFH WKHVH HJ WKH UHSHDWLQJ FLUFXODU REMHFWV
LQ +DUERXU DQG WKH HGJHV RI WKH EXLOGLQJ LQ 3HQWDJRQ DUH
ZHOO SUHVHUYHG DQG VXEVHTXHQWO\ VKDUSHQHG
 0DWODE

)LJXUH  VKRZV DQ H[DPSOH RI GHQRLVLQJ DQG VKDUSHQ
LQJ D IUDJPHQW IURP D UHDO UHWLQDO LPDJH ZLWK DGGHG QRLVH
RI   >  7KH UHVXOWDQW ¿OWHUHG LPDJHV SUHVHUYH DQG
VKDUSHQ PRVW RI WKH LPDJH GHWDLOV ZKLOH HI¿FLHQWO\ VXS
SUHVV QRLVH 0RUHRYHU WKH ¿OWHUHG LPDJHV FOHDUO\ UHYHDO
GHWDLOV ZKLFK DUH KDUG WR VHH HYHQ LQ WKH RULJLQDO LPDJH

:H GHYHORSHG D PHWKRG IRU MRLQW GHQRLVLQJ DQG VKDUSHQ
LQJ RI JUD\VFDOH LPDJHV ,W LQKHULWV WKH RXWVWDQGLQJ GHQRLV
LQJ SRWHQWLDO RI WKH %0' >@ DQG LQ FRPELQDWLRQ ZLWK
DOSKDURRWLQJ LW DFKLHYHV SHUFHSWXDOO\ DSSHDOLQJ ¿OWHUHG
LPDJHV ZKHUH ¿QH GHWDLOV DUH HIIHFWLYHO\ VKDUSHQHG
/HW XV GLVFXVV WKH WZR YDULDWLRQV RI WKH SURSRVHG PHWKRG
7KH %0'6+' GLIIHUV IURP %0'6+' LQ WKDW DOSKD
URRWLQJ LV DSSOLHG RQ WKH ' WUDQVIRUP VSHFWUXP ZKLFK
FRQYH\V LQIRUPDWLRQ RI WKH WHPSRUDO GLIIHUHQFHV LQ D JU
RXS LQ DGGLWLRQ WR WKH VSDWLDO RQH ZH FDOO ³WHPSRUDO´ WKH
GLPHQVLRQ DORQJ ZKLFK EORFNV DUH VWDFNHG WRJHWKHU LQ D
JURXS  ,Q WKLV ' WUDQVIRUP GRPDLQ WKH DSSOLFDWLRQ RI
(TXDWLRQ  FDQ DPSOLI\ DOVR GLIIHUHQWLDO LQIRUPDWLRQ DORQJ
WKLV WHPSRUDO GLPHQVLRQ DQG QRW DORQJ WKH VSDWLDO RQHV 
,W LV QRWHZRUWK\ WKDW LQ WKH FDVH RI LGHDO JURXSLQJ LH
KDYLQJ LGHQWLFDO EORFNV LQ D JURXS WKH WZR DSSURDFKHV
SURGXFH LGHQWLFDO ¿OWHUHG EORFNV DQG GLIIHU RQO\ LQ WKH
ZHLJKWHG DJJUHJDWLRQ RI WKHVH EORFNV  7KH YLVXDO UHVXOWV
RI ERWK DSSURDFKHV )LJXUHV     DUH TXLWH VLPLODU
E\ VXEMHFWLYH HYDOXDWLRQ 7KHUHIRUH ZH DEVWDLQ IURP FRQ
FOXGLQJ ZKLFK RI WKHP LV EHWWHU LQ SUDFWLFH ,QVWHDG ZH

FRGH DYDLODEOH DW ZZZFVWXWILaIRL*&)%0'
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)LJXUH  5HVXOW RI ¿OWHULQJ ZLWK %0'6+' DQG %0'6+' IRU   => => => => = +LJKHU YDOXHV RI 
FRUUHVSRQG WR VWURQJHU VKDUSHQLQJ RI WKH GHWDLOV 7KH SURFHVVHG LPDJH LV +RXVH ZLWK QRLVH RI VWDQGDUG GHYLDWLRQ   
RQO\ SRLQW WR VRPH RI WKH QRWLFHDEOH GLIIHUHQFHV ,Q WKH HQ
ODUJHG IUDJPHQW RI 3HQWDJRQ LQ )LJXUH  RQH FDQ REVHUYH
WKDW IRU    WKH %0'6+' VXSSUHVVHV VOLJKWO\ EHW
WHU WKH QRLVH LQ WKH VPRRWK DUHDV PDLQO\ GXH WR WKH DJJUH
JDWLRQ ZHLJKWV GH¿QHG IURP WKH WRWDO YDULDQFH HVWLPDWH LQ
(TXDWLRQ   ,Q )LJXUH  ZH VHH WKDW WKH %0'6+'
FDQ SUHVHUYH PRUH HIIHFWLYHO\ WKH RVFLOODWLQJ FXUYH ,Q
DGGLWLRQ )LJXUH  SUHVHQWV D SORW RI OLQH  RI 3HQWD
JRQ ZKLFK VKRZV WKDW %0'6+' DWWDLQV VOLJKWO\ EHWWHU
VKDUSHQLQJ UHVXOWV WKDQ WKH %0'6+'
7KH SURSRVHG PHWKRG FDQ EH H[WHQGHG IRU FRORU GDWD
ZKHUH WKH GHQRLVLQJ LV SHUIRUPHG RQ DOO WKUHH OXPLQDQFH
FKURPLQDQFH FRORU FKDQQHOV DV LQ >@ DQG WKH DOSKDURRWLQJ
LV SHUIRUPHG RQ DOO FKDQQHOV RU RQO\ RQ WKH OXPLQDQFH RQH
GHSHQGLQJ RQ WKH DSSOLFDWLRQ

)LJXUH  )LUVW URZ QRLVHIUHH DUWL¿FLDO WHVW LPDJHV 
SL[HOV VHFRQG URZ FRUUHVSRQGLQJ QRLV\ LPDJHV ZLWK
   WKLUG URZ UHVXOWV RI DSSO\LQJ %0'6+'
IRXUWK URZ UHVXOWV RI DSSO\LQJ %0'6+' )RU WKH H[
SHULPHQWV LQ WKLV ¿JXUH ERWK DOJRULWKPV XVHG    DQG
WKH VOLGLQJ VWHS RI WKH %0' ZDV VHW WR XQLW\

 5()(5(1&(6
LQJ ZDYHOHW DQDO\VLV´ LQ 3URF ,((( ,QW &RQI 6LJQDO
3URFHVV YRO  $XJXVW  SS ±

>@ '< 7VDL < / 0 6HNL\D 6 6DNDJXFKL DQG , <D
PDGD ³$ PHWKRG RI PHGLFDO LPDJH HQKDQFHPHQW XV
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)LOWHUHG E\ %0'6+'

)LOWHUHG E\ %0'6+'

)LJXUH  5HVXOWV RI DSSO\LQJ WKH SURSRVHG PHWKRGV RQ D IUDJPHQW RI D UHWLQDO IXQGXV LPDJH 7KH VHFRQG DQG WKLUG FROXPV
FRUUHVSRQG WR QRLVH ZLWK    DQG    UHVSHFWLYHO\
>@ 6 +DWDPL 5 +RVVHLQL 0 .DPDUHL DQG + $KPDGL
³:DYHOHW EDVHG ¿QJHUSULQW LPDJH HQKDQFHPHQW´ LQ
3URF ,((( ,QW 6\PS &LUF 6\VW ,6&$6  .REH
-DSDQ 0D\ 

JRULWKPV XVLQJ FRQWUDVW HQWURS\´ ,((( 7UDQV ,PDJH
3URFHVV YRO  QR  SS ± 0DUFK 
>@ : . 3UDWW 'LJLWDO ,PDJH 3URFHVVLQJ
DQG 6RQV 1HZ <RUN 

>@ 6 $JDLDQ % 6LOYHU DQG . $ 3DQHWWD ³7UDQVIRUP
FRHI¿FLHQW KLVWRJUDPEDVHG LPDJH HQKDQFHPHQW DO

-RKQ :LOH\

>@ 6 $JKDJRO]DGHK DQG 2 . (UVR\ ³7UDQVIRUP LPDJH
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)LOWHUHG E\ %0'6+'

)LOWHUHG E\ %0'6+'

)LJXUH  5HVXOWV RI DSSO\LQJ WKH SURSRVHG PHWKRGV RQ WKH QRLV\ +DUERXU LPDJH XSSHU KDOI DQG D IUDJPHQW RI LW ORZHU
KDOI  7KH VHFRQG DQG WKLUG FROXPV FRUUHVSRQG WR QRLVH ZLWK    DQG    UHVSHFWLYHO\
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)LOWHUHG E\ %0'6+'

)LOWHUHG E\ %0'6+'

)LJXUH  5HVXOWV RI DSSO\LQJ WKH SURSRVHG PHWKRGV RQ WKH QRLV\ 3HQWDJRQ LPDJH XSSHU KDOI DQG D IUDJPHQW RI LW ORZHU
KDOI  7KH VHFRQG DQG WKLUG FROXPV FRUUHVSRQG WR QRLVH ZLWK    DQG    UHVSHFWLYHO\
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)LJXUH  /LQH  RI 3HQWDJRQ LPDJH IRU WKH QRLVHIUHH LPDJH | D QRLV\    LPDJH } WKH UHVXOW RI %0' GHQRLVLQJ
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VKDUSHQLQJ ZLWK %0'6+'
HQKDQFHPHQW´ 2SW (QJ YRO  QR  SS ±
0DUFK 
>@ . 'DERY $ )RL 9 .DWNRYQLN DQG . (JLD]DULDQ
³,PDJH GHQRLVLQJ E\ VSDUVH ' WUDQVIRUPGRPDLQ
FROODERUDWLYH ¿OWHULQJ´ ,((( 7UDQV ,PDJH 3URFHVV
YRO  QR  $XJXVW 
>@ - 0F&OHOODQ ³$UWLIDFWV LQ DOSKDURRWLQJ RI LPDJHV´
LQ 3URF ,((( ,QW &RQI $FRXVW 6SHHFK 6LJQDO
3URFHVV ,&$663  YRO  $SULO  SS ±
>@ . 'DERY $ )RL 9 .DWNRYQLN DQG . (JLD]DU
LDQ ³&RORU LPDJH GHQRLVLQJ YLD VSDUVH ' FROODER
UDWLYH ¿OWHULQJ ZLWK JURXSLQJ FRQVWUDLQW LQ OXPLQDQFH
FKURPLQDQFH VSDFH´ LQ 3URF ,((( ,QW &RQI ,PDJH
3URFHVV 6DQ $QWRQLR 7H[DV 6HSWHPEHU 
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ABSTRACT
We propose an image restoration technique exploiting regularized inversion and the recent block-matching and 3D
ﬁltering (BM3D) denoising ﬁlter. The BM3D employs a non-local modeling of images by collecting similar image
patches in 3D arrays. The so-called collaborative ﬁltering applied on such a 3D array is realized by transformdomain shrinkage. In this work, we propose an extension of the BM3D ﬁlter for colored noise, which we use in
a two-step deblurring algorithm to improve the regularization after inversion in discrete Fourier domain. The
ﬁrst step of the algorithm is a regularized inversion using BM3D with collaborative hard-thresholding and the
seconds step is a regularized Wiener inversion using BM3D with collaborative Wiener ﬁltering. The experimental
results show that the proposed technique is competitive with and in most cases outperforms the current best
image restoration methods in terms of improvement in signal-to-noise ratio.
Keywords: image restoration, deconvolution, deblurring, block-matching, collaborative ﬁltering

1. INTRODUCTION
Image blurring is a common degradation in imaging. In many cases, the blurring can be assumed space-invariant
and thus modeled as a convolution of the true image with a ﬁxed point-spread function (PSF). Such a model is
given by
} ({) = (| ~ y) ({) +  ({) ,
(1)
where | is the true (non-degraded) image, y is a blur PSF,  is i.i.d. Gaussian noise with zero mean and variance
 2 , and {  [ is a 2D coordinate in the image domain [. The inversion of the blurring is in general an
ill-posed problem; thus, even noise with very small magnitude, such as truncation noise due to limited-precision
arithmetic, can cause extreme degradations after naive inversion. Regularization is a well known and extensively
studied approach to alleviate this problem. It imposes some regularity conditions (e.g., smoothness) on the
obtained image estimate and/or on its derivatives. Numerous approaches that employ regularization have been
proposed; an introduction can be found for example in the books.1, 2 In particular, an image restoration scheme
that comprises of regularized inversion followed by denoising has been a basis of the current best-performing
restoration methods.3, 4 Such denoising after the inversion can be considered as part of the regularization since
it attenuates the noise in the obtained solution (i.e. the solution is smoothed).
Various denoising methods can be employed to suppress the noise after the inversion. Filtering in multiresolution transform domain (e.g., overcomplete wavelet and pyramid transforms) was shown4—6 to be eective for this
purpose. In particular, the SV-GSM,4 which employs Gaussian scale mixtures in overcomplete directional and
multiresolution pyramids, is among the current best image deblurring methods. Another denoising technique
used after regularized inversion3, 7, 8 is the LPA-ICI9 which exploits a non-parametric local polynomial ﬁt in
anisotropic estimation neighborhoods. The best results of the methods based on LPA-ICI were achieved by the
shape-adaptive discrete cosine transform (SA-DCT) deblurring3 where the denoising is realized by shrinkage of
the SA-DCT applied on local neighborhoods whose arbitrary shapes are deﬁned by the LPA-ICI.
This work was partly supported by the Academy of Finland, project No. 213462 (Finnish Centre of Excellence program [2006 2011]); the work of K. Dabov was supported by the Tampere Graduate School in Information Science and Engineering (TISE).
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Figure 1. Flowchart of the proposed deconvolution algorithm. A fragment of House illustrates the images after each
operation.

In this work we follow the above restoration scheme (regularized inversion followed by denoising) exploiting
an extension of the block-matching and 3D ﬁltering10 (BM3D). This ﬁlter is based on the assumption that there
exist mutually similar patches within a natural image – the same assumption used in other non-local image ﬁlters
such as.11, 12 The BM3D processes a noisy image in a sliding-window (block) manner, where block-matching is
performed to ﬁnd blocks similar to the currently processed one. The blocks are then stacked together to form
a 3D array and the noise is attenuated by shrinkage in a 3D-transform domain. This results in a 3D array of
ﬁltered blocks. A denoised image is produced by aggregating the ﬁltered blocks to their original locations using
weighted averaging. This ﬁlter was shown10 to be highly eective for attenuation of additive i.i.d. Gaussian
(white) noise. The contribution of this work includes
• extension of the BM3D ﬁlter for additive colored noise, and
• image deblurring method that exploits the extended BM3D ﬁlter for improving the regularization after
regularized inversion in Fourier transform domain.
The paper is organized as follows. The developed image restoration method and the extension of the BM3D
ﬁlter are presented in Sections 2. Simulation results and a brief discussion are given in Section 3 and relevant
conclusions are made in Section 4.

2. IMAGE RESTORATION WITH REGULARIZATION BY BM3D FILTERING
The observation model given in Equation (1) can be expressed in discrete Fourier transform (DFT) domain as
] = \ Y + ˜,

(2)

where \ , Y , and ˜ are the DFT spectra of |, y, and , respectively. Capital letters denote DFT of a signal; e.g.
] = F {}}, Y = F {y}; the only exception in that notation is for ˜ = F {}. Due to the normalization of the
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forward DFT, the variance of ˜ is |[|  2 , where |[| is the cardinality of the set [ (i.e., |[| is the number of
pixels in the input image).
Given the input blurred and noisy image }, the blur PSF y, and the noise variance  2 , we apply the following
two-step image deblurring algorithm, which is illustrated in Figure 1.
Proposed two-step image deblurring algorithm
Step 1. Regularized Inversion (RI) using BM3D with collaborative hard-thresholding.
1.1. The regularized inverse } RI is computed in DFT domain as
W RI
} RI

=

Ȳ

|Y |2 + RI |[|  2
©
ª
= F 1 W RI ]
(
)
©
ª
|Y |2
1
= F
\
+ F 1 ˜W RI ,
2
|Y | + RI |[|  2

(3)

where RI is a regularization
parameter
determined empirically. Note that the obtained inverse } RI
n
o
©
ª
|Y |2
1
is the sum of F
\ |Y |2 + |[|2 , a biased estimate of |, and the colored noise F 1 ˜W RI .
RI

1.2. Attenuate the colored noise in } RI given by Eq. (3) using BM3D with collaborative hardthresholding (see Section 2.1); the denoised image is denoted |ˆRI .
Step 2. Regularized Wiener inversion (RWI) using BM3D with collaborative Wiener ﬁltering.
2.1. Using |ˆRI as a reference estimate, compute the regularized Wiener inverse } RW I as
¯2
¯
¯
¯
Ȳ ¯\ˆ RI ¯
>
W RW I = ¯
¯2
¯ ˆ RI ¯
¯Y \ ¯ + RW I |[|  2
©
ª
} RW I = F 1 W RW I ] >


¯
¯
¯ ˆ RI ¯2




¯Y \ ¯
©
ª
+ F 1 ˜W RW I
} RW I = F 1 \ ¯
¯2


¯
¯
 ¯Y \ˆ RI ¯ + RW I |[|  2 

(4)

where, analogously to Eq. (3), RW I is a regularization parameter and } RW I is the sum of a biased
estimate of | and colored noise.
2.2. Attenuate the colored noise in } RW I using BM3D with collaborative Wiener ﬁltering (see Section
2.2) which also uses |ˆRI as a pilot estimate. The result |ˆRW I of this denoising is the ﬁnal restored
image.
The BM3D ﬁltering of the colored noise (Steps 1.2 and 2.2) plays the role of a further regularization of the
sought solution. It allows the use of relatively small regularization parameters in the Fourier-domain inverses,
hence reducing the bias in the estimates } RI and } RW I , which are instead essentially noisy. The BM3D denoising
ﬁlter10 is originally developed for additive white Gaussian noise. Thus, to enable the attenuation of colored
noise, we propose some modiﬁcations to the original ﬁlter.
Before we present the extensions that enable attenuation of colored noise, we recall how the BM3D ﬁlter
works; for details of the original method one can refer to.10 The BM3D processes an input image in a slidingwindow manner, where the window (block) has a ﬁxed size Q1 × Q1 . For each processed block a 3D array is
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(a) BM3D with collaborative hard-thresholding

(b) BM3D with collaborative Wiener ﬁltering
Figure 2. Flowcharts of the BM3D ﬁlter extentions for colored-noise removal.

formed by stacking together blocks (from various image locations) which are similar to the current one. This
process is called “grouping” and is realized by block-matching. Consequently, a separable 3D transform T3D is
applied on the 3D array in such a manner that ﬁrst a 2D transform, T2D , is applied on each block in the group
and then a 1D transform, T1D , is applied in the third dimension. The noise is attenuated by shrinkage (e.g.
hard-thresholding or empirical Wiener ﬁltering) of the T3D -transform spectrum. Subsequently, the transform
T3D is inverted and each of the ﬁltered blocks in the group is returned to its original location. After processing
the whole image, since the ﬁltered blocks can (and usually do) mutually overlap, they are aggregated by weighted
averaging to form a ﬁnal denoised image.
If the transforms T2D and T1D are orthonormal, the grouped blocks are non-overlapping, and the noise in
the input image is i.i.d. Gaussian, then the noise in the T3D -transform domain is also i.i.d. Gaussian with the
same constant variance. However, if the noise is colored as in the case of Eq. (3), then the variances  22D (l) >
for l = 1> = = = > Q12 , of the T2D -transform coecients are in general non constant. In the following subsections,
we extend the BM3D ﬁlter to attenuate such colored noise. We note that the developed extensions are not
necessarily restricted to the considered image restoration scheme but are applicable to ﬁltering of colored noise
in general.
Let us introduce the notation used in what follows. With }{RI we denote a 2D block of ﬁxed size Q1 × Q1
extracted from } RI , where {  [ is the coordinate of the top-left corner of the block. Let us note that this
block notation is dierent from the one (capital letter with subscript) used in10 since the capital letter in this
paper is reserved for the DFT of an image. A group of collected 2D blocks is denoted by a bold-face letter with
a subscript indicating the set of its grouped blocks’ coordinates: e.g., zRI
V is a 3D array composed of the blocks
}{RI , {  V  [.

2.1. BM3D with collaborative hard-thresholding (Step 1.2)
This ﬁltering is applied on the noisy } RI given by Eq. (3). The variances of the coecients of a T2D -transform
(applied to an arbitrary image block) are computed as
n
o°2
2 °
°
° RI
(l)
(5)
 22D (l) =
°W F # T2 D ° , l = 1> = = = > Q12 ,
|[|
2
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(l)

where # T2 D is the l-th basis element of T2D . The ﬂowchart of the BM3D with collaborative hard-thresholding
extended for color-noise attenuation is given in Figure 2(a).
The variances  22D are used in the block-matching to reduce the inﬂuence of noisier transform coecients
when determining the block-distance. To accomplish this, the block-distance is computed as the c2 -norm of
the dierence between the two T2D -transformed blocks scaled by the corresponding standard deviations of the
T2D -transform coecients. Thus, the distance is given by
°
© RI ª
© RI ª °
°
°2
¡ RI RI ¢
°
2 ° T2D }{U  T2D }{
(6)
g }{U > }{ = Q1 °
° ,
°
°
 2D
2

where }{RIU is the current reference block, ©}{RI isª an arbitrary
© ª block in the search neighborhood, and the operations
between the three Q1 × Q1 arrays T2D }{RIU , T2D }{RI , and  2D are elementwise. After the best-matching
blocks are found (their coordinates are saved as the elements of the set V{U ) and grouped together in a 3D
array, collaborative hard-thresholding is applied. It consists of applying the 3D transform T3D on the 3D group,
hard-thresholding its spectrum, and then inverting the T3D . To attenuate the colored noise, the hard-threshold is
made dependent on the variance of each T3D -transform coecient. Due to the separability of T3D , this variance
depends only on the corresponding 2D coordinate within the T3D -spectrum; thus, along the third dimension of a
group the variance and hence the threshold
n areothe same. The hard-thresholding is performed by an elementwise
multiplication of the T3D -spectrum T3D zRI
with the 3D array h{U deﬁned as
V{
U

(
h{U (l> m) =

¯
¯
n
o
¯
¯
1, if ¯T3D zRI
V{U (l> m)¯ A 3D  2D (l) ,
0, otherwise,

l = 1> = = = > Q12 , m = 1> = = = > |V{U | >

where l is a spatial-coordinate index and m is an index of the coecients in the third dimension, 3D is a ﬁxed
threshold coecient and |V{U | denotes the cardinality of the set V{U .
After all reference blocks are processed, the ﬁltered blocks are aggregated by a weighted averaging, producing
the denoised image |ˆRI . The weight for all ﬁltered blocks in an arbitrary 3D group is the inverse of the sum
of the variances of the non-zero transform coecients after hard-thresholding; for a 3D group using {U  [ as
reference, the weight is
1
X
.
z{htU =
h{U (l> m)  22D (l)
l=1>===>Q12
m=1>===>|V{U |

2.2. BM3D with collaborative Wiener ﬁltering (Step 2.2)
The BM3D with collaborative empirical Wiener ﬁltering uses |ˆRI as a reference estimate of the true image |.
Since the grouping by block-matching is performed on this estimate and not on the noisy image, there is no need
to modify the distance calculation as in Eq. (6). The only modiﬁcation from Step 2 of the original BM3D ﬁlter
concerns the dierent variances of the T3D -transform coecients in the empirical
n
oWiener ﬁltering. This ﬁltering
I
is performed by an elementwise multiplication of the T3D -spectrum T3D zRW
with the Wiener attenuation
V{U
coecients w{U deﬁned as
¯
¯2
n
o
¯
¯
bVRI{ (l> m)¯
¯T3D y
U
w{U (l> m) = ¯
,
¯2
n
o
¯
¯
bVRI{ (l> m)¯ +  22D (l)
¯T3D y

l = 1> = = = > Q12 > m = 1> = = = > |V{U | ,

U

where, similarly to Eq. (5), the variances  22D of the T2D -transform coecients are computed as
 22D (l) =

n
o°2
2 °
°
° RW I
(l)
F # T2 D ° ,
°W
|[|
2
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l = 1> = = = > Q12 .

(7)

For an arbitrary {U  [, the aggregation weight for its corresponding ﬁltered 3D group is
=
z{wie
U

1

X

w{2 U (l> m)  22D (l)

.

l=1>===>Q12
m=1>===>|V{U |

The ﬂowchart of the BM3D with collaborative Wiener ﬁltering extended for color-noise attenuation is given in
Figure 2(b).

3. RESULTS AND DISCUSSION
We present simulation results of the proposed algorithm, whose Matlab implementation is available online.13
All parameters, obtained after a rough empirical optimization, are ﬁxed in all experiments (invariant of the
noise variance  2 , blur PSF y, and image |) and can be inspected from the provided implementation. In our
experiments, we used the same blur PSFs and noise combinations as in.4 In particular, these PSFs are:
¢
¡
• PSF 1: y ({1 > {2 ) = 1@ 1 + {21 + {22 > {1 > {2 = 7> = = = > 7,
• PSF 2: y is a 9 × 9 uniform kernel (boxcar),
• PSF 3: y = [1 4 6 4 1]W [1 4 6 4 1] @256,
• PSF 4: y is a Gaussian PSF with standard deviation 1.6,
• PSF 5: y is a Gaussian PSF with standard deviation 0.4.
P
All PSFs are normalized so that
y = 1.
Table 1 presents a comparison of the improvement in signal-to-noise ratio (ISNR) for a few methods3, 4, 6, 14—16
among which are the current best.3, 4 The results of ForWaRD6 were obtained with the Matlab codes17 made
available by its authors, for which we used automatically estimated regularization parameters. The results
of the SA-DCT deblurring3 were produced with the Matlab implementation,18 where however we used ﬁxed
regularization parameters in all experiment in order to have fair comparison (rather than using regularization
parameters dependent on the PSF and noise). The results of the GSM method19 and the SV-GSM4 are taken
from.4 In most of the experiments, the proposed method outperforms the other techniques in terms of ISNR. We
note that the results of the four standard experiments used in the literature (e.g.,3, 6, 7, 20 ) on image restoration
are included in Table 1 as follows.
• Experiment 1: PSF2,  2 = 0=308, and Cameraman image.
• Experiment 2: PSF1,  2 = 2, and Cameraman image.
• Experiment 3: PSF1,  2 = 8, and Cameraman image.
• Experiment 4: PSF3,  2 = 49, and Lena image.
The visual quality of some of the restored images can be evaluated from Figures 4, 5, and 6. One can see
that ﬁne details are well preserved and there are few artifacts in the deblurred images. In particular, ringing can
be seen in some images such as the ones shown in Figure 3, where a comparison with the SA-DCT deblurring3
is made. The ringing is stronger (and ISNR is lower) in the estimate obtained by the proposed technique. We
explain this as follows; let us recall that each of the noisy images } RI and } RW I (input to the extended BM3D
ﬁlter) is sum of a bias and additive colored noise; the exact models of } RI and } RW I are given by Eq. (3) and
(4), respectively. The ringing is part of the bias and thus it is not modeled as additive colored noise. Hence, if
the ringing magnitude is relatively high, the BM3D fails to attenuate it and it is preserved in the ﬁnal estimate,
as in Figure 3.
By comparing the results corresponding to |ˆRI and |ˆRW I in Table 2, one can see the improvement in ISNR
after applying the second step (RWI using BM3D with collaborative Wiener ﬁltering) of our two-step restoration
scheme. This improvement is signiﬁcant and can be explained as follows. First, the regularized Wiener inverse is
more eective than the regularized inverse because it uses the estimated power spectrum for the inversion given
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Blur: PSF2,  2 = 0=308
(PSNR 20.76 dB)

SA-DCT deblurring3
(ISNR 8.55 dB)

Fragments of the SA-DCT result

Proposed method
(ISNR 8.34 dB)

Fragments of the result by the proposed method

Figure 3. Comparison of the proposed method with the SA-DCT deconvolution method for Cameraman and PSF 2 blur
kernel.

in Eq. (4). Second, the block-matching in the BM3D ﬁltering is more accurate because it is performed within
the available estimate |ˆRI rather than within the input noisy image } RW I . Third, the empirical Wiener ﬁltering
used by the BM3D in that step is more eective than the simple hard-thresholding used in the ﬁrst step. In
fact, the ﬁrst step can be considered as an adaptation step that signiﬁcantly improves the actual restoration
performed by the second step.
RW I
) the results of the naive approach of using the
In Table 2, we also provide (in the row corresponding to |ˆnaive
original BM3D ﬁlter10 rather than the one extended for colored noise. This ﬁlter was applied on } RI and } RW I
PQ12 2
by assuming additive i.i.d. Gaussian noise, whose variance was computed as  2WGN = Q12 l=1
 2D (l), where
 22D (·) is deﬁned in Eq. (5) and (7) for } RI and } RW I , respectively. This variance calculation was empirically
found to be better (in terms of ISNR) than estimating a noise variance from the noisy images } RI and } RW I .
The beneﬁt of using the BM3D for colored noise reaches 1 dB; in particular, the beneﬁt is substantial for those
experiments where the noise in } RI and } RW I is highly colored.

4. CONCLUSIONS
The developed image deblurring method outperforms the current best techniques in most of the experiments.
This performance is in line with the BM3D denoising ﬁlter10 which is among the current best denoising ﬁlters.
The proposed colored-noise extension of the BM3D is not restricted to the developed deblurring method and it
can in general be applied to ﬁlter colored noise.
Future developments might target attenuation of ringing artifacts by exploiting the SA-DCT transform21
which, as shown in Figure 3, is eective in suppressing them.
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Blur
2

PSF 1
2

Input PSNR
ForWaRD6
GSM19
EM16
Segm.-based Reg.15
GEM14
BOA20
Anis. LPA-ICI7
SV-GSM4
SA-DCT3
Proposed

22.23
6.76
6.84
6.93
7.23
7.47
7.46
7.82
7.45
8.11
8.19

Input PSNR
Segm.-based Reg.15
GEM14
BOA20
ForWaRD6
EM16
Anis. LPA-ICI7
SA-DCT3
Proposed

27.25
6.05
7.55
7.95

Input PSNR
ForWaRD6
GSM19
SV-GSM4
SA-DCT3
Proposed

25.61
7.35
8.46
8.64
9.02
9.32

Input PSNR
ForWaRD6
GSM19
SV-GSM4
SA-DCT3
Proposed

23.34
3.69
5.70
6.85
5.45
7.80

PSF 2
8
0=308
Cameraman
22.16 20.76
5.08
7.34
5.29
-1.61
4.88
7.59
8.04
5.17
8.10
5.24
8.16
5.98
8.29
5.55
7.33
6.33
8.55
6.40
8.34
Lena
27.04 25.84
4.90
6.97
6.10
7.79
6.53
7.97
House
25.46 24.11
6.03
9.56
6.93
-0.44
7.03
9.04
7.74
10.50
8.14 10.85
Barbara
23.25 22.49
1.87
4.02
3.28
-0.27
3.80
5.07
2.54
4.79
3.94
5.86

PSF 3
49

PSF 4
4

PSF 5
64

24.62
2.40
2.56
2.73
3.37
3.34

23.36
3.14
2.83
3.25
3.72
3.73

29.82
3.92
3.81
4.19
4.71
4.70

28.81
1.34
2.73
2.84
2.93
2.94
3.90
4.49
4.81

29.16
3.50
4.08
4.37

30.03
5.42
5.84
6.40

28.06
3.19
4.37
4.30
4.99
5.13

27.81
3.85
4.34
4.11
4.65
4.56

29.98
5.52
5.98
6.02
5.96
7.21

24.22
0.94
1.44
1.94
1.31
1.90

23.77
0.98
0.95
1.36
1.02
1.28

29.78
3.15
4.91
5.27
3.83
5.80

Table 1. Comparison of the output ISNR [dB] of a few deconvolution methods (only the rows corresponding to “Input
PSNR” contain PSNR [dB] of the input blurry images).
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Blur: PSF1,  2 = 2

Output ISNR 9.32 dB

Blur: PSF1,  2 = 8

Output ISNR 8.14 dB

Blur: PSF2,  2 = 0=308

Output ISNR 10.85 dB

Figure 4. Deblurring results of the proposed method for House.
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Blur: PSF3, 2 = 49

Output ISNR 4.81 dB

Blur: PSF4,  2 = 4

Output ISNR 4.37 dB

Blur: PSF5, 2 = 64

Output ISNR 6.40 dB

Figure 5. Deblurring results of the proposed method for Lena.
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Blur: PSF1,  2 = 8

Output ISNR 3.94 dB

Blur: PSF2, 2 = 0=308

Output ISNR 5.86 dB

Blur: PSF3, 2 = 49

Output ISNR 1.90 dB

Figure 6. Deblurring results of the proposed method for Barbara.
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Blur 
2 
RI
|ˆ
|ˆRW I
RW I
|ˆnaive

PSF 1
2
8
7.13 5.16
8.19 6.40
7.17 6.25

PSF 2
0=308
7.52
8.34
8.14

PSF 3
49
2.31
3.34
2.57

PSF 4
4
3.23
3.73
2.71

PSF 5
64
2.46
4.70
4.63

I
Table 2. ISNR comparison for: the basic estimate |ˆR I ; the ﬁnal estimate |ˆRW I ; the ﬁnal estimate |ˆnRW
a ive obtained using
the original BM3D ﬁlter instead of the one extended for colored noise. The test image was Cameraman.
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,PDJH GHQRLVLQJ LV D IXQGDPHQWDO SUREOHP LQ LPDJH SURFHVVLQJ DQG
D ORW RI UHVHDUFK KDV EHHQ GHGLFDWHG LW 6RPH RI WKH UHFHQW DQG PRVW
VXFFHVVIXO DGYDQFHV LQ WKH ¿HOG DUH WKH PHWKRGV >     
 @ $PRQJ WKHVH DUH WZR PHWKRGV E\ WKH SUHVHQW DXWKRUV WKH
%0' ¿OWHU >@ DQG WKH 3RLQWZLVH 6$'&7 ¿OWHU 36$'&7 >@
ZKLFK DUH XVHG DV D EDVLV IRU WKLV ZRUN
7KH %0' ¿OWHU H[SORLWV D VSHFL¿F QRQORFDO LPDJH PRGHOLQJ
>@ WKURXJK D SURFHGXUH WHUPHG JURXSLQJ DQG FROODERUDWLYH ¿OWHU
LQJ *URXSLQJ ¿QGV PXWXDOO\ VLPLODU ' LPDJH EORFNV DQG VWDFNV
WKHP WRJHWKHU LQ ' DUUD\V &ROODERUDWLYH ¿OWHULQJ SURGXFHV LQ
GLYLGXDO HVWLPDWHV RI DOO JURXSHG EORFNV E\ ¿OWHULQJ WKHP MRLQWO\
WKURXJK WUDQVIRUPGRPDLQ VKULQNDJH RI WKH ' DUUD\V JURXSV  ,Q
GRLQJ VR %0' UHOLHV RQ WZR VWURQJ FKDUDFWHULVWLFV RI QDWXUDO LP
DJHV )LUVW WKH DEXQGDQFH RI PXWXDOO\ VLPLODU SDWFKHV DQG VHFRQG
WKDW WKH FRQWHQW RI VPDOO EORFNV LV ORFDOO\ KLJKO\ FRUUHODWHG 2Q
WKHVH DVVXPSWLRQV WKH JURXS HQMR\V FRUUHODWLRQ LQ DOO WKUHH GLPHQ
VLRQV DQG D VSDUVH UHSUHVHQWDWLRQ RI WKH WUXH VLJQDO LV REWDLQHG E\
DSSO\LQJ D GHFRUUHODWLQJ ' WUDQVIRUP RQ WKH JURXS 7KH VXEVH
TXHQW VKULQNDJH DFKLHYHV HIIHFWLYH QRLVH DWWHQXDWLRQ WKDQNV WR VSDU
VLW\ :H KDYH VKRZQ >@ WKDW WKH %0' ¿OWHU LV D YHU\ HI¿FLHQW
DQG SRZHUIXO GHQRLVHU ,WV UHVXOWV DUH VWLOO EH\RQG WKH FDSDELOLWLHV
RI PRVW RI WKH PRUH UHFHQW DQG DGYDQFHG DOJRULWKPV 2I FRXUVH
%0' LV SDUWLFXODUO\ VXFFHVVIXO ZKHQ SOHQW\ RI PDWFKLQJ EORFNV
7KLV ZRUN ZDV VXSSRUWHG E\ WKH $FDGHP\ RI )LQODQG DSSOLFDWLRQ QR
 )LQQLVK 3URJUDPPH IRU &HQWUHV RI ([FHOOHQFH LQ 5HVHDUFK 
 DQG DSSOLFDWLRQ QR  )LQODQG 'LVWLQJXLVKHG 3URIHVVRU 3UR
JUDPPH   WKH ¿UVW DXWKRU ZDV VXSSRUWHG E\ 7,6( JUDGXDWH
VFKRRO
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FDQ EH IRXQG HJ WH[WXUHV UHJXODU VKDSHG LPDJH VWUXFWXUHV RU
XQLIRUP DUHDV  LH ZKHUH WKH QRQORFDO PRGHOLQJ LV VXLWDEOH 2Q
WKH RWKHU KDQG WKH DVVXPSWLRQ WKDW LPDJH FRQWHQW LV KLJKO\ FRUUH
ODWHG RQ D VTXDUH EORFN RI ¿[HG VL]H LV VRPHWLPHV YHU\ DUWL¿FLDO
%ORFNV FRQWDLQLQJ VPDOO LPDJH GHWDLOV VLQJXODULWLHV RU VKDUS DQG
FXUYHG HGJHV DUH H[DPSOHV ZKHUH D QRQDGDSWLYH WUDQVIRUP LV QRW
DEOH WR GHOLYHU D VSDUVH UHSUHVHQWDWLRQ 7KXV IRU WKHVH EORFNV WKH
%0' ¿OWHU PD\ LQWURGXFH FHUWDLQ DUWLIDFWV DQG WKH GHQRLVLQJ LV QRW
YHU\ HIIHFWLYH 8QIRUWXQDWHO\ WKHVH DUH RIWHQ WKH YHU\ SDUWV RI WKH
LPDJH ZKHUH WKH YLVXDO DWWHQWLRQ LV PDLQO\ IRFXVHG
7KH 3RLQWZLVH 6$'&7 ¿OWHU >@ ZRUNV GLIIHUHQWO\ ,W H[SORLWV
SRLQWZLVHDGDSWLYH DUELWUDULO\ VKDSHG QHLJKERUKRRGV DGDSWLYH WR
LPDJH FRQWHQW LQ VXFK D ZD\ WKDW WKH VLJQDO FRQWDLQHG LQ D QHLJKERU
KRRG LV KLJKO\ KRPRJHQHRXV 7KH VXEVHTXHQW DSSOLFDWLRQ RI WKH 
' VKDSHDGDSWLYH GLVFUHWH FRVLQH WUDQVIRUP 6$'&7 >@ RQ VXFK
D QHLJKERUKRRG UHVXOWV LQ D VSDUVH UHSUHVHQWDWLRQ RI WKH WUXH VLJQDO
ZKLFK HQDEOHV HIIHFWLYH QRLVH DWWHQXDWLRQ E\ WUDQVIRUP VKULQNDJH
'XH WR WKH DGDSWLYLW\ RI QHLJKERUKRRGV WR ORFDO LPDJH GHWDLOV WKH
36$'&7 ¿OWHU DFKLHYHV H[FHSWLRQDO SUHVHUYDWLRQ RI HGJHV DQG VLQ
JXODULWLHV DV VKRZQ > @ +RZHYHU D GUDZEDFN RI WKH QRQSDUD
PHWULF ORFDOKRPRJHQHRXV LPDJH PRGHO DVVXPHG E\ WKH 3RLQWZLVH
6$'&7 ¿OWHU EHFRPHV HYLGHQW IRU WH[WXUHULFK UHJLRQV 7KHUH OR
FDO KRPRJHQHLW\ LV YHU\ OLPLWHG DQG WKXV WKH SHUIRUPDQFH RI WKH
¿OWHU LV QRW VDWLVIDFWRU\ >@ 0RUHRYHU WKH 36$'&7 LV D ORFDO
¿OWHU DQG DV VXFK LW FDQQRW WDNH DGYDQWDJH RI WKH DEXQGDQFH RI UH
SHDWHG VWUXFWXUHV DQG SDWWHUQV IRXQG LQ QDWXUDO LPDJHV
)URP WKH PHQWLRQHG SURSHUWLHV RI WKH %0' DQG WKH 36$'&7
¿OWHUV RQH FDQ LQIHU WKDW WKHLU VWUHQJWKV DQG ZHDNQHVVHV DUH FRP
SOHPHQWLQJ HDFK RWKHU 7KLV LV WKH PRWLYDWLRQ WKDW OHDGV XV WR SUR
SRVH LQ WKLV ZRUN DQ LPDJH GHQRLVLQJ PHWKRG WKDW VLPXOWDQHRXVO\
JHQHUDOL]HV WKHVH WZR ¿OWHUV 7KH QHZ PHWKRG SHUIRUPV JURXSLQJ
RI PXWXDOO\ VLPLODU DGDSWLYHVKDSH QHLJKERUKRRGV 7KXV WKH '
JURXSV EHFRPH JHQHUDOL]HG F\OLQGHUV ZLWK DGDSWLYHVKDSH FURVV VHF
WLRQV DV RSSRVHG WR WKH JURXSV LQ %0' ZKLFK DUH VTXDUH SULVPV
ZLWK ¿[HGVL]H VTXDUH FURVV VHFWLRQV  ,Q WKLV PDQQHU ERWK WKH QRQ
ORFDO LPDJH PRGHOLQJ DQG WKH ORFDO DGDSWLYLW\ WR LPDJH IHDWXUHV
DUH H[SORLWHG ,Q SDUWLFXODU WKH VSDWLDO FRUUHODWLRQ ZLWKLQ WKH '
QHLJKERUKRRGV LV LQFUHDVHG DV FRPSDUHG ZLWK WKH %0' $IWHU WKH
JURXSLQJ ZH DSSO\ D ' WUDQVIRUP WKDW LV D VHSDUDEOH FRPSRVLWLRQ
RI WKH 6$'&7 DQG D ' RUWKRQRUPDO WUDQVIRUP 1RLVH LV WKHQ
DWWHQXDWHG E\ VSHFWUXP VKULQNDJH ZLWK HLWKHU KDUGWKUHVKROGLQJ RU
:LHQHU ¿OWHULQJ 6LPLODU WR WKH %0' LQYHUVLRQ RI WKH ' WUDQV
IRUP SURGXFHV LQGLYLGXDO HVWLPDWHV IRU DOO JURXSHG QHLJKERUKRRGV
7KHVH HVWLPDWHV DUH UHWXUQHG WR WKHLU RULJLQDO ORFDWLRQV DQG DJJUH
JDWHG ZLWK HVWLPDWHV FRPLQJ IURP RWKHU JURXSV
:H VKRZ WKDW WKLV GHYHORSHG PHWKRG GHQRPLQDWHG 6$%0'
LQKHULWV WKH VWUHQJWKV RI ERWK WKH 36$'&7 DQG WKH %0' ¿OWHUV
DQG DW WKH VDPH WLPH RYHUFRPHV WKHLU ZHDNQHVVHV
 35(/,0,1$5,(6
:H FRQVLGHU QRLV\ REVHUYDWLRQV ] RI WKH IRUP
] [  \ [  @ [  [ + ;



ZKHUH \  ;   LV WKHbRULJLQDO
c JUD\VFDOH LPDJH @ LV LLG *DXVVLDQ
ZKLWH QRLVH @  r   J   DQG [ LV D VSDWLDO YDULDEOH EHORQJLQJ

QRQDGDSWLYH RQHV :H UHPDUN WKDW QHLJKERUKRRGV 8 [)  8 [)) FRU
UHVSRQGLQJ WR DGMDFHQW RU QHDUE\ SRLQWV [ )  [ )) GR XVXDOO\ RYHUODS
XQOHVV DQ HGJH RU VKDUS WUDQVLWLRQ H[LVWV EHWZHHQ WKH WZR SRLQWV
$GGLWLRQDOO\ LQ WKLV ZRUN ZH DOVR XVH WKH IROORZLQJ PRUH JHQ
HUDO PLUURUHG WUDQVODWHV RI 8[ 
k
j

8 [[

) + ;  [  ) + 8[5 
5
Q
R

) + ;  [ 5  [  ) + 8 [5 
)LJXUH  )DVW LPSOHPHQWDWLRQ RI WKH /3$,&, DQLVRWURSLF QHLJK
ERUKRRGV ³/LQHZLVH´ RQHGLPHQVLRQDO GLUHFWLRQDO /3$ NHUQHOV DUH
XVHG IRU  GLUHFWLRQV 7KH DQLVRWURSLF QHLJKERUKRRG 8[ LV FRQ
VWUXFWHG DV WKH SRO\JRQDO KXOO RI WKH DGDSWLYHVFDOH NHUQHOV¶ VXS
SRUWV OHIW  7KXV RQO\ WKH DGDSWLYH VFDOHV K  DUH QHHGHG WR FRQ
VWUXFW WKH QHLJKERUKRRG 6RPH H[DPSOHV RI WKH DQLVRWURSLF QHLJK
ERUKRRGV 8 [ XVHG IRU 6$'&7 ¿OWHULQJ RI WKH QRLV\ &DPHUDPDQ
LPDJH ULJKW 
WR WKH LPDJH GRPDLQ ; t   
*LYHQ D IXQFWLRQ I  ;   D VXEVHW 8 t ; DQG D IXQFWLRQ
J  8   ZH GHQRWH E\ I 8  8   WKH UHVWULFWLRQ RI I RQ 8 
I 8 [  I [ 1[ + 8  DQG E\ J ;  ;   WKH ]HURH[WHQVLRQ
c
b
RI J WR ; J ; 8  J DQG J ; [   1[ + ;  8  7KH FKDU

DFWHULVWLF LQGLFDWRU IXQFWLRQ RI 8 LV GH¿QHG DV N 8   8 ;  :H
GHQRWH E\ 8 WKH FDUGLQDOLW\ LH WKH QXPEHU RI HOHPHQWV RI 8 
7KH V\PERO ³´ VWDQGV IRU WKH FRQYROXWLRQ RSHUDWLRQ
 $GDSWLYH DQLVRWURSLF QHLJKERUKRRGV
$V LQ >@ ZH XVH WKH ORFDO SRO\QRPLDO DSSUR[LPDWLRQLQWHUVHFWLRQ
RI FRQ¿GHQFH LQWHUYDOV /3$,&, WHFKQLTXH >@ LQ RUGHU WR DVVR
FLDWH WR HDFK [ + ; DQG DGDSWLYHVKDSH QHLJKERUKRRG LQ ZKLFK WKH
LPDJH LV KRPRJHQRXV
 'LUHFWLRQDO SRLQWZLVH DGDSWLYH VFDOHV E\ /3$,&,

)RU HDFK RI WKH HLJKW GLUHFWLRQV A N  N
 H N        D
YDU\LQJVFDOH IDPLO\ RI QDUURZ ³OLQHZLVH´ GLUHFWLRQDO/3$ >@
FRQYROXWLRQ NHUQHOV JKA N K++ LV XVHG WR REWDLQ D FRUUHVSRQG
LQJ VHW RI GLUHFWLRQDO YDU\LQJVFDOH HVWLPDWHV \KA N K++  \KA N 
]  JKA N  K + + ZKHUH + t  LV WKH VHW RI VFDOHV 7KHVH HVWL
PDWHV DUH WKHQ FRPSDUHG DFFRUGLQJ WR WKH ,&, UXOH >  @ DQG DV
D UHVXOW DQ DGDSWLYH VFDOH K  [ A N  + + LV GH¿QHG IRU HYHU\ [ + ;
DQG IRU HYHU\ GLUHFWLRQ A N 
 $GDSWLYHVKDSH QHLJKERUKRRG
7KH DQLVRWURSLF QHLJKERUKRRG 8[ LV WKH RFWDJRQ FRQVWUXFWHG DV WKH
j
k
SRO\JRQDO KXOO RI VXSS JK  [A N A N N  6XFK QHLJKERUKRRGV DUH
VKRZQ LQ )LJXUH  :H QRWH WKDW LQ RXU SDUWLFXODU LPSOHPHQWDWLRQ
WKH YDOXH RI WKH DGDSWLYHVFDOH K  [ A N  FRLQFLGHV ZLWK WKH OHQJWK
PHDVXUHG LQ SL[HOV RI WKH GLUHFWLRQDO ZLQGRZ LQ WKH GLUHFWLRQ A N
LH ZLWK WKH OHQJWK RI WKH VXSSRUW RI WKH FRUUHVSRQGLQJ GLUHFWLRQDO
NHUQHO  7KXV LQ RUGHU WR FRQVWUXFW DQ\ QHLJKERUKRRG 8[ LW VXI¿FHV
k
j
WR NQRZ RQO\ WKH DGDSWLYH VFDOHV K  [ A N  N IRU DOO [ + ;
/HW XV UHPLQG WKDW EHLQJ FRQYROXWLRQ NHUQHOV WKH /3$ NHUQHOV
JKA N DUH DOZD\V ³FHQWHUHG´ DW WKH RULJLQ WKHUHIRUH 8[ LV DOZD\V
D QHLJKERUKRRG RI WKH RULJLQ 7KH DFWXDO DGDSWLYH QHLJKERUKRRG RI
[ ZKLFK FRQWDLQV WKH REVHUYDWLRQV WKDW DUH XVHG IRU HVWLPDWLRQ LV
LQVWHDG
j
k
8 [  ) + ;  [  ) + 8[ 
LQ RWKHU ZRUGV 8 [ ZLWK WLOGH LV REWDLQHG E\ WUDQVODWLRQ DQG PLU
URULQJ RI 8[ ZLWKRXW WLOGH  ,Q ERWK V\PEROV WKH VXEVFULSW ³[´
GHQRWHV WKH SRLQW IRU ZKLFK WKH DGDSWLYH VFDOHV DUH REWDLQHG ZKLOH
WKH ³´ LV XVHG WR GLVWLQJXLVK WKH DGDSWLYH QHLJKERUKRRGV IURP WKH
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8 [[
5 LV DQ DGDSWLYH QHLJKERUKRRG RI [ ZKLFK GLIIHUV IURP 8 [ LQ

WKDW 8 [[
XVHV
WKH
DGDSWLYH
VFDOHV
FRUUHVSRQGLQJ
WR
WKH
SRLQW
[5
5

DQG QRW WKRVH FRUUHVSRQGLQJ WR [ LWVHOI 2EYLRXVO\ 8 [[
 8 [ 

 6KDSH$GDSWLYH '&7 WUDQVIRUP
$V LQ >@ ZH FRQVLGHU WKH RUWKRQRUPDO 6$'&7 ZLWK '&
VHSDUDWLRQ >@ ,W PHDQV WKDW EHIRUH DSSO\LQJ WKH RUWKRQRUPDO 6$
'&7 ZH ¿UVW VXEWUDFW WKH GDWD RI LWV PHDQ ZKLFK FRQVWLWXWHV DQ
H[WUD FRHI¿FLHQW WKDW ZLOO EH SURFHVVHG LQGHSHQGHQWO\ IURP WKH DF
WXDO 6$'&7 FRHI¿FLHQWV 2QFH WKH '& LV VHSDUDWHG WKH RUWKRQRU
PDO 6$'&7 LV DSSOLHG RQ ]HURPHDQ GDWD 7KH 6$'&7 LV FRP
SXWHG E\ FDVFDGHG DSSOLFDWLRQ RI RQHGLPHQVLRQDO YDU\LQJOHQJWK
RUWKRQRUPDO '&7 WUDQVIRUPV ¿UVW RQ WKH FROXPQV DQG WKHQ RQ WKH
URZV RU YLFH YHUVD WKDW FRQVWLWXWH WKH FRQVLGHUHG UHJLRQ 7KLV
SURFHVV LV LOOXVWUDWHG LQ )LJXUH  :H GHQRWH E\ 78VD WKH RUWKR
QRUPDO 6$'&7 WUDQVIRUP FRUUHVSRQGLQJ WR D
UHJLRQ 8 t ;
DQG E\ 98 t  WKH GRPDLQ RI WKH 78VD WUDQVIRUP FRHI¿FLHQWV /HW

78  EH WKH LQYHUVH WUDQVIRUP RI 78VD  7KH PHDQ RI ] RQ 8 LV
3
GHQRWHG DV P 8 ]  8
[+8 ] [
:H UHIHU WKH LQWHUHVWHG UHDGHU WR >@ IRU PRUH VXEWOH GHWDLOV
DERXW WKH VHOHFWLRQ EHWZHHQ FROXPQURZ RU URZFROXPQ SURFHVVLQJ
DQG WKH SDUWLFXODU FRHI¿FLHQW DOLJQPHQW VWUDWHJLHV XVHG ZLWKLQ WKH
6$'&7
VD

 6$%0' $/*25,7+0
6LPLODU WR WKH %0' WKH SURSRVHG 6$%0' DOJRULWKP LOOXV
WUDWHG LQ )LJXUH  H[SORLWV D WZRVWHS DSSURDFK ZKHUH
 LQ WKH ¿UVW VWHS EORFNPDWFKLQJ LV SHUIRUPHG RQ WKH QRLV\ LPDJH
DQG WKH QRLVH LV DWWHQXDWHG E\ FROODERUDWLYH KDUGWKUHVKROGLQJ
 LQ WKH VHFRQG VWHS EORFNPDWFKLQJ LV SHUIRUPHG RQ WKH LQLWLDO
EDVLF HVWLPDWH REWDLQHG LQ WKH ¿UVW VWHS DQG WKH QRLVH LV DWWHQ
XDWHG E\ FROODERUDWLYH HPSLULFDO :LHQHU ¿OWHULQJ
(DFK RI WKH WZR VWHSV LV SUHVHQWHG LQ WKH IROORZLQJ VXEVHFWLRQV
 6$%0' ZLWK KDUG WKUHVKROGLQJ 6WHS 
j
k
2QFH WKH /3$,&, DGDSWLYH VFDOHV K  [ A N  N  DQG WKXV WKH
DGDSWLYHVKDSH QHLJKERUKRRGV 8[  KDYH EHHQ IRXQG 6HFWLRQ  
IRU HDFK [ + ; WKH IROORZLQJ RSHUDWLRQV DUH SHUIRUPHG
 VKDSHDGDSWLYH JURXSLQJ
 FROODERUDWLYH KDUGWKUHVKROGLQJ
 DJJUHJDWLRQ
7KHVH RSHUDWLRQV DUH H[SODLQHG LQ GHWDLO LQ WKH IROORZLQJ VXE
VHFWLRQV WKHUHLQ ZH ¿[ WKH FXUUHQWO\ SURFHVVHG FRRUGLQDWH DV [ 5 +
; DQG GHQRPLQDWH LW UHIHUHQFH SRLQW
 6KDSHDGDSWLYH JURXSLQJ YLD EORFNPDWFKLQJ
7KH DGDSWLYH QHLJKERUKRRGV 8 [ FDQ EH WRR VPDOO IRU UHOLDEOH SDWFK
PDWFKLQJ HVSHFLDOO\ ZKHQ ¿OWHULQJ WLQ\ LPDJH GHWDLOV LQ KHDY\
QRLVH 7KHUHIRUH WKH PDWFKLQJ IRU 8 [ QHHGV WR EH FDUULHG RXW IRU
 1RWH WKDW HYHQ WKRXJK WKH 6$'&7 LV LPSOHPHQWHG OLNH D VHSDUDEOH
' WUDQVIRUP XVLQJ FDVFDGHG ' WUDQVIRUPV RQ FROXPQV DQG URZV  LQ
JHQHUDO LW LV QRW VHSDUDEOH DQG GLIIHUHQW VHWV RI WUDQVIRUP FRHI¿FLHQWV FDQ
EH REWDLQHG ZKHQ SURFHVVLQJ WKH FRQVLGHUHG UHJLRQ HLWKHU ¿UVW FROXPQZLVH
DQG WKHQ URZZLVH RU ¿UVW URZZLVH DQG WKHQ FROXPQZLVH

)LJXUH  ,OOXVWUDWLRQ RI WKH IRUZDUG 6$'&7 ZLWK '&VHSDUDWLRQ

)LJXUH  )ORZFKDUW RI WKH SURSRVHG 6$%0' LPDJH GHQRLVLQJ PHWKRG 2SHUDWLRQV VXUURXQGHG E\ GDVKHG OLQHV DUH UHSHDWHG IRU HDFK
SURFHVVHG FRRUGLQDWH RI WKH LQSXW LPDJH
D VXSHUVHW ,Q SDUWLFXODU ZH XVH VTXDUH EORFNV DV VXSHUVHWV DQG
SHUIRUP D EORFNPDWFKLQJ SURFHGXUH OLNH WKH RQH LQ WKH %0' DO
JRULWKP >@ ,Q ZKDW IROORZV ZH GH¿QH D PDSSLQJ WKDW DVVRFLDWHV
WR HYHU\ UHIHUHQFH SRLQW [ 5 + ; D EORFN WKDW FDQ EH XVHG DV WKH
UHIHUHQFH RQH LQ WKH PDWFKLQJ QHHGHG IRU WKH JURXSLQJ RI 8 [5 

DGDSWLYH QHLJKERUKRRG 8 [5  EXW D ZKROH FROOHFWLRQ GLVMRLQW XQLRQ
H
[ 5 RI QHLJKERUKRRGV KDYLQJ WKH VDPH VKDSH DQG GH¿QHG DV
D
 
H
8 [[
[ 5 


0DSSLQJ /HW [ + ; DQG GHQRWH E\ % [ t  EH WKH VTXDUH EORFN
RI VL]H K PD[    K PD[   FHQWHUHG DW [ ZKHUH K PD[ 
PD[ +  /HW  EH WKH FROOHFWLRQ
RI DOO VXFK EORFNV
j
k ZKLFK DUH HQ
WLUHO\ FRQWDLQHG LQ ;   % [  [ + ; % [ t ;  1RWH WKDW IRU
K PD[  WKH FDUGLQDOLW\ RI  LV VWULFWO\ VPDOOHU WKDQ ; EHFDXVH LI
[ LV FORVH HQRXJK WR WKH ERXQGDU\ " ; RI ; WKHQ % [ ZRXOG FURVV
  :H LQGLFDWH E\ ;  t ; WKH
" ; DQG KHQFH % [  ; DQG % [ +
VHW RI SRLQWV
IRU ZKLFKkZH FDQ FRQVWUXFW D EORFN EHORQJLQJ WR 
j
;   [ + ;  % [ +   7R HYHU\o[ + ; oZH FDQ DVVRFLDWH D SRLQW
[ + ;  VXFK WKDW WKH PDJQLWXGH o=  [o RI =  [  [  [ LV
PLQLPDO )RU D UHFWDQJXODU ; EHFDXVH RI FRQYH[LW\ RI ;   WKH VXU
MHFWLYH PDSSLQJ [ 0 [ LV XQLYRFDOO\ GH¿QHG DQG VR LV =  [ 1RWH
WKDW =  [ /  RQO\ IRU [ VXI¿FLHQWO\ FORVH WR WKH ERXQGDU\ " ; RI
;
%ORFNPDWFKLQJ )RU HDFK SRLQW [ + ;   ZH SURGXFH JURXSLQJ E\
EORFNPDWFKLQJ ZLWKLQ WKH LPDJH ] 7KDW LV IRU HDFK EORFN
%c [ ZH
b
ORRN IRU ³VLPLODU´ EORFNV % [ ) ZKRVH UDQJH GLVWDQFH G] [ [ ) ZLWK
UHVSHFW WR % [ 
o
b
c o
o
o
G] [ [ )  o] %  ] % ) o 

/HW XV REVHUYH WKDW DOO QHLJKERUKRRGV LQ H
[ 5 KDYH WKH VDPH
VKDSH ZKLFK LV FRPSOHWHO\ GHWHUPLQHG E\ WKH DGDSWLYH VFDOHV
j 
k

+H
[ 5
K [ 5  A N  N DW [ 5  7KLV DOVR LPSOLHV WKDW IRU DOO 8 [[
5
WKH GRPDLQ RI WKH FRUUHVSRQGLQJ 6$'&7 FRHI¿FLHQWV 9 8  LV

[

[



LV VPDOOHU WKDQ D ¿[HG WKUHVKROG K KW
PDWFK o  7KXV ZH FRQVWUXFW WKH
VHW 6[ VR WKDW LW FRQWDLQV WKH FHQWUDO SRLQWV RI WKH IRXQG EORFNV
Q
R
b
c
6[  [ ) + ;   G] [ [ ) n K KW

PDWFK 
7KH WKUHVKROG K KW
PDWFK LV WKH PD[LPXP G] GLVWDQFH IRU ZKLFK WZR
EORFNV DUH FRQVLGHUHG VLPLODU  2EYLRXVO\ G] [ [   ZKLFK LP
SOLHV WKDW WKH FDUGLQDOLW\ 6[ o  IRU DQ\ [ + ;  
6KDSHDGDSWLYH JURXSLQJ /HW QRZ [ 5 + ; EH D UHIHUHQFH SRLQW
DQG GH¿QH [ =5  [ 5  =  [ 5  8VLQJ WKH UHVXOW 6[ = IURP WKH EORFN
5
PDWFKLQJ ZH DVVRFLDWH WR WKH UHIHUHQFH SRLQW [ 5 QRW RQO\ LWV RZQ
 7KH LQÀXHQFH RI QRLVH RQ G LV VWXGLHG LQ >@ ,Q FDVH RI KHDY\ QRLVH
]
WR UHGXFH LWV LQÀXHQFH RQ G]  ZH FDQ H[SORLW D FRDUVH SUH¿OWHULQJ HPEHGGHG
ZLWKLQ G]  DV GHVFULEHG LQ >@
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[=  [ 5 +6[ =

5

[[ 5

RQH DQG WKH VDPH DQG FRLQFLGHV ZLWK 9 8  
[5

$W WKH FXUUHQW UHIHUHQFH SRLQW [ 5  D JURXS LV EXLOW E\ VWDFN

H
LQJ WRJHWKHU WKH QRLV\ SDWFKHV ] 8   8 [[
5 + [ 5  7KLV JURXS
[[ 5


LV D '
nR DUUD\ GH¿QHG RQ WKH JHQHUDOL]HG F\OLQGHU 8[ 5 
n GDWD
Q
n
n
     n6[ = n  DV LOOXVWUDWHG LQ )LJXUH  ,Q FRPSDFW IRUP WKH
5
JURXS LV GHQRWHG DV =[ 5  H
[ 5  

 &ROODERUDWLYH KDUGWKUHVKROGLQJ
*LYHQ D JURXS =[ 5  FROODERUDWLYH ¿OWHULQJ LV UHDOL]HG DV VKULQNDJH LQ
D ' WUDQVIRUP GRPDLQ +HUH WKH ' WUDQVIRUP 7 6G LV D FRPSR
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7DEOH  3615 XSSHU HQWULHV DQG 66,0 ORZHU HQWULHV FRPSDU
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ZKHUH WKH VTXDUHG ( QRUP RI :[ 5 LV QDWXUDOO\ FRPSXWHG DV WKH
VXP RI WKH VTXDUH RI HDFK LQGLYLGXDO :LHQHU VKULQNDJH FRHI¿FLHQW
FRQWDLQHG LQ WKH JURXS
 5(68/76
:H SUHVHQW H[SHULPHQWDO UHVXOWV REWDLQHG ZLWK D SUHOLPLQDU\ YHU
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FRPSHQVDWLQJ IRU WKHLU GH¿FLHQFLHV LH 36$'&7¶V LQHIIHFWLYH
QHVV IRU WH[WXUHV DQG WKH %0'¶V EOXUULQJ DQG GHWDLO ORVV DURXQG
VKDUS FXUYHG HGJHV DQG VLQJXODULWLHV 
5()(5(1&(6

7DEOH  3615 XSSHU HQWULHV DQG 66,0 ORZHU HQWULHV UHVXOWV RI
WKH SURSRVHG 6$%0' IRU YDULRXV J DQG WHVW LPDJHV
LPSRUWDQW RQHV 7KH ' WUDQVIRUP 7 4G SDUW RI WKH VHSDUDEOH 7 6G
ZDV WKH ' +DDU ZDYHOHW IXOOG\DGLF GHFRPSRVLWLRQ 7KH VFDOHV
+        DQG +      DUH UHVSHFWLYHO\ XVHG LQ
WKH ¿UVW DQG WKH VHFRQG VWHS 7KH PD[LPXP QXPEHU RI PDWFKHG
EORFNV 1   LQ WKH ¿UVW VWHS DQG 1   LQ WKH VHFRQG ,I WKHUH
DUH IHZHU PDWFKHV RQO\ WKH EHVW PDWFKLQJ  M DUH NHSW M +  VR WR
EH DEOH WR DSSO\ WKH +DDU WUDQVIRUP
,Q 7DEOH  ZH SURYLGH D FRPSDULVRQ RI WKH 3615 DQG WKH
PHDQ VWUXFWXUDO VLPLODULW\ LQGH[ PDS >@ 66,0 UHVXOWV RI WKH 6$
%0' %0' DQG 36$'&7 PHWKRGV $ YLVXDO FRPSDULVRQ LV
JLYHQ LQ )LJXUHV  DQG  ZKHUH ZH VKRZ HQODUJHG GHWDLOV IRU %DU
EDUD 0RQWDJH DQG &DPHUDPDQ ,Q WKHVH ¿JXUHV ZH XVH D UHODWLYHO\
KLJK VWDQGDUGGHYLDWLRQ RI WKH QRLVH J   LQ RUGHU WR HPSKDVL]H
WKH GLIIHUHQFHV LQ WKH UHVXOWV E\ HDFK PHWKRG 2QH FDQ PDNH WKH
IROORZLQJ REVHUYDWLRQV
 7H[WXUHV LQ %DUEDUD DUH SUHVHUYHG HTXDOO\ ZHOO E\ ERWK WKH
%0' DQG WKH 6$%0' ² DQG VLJQL¿FDQWO\ EHWWHU DV FRP
SDUHG ZLWK WKH 36$'&7 ¿OWHU
 6KDUS HGJHV LQ &DPHUDPDQ DUH UHFRQVWUXFWHG HTXDOO\ ZHOO E\
ERWK WKH 36$'&7 DQG WKH 6$%0' ¿OWHUV ZKLOH WKH %0'
¿OWHU LQWURGXFHV VRPH ULQJLQJ DQG EOXUULQJ
 7KH 3615 DQG 66,0 UHVXOWV RI WKH 6$%0' DUH FRPSDUDEOH
RU EHWWHU WKDQ WKH RQHV RI WKH %0' DQG WKH 36$'&7 ¿OWHUV
,Q SDUWLFXODU WKH SUREOHPV RI WKH 36$'&7 ¿OWHU LQ UHFRQVWUXFW
LQJ WH[WXUHV UHVXOWLQJ LQ SRRU 3615 IRU %DUEDUD KDV EHHQ RYHU
FRPH E\ WKH 6$%0' ZKRVH UHVXOWV DUH FRPSDUDEOH ZLWK WKH
RQHV RI WKH %0' ¿OWHU $Q LQWHUHVWLQJ UHVXOW FDQ EH VHHQ LQ
7DEOH  IRU %DUEDUD LQ WKH FDVH RI J    DQG LQ )LJXUH 
IRU J   LQ WKHVH FDVHV WKH %0' SHUIRUPV EHVW LQ 3615 EXW
WKH 6$%0' LV EHVW LQ 66,0 
,Q DGGLWLRQ LQ 7DEOH  ZH JLYH 3615 DQG 66,0 UHVXOWV RI WKH 6$
%0' IRU D EURDGHU VHW RI WHVW LPDJHV DQG YDULRXV YDOXHV RI J 
 &21&/86,216
$V D VLPXOWDQHRXV JHQHUDOL]DWLRQ RI WKH %0' DQG WKH 3RLQWZLVH
6$'&7 ¿OWHUV WKH SURSRVHG GHQRLVLQJ PHWKRG H[SORLWV ERWK
 QRQORFDO LPDJH PRGHOLQJ UHDOL]HG E\ ¿QGLQJ DQG JURXSLQJ RI
VLPLODU LPDJH QHLJKERUKRRGV DV LQ WKH %0' ¿OWHU 
 SRLQWZLVH DGDSWLYH DQLVRWURSLF HVWLPDWLRQ UHDOL]HG E\ JURXSLQJ
RI DGDSWLYHVKDSH LPDJH QHLJKERUKRRGV DV LQ WKH 36$'&7
¿OWHU 
7KH GHYHORSHG DOJRULWKP ZDV VKRZQ LQ 6HFWLRQ  WR LQKHULW WKH
VWUHQJWKV RI ERWK PHWKRGV LH %0'¶V JRRG UHFRQVWUXFWLRQ RI
WH[WXUHV DQG UHJXODU LPDJH VWUXFWXUHV DQG 36$'&7¶V JRRG UHFRQ
VWUXFWLRQ RI VKDUS HGJHV DQG LPDJH VLQJXODULWLHV DQG DW WKH VDPH
 $ GLVFXVVLRQ DERXW WKH VXEMHFWLYH SHUFHSWXDO TXDOLW\ RI WKH 36$'&7
ZLWK SDUWLFXODU HPSKDVLV RQ WKH UHVWRUDWLRQ RI WH[WXUHV FDQ EH IRXQG LQ >@
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>@ $ %XDGHV % &ROO DQG - 0 0RUHO ³$ UHYLHZ RI LPDJH GH
QRLVLQJ DOJRULWKPV ZLWK D QHZ RQH´ 0XOWLVFDOH 0RGHOLQJ DQG
6LPXODWLRQ YRO  QR  SS ± 
>@ . 'DERY $ )RL 9 .DWNRYQLN DQG . (JLD]DULDQ ³,PDJH
GHQRLVLQJ E\ VSDUVH ' WUDQVIRUPGRPDLQ FROODERUDWLYH ¿OWHU
LQJ´ ,((( 7UDQV ,PDJH 3URFHVV YRO  QR  SS ±
 $XJXVW 
>@ 0 (ODG DQG 0 $KDURQ ³,PDJH GHQRLVLQJ YLD VSDUVH DQG
UHGXQGDQW UHSUHVHQWDWLRQV RYHU OHDUQHG GLFWLRQDULHV´ ,(((
7UDQV RQ ,PDJH 3URFHVV YRO  QR  SS ± 'H
FHPEHU 
>@ $ )RL 3RLQWZLVH 6KDSH$GDSWLYH '&7 ,PDJH )LOWHULQJ DQG
6LJQDO'HSHQGHQW 1RLVH (VWLPDWLRQ '6F7HFK 7KHVLV ,Q
VWLWXWH RI 6LJQDO 3URFHVVLQJ 7DPSHUH 8QLYHUVLW\ RI 7HFKQRO
RJ\ 3XEOLFDWLRQ  
>@ $ )RL 9 .DWNRYQLN DQG . (JLD]DULDQ ³3RLQWZLVH 6KDSH
$GDSWLYH '&7 IRU KLJKTXDOLW\ GHQRLVLQJ DQG GHEORFNLQJ RI
JUD\VFDOH DQG FRORU LPDJHV´ ,((( 7UDQV ,PDJH 3URFHVV
YRO  QR  SS ± 0D\ 
>@ $ *ROGHQVKOXJHU DQG $ 1HPLURYVNL ³2Q VSDWLDO DGDSWLYH HV
WLPDWLRQ RI QRQSDUDPHWULF UHJUHVVLRQ´ 0DWK 0HWK 6WDWLVWLFV
YRO  SS ± 
>@ - *XHUUHUR&RORQ DQG - 3RUWLOOD ³7ZROHYHO DGDSWLYH GHQRLV
LQJ XVLQJ *DXVVLDQ VFDOH PL[WXUHV LQ RYHUFRPSOHWH RULHQWHG
S\UDPLGV´ LQ 3URF ,((( ,QW &RQI ,PDJH 3URFHVV YRO 
*HQRYD ,WDO\ 6HSWHPEHU 
>@ 9 .DWNRYQLN ³$ QHZ PHWKRG IRU YDU\LQJ DGDSWLYH EDQGZLGWK
VHOHFWLRQ´ ,((( 7UDQV 6LJQDO 3URFHVV YRO  QR  SS
± 6HSWHPEHU 
>@ 9 .DWNRYQLN $ )RL . 'DERY DQG . (JLD]DULDQ ³6SDWLDOO\
DGDSWLYH VXSSRUW DV D OHDGLQJ PRGHOVHOHFWLRQ WRRO IRU LPDJH
¿OWHULQJ´ LQ 3URF  :RUNVKRS ,QI 7KHRUHWLF 0HWKRGV LQ
6FLHQFH DQG (QJLQHHULQJ :,706(  7DPSHUH )LQODQG
$XJXVW 
>@ 9 .DWNRYQLN $ )RL . (JLD]DULDQ DQG - $VWROD ³'L
UHFWLRQDO YDU\LQJ VFDOH DSSUR[LPDWLRQV IRU DQLVRWURSLF VLJQDO
SURFHVVLQJ´ LQ 3URF (XURSHDQ 6LJQDO 3URFHVV &RQI 9LHQQD
$XVWULD 6HSWHPEHU  SS ±
>@ 9 .DWNRYQLN . (JLD]DULDQ DQG - $VWROD /RFDO $SSUR[LPD
WLRQ 7HFKQLTXHV LQ 6LJQDO DQG ,PDJH 3URFHVVLQJ 63,( 3UHVV
 YRO 30
>@ 3 .DXII DQG . 6FKU ³6KDSHDGDSWLYH '&7 ZLWK EORFN
EDVHG '& VHSDUDWLRQ DQG '& FRUUHFWLRQ´ ,((( 7UDQV &LU
FXLWV 6\VW 9LGHR 7HFK YRO  QR  SS ± 0DUFK 
>@ & .HUYUDQQ DQG - %RXODQJHU ³2SWLPDO VSDWLDO DGDSWDWLRQ IRU
SDWFKEDVHG LPDJH GHQRLVLQJ´ ,((( 7UDQV ,PDJH 3URFHVV
YRO  QR  SS ± 2FWREHU 
>@ 6 /\X DQG ( 6LPRQFHOOL ³0RGHOLQJ PXOWLVFDOH VXEEDQGV RI
SKRWRJUDSKLF LPDJHV ZLWK ¿HOGV RI *DXVVLDQ VFDOH PL[WXUHV´
WR DSSHDU LQ ,((( 7UDQV 3DWW $QDO\VLV DQG 0DFKLQH ,QWHOO

>@ - 3RUWLOOD 9 6WUHOD 0 :DLQZULJKW DQG ( 3 6LPRQFHOOL
³,PDJH GHQRLVLQJ XVLQJ D VFDOH PL[WXUH RI *DXVVLDQV LQ WKH
ZDYHOHW GRPDLQ´ ,((( 7UDQV ,PDJH 3URFHVV YRO  QR 
SS ± 1RYHPEHU 
>@ = :DQJ $ %RYLN + 6KHLNK DQG ( 6LPRQFHOOL ³,PDJH
TXDOLW\ DVVHVVPHQW )URP HUURU YLVLELOLW\ WR VWUXFWXUDO VLPLODU
LW\´ ,((( 7UDQV ,PDJH 3URFHVV YRO  QR  SS ±
$SULO 
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)LJXUH  &RPSDULVRQ EHWZHHQ GHQRLVHG %DUEDUD DQG 0RQWDJH E\ WKH %0' OHIW  WKH 6$'&7 FHQWHU  DQG WKH 6$%0' ULJKW ¿OWHUV
7KH QXPEHUV DERYH WKH LPDJHV DUH WKH FRUUHVSRQGLQJ 3615 DQG 66,0 LQ SDUHQWKHVHV YDOXHV FDOFXODWHG RQ WKH ZKROH LPDJH  7KH VWDQGDUG
GHYLDWLRQ RI WKH QRLVH LQ WKH LQSXW LPDJHV LV J  
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Publication [P8]
K. Dabov, A. Foi, V. Katkovnik, and K. Egiazarian,
“BM3D Image Denoising with Shape-Adaptive Principal
Component Analysis”, Proc. Workshop on Signal
Processing with Adaptive Sparse Structured Representations, Saint-Malo, France, April 2009.
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%0' ,PDJH 'HQRLVLQJ ZLWK
6KDSH$GDSWLYH 3ULQFLSDO &RPSRQHQW $QDO\VLV
.RVWDGLQ 'DERY $OHVVDQGUR )RL 9ODGLPLU .DWNRYQLN DQG .DUHQ (JLD]DULDQ
'HSDUWPHQW RI 6LJQDO 3URFHVVLQJ 7DPSHUH 8QLYHUVLW\ RI 7HFKQRORJ\
32 %R[   7DPSHUH )LQODQG (PDLO ¿UVWQDPHODVWQDPH#WXW¿

$EVWUDFW² :H SURSRVH DQ LPDJH GHQRLVLQJ PHWKRG WKDW H[
SORLWV QRQORFDO LPDJH PRGHOLQJ SULQFLSDO FRPSRQHQW DQDO\VLV
3&$  DQG ORFDO VKDSHDGDSWLYH DQLVRWURSLF HVWLPDWLRQ 7KH
QRQORFDO PRGHOLQJ LV H[SORLWHG E\ JURXSLQJ VLPLODU LPDJH SDWFKHV
LQ ' JURXSV 7KH GHQRLVLQJ LV SHUIRUPHG E\ VKULQNDJH RI
WKH VSHFWUXP RI D ' WUDQVIRUP DSSOLHG RQ VXFK JURXSV
7KH HIIHFWLYHQHVV RI WKH VKULQNDJH GHSHQGV RQ WKH DELOLW\ RI
WKH WUDQVIRUP WR VSDUVHO\ UHSUHVHQW WKH WUXHLPDJH GDWD WKXV
VHSDUDWLQJ LW IURP WKH QRLVH :H SURSRVH WR LPSURYH WKH VSDUVLW\
LQ WZR DVSHFWV )LUVW ZH HPSOR\ LPDJH SDWFKHV QHLJKERUKRRGV
ZKLFK FDQ KDYH GDWDDGDSWLYH VKDSH 6HFRQG ZH SURSRVH 3&$ RQ
WKHVH DGDSWLYHVKDSH QHLJKERUKRRGV DV SDUW RI WKH HPSOR\HG '
WUDQVIRUP 7KH 3&$ EDVHV DUH REWDLQHG E\ HLJHQYDOXH GHFRPSR
VLWLRQ RI HPSLULFDO VHFRQGPRPHQW PDWULFHV WKDW DUH HVWLPDWHG
IURP JURXSV RI VLPLODU DGDSWLYHVKDSH QHLJKERUKRRGV :H VKRZ
WKDW WKH SURSRVHG PHWKRG LV FRPSHWLWLYH DQG RXWSHUIRUPV VRPH
RI WKH FXUUHQW EHVW GHQRLVLQJ PHWKRGV HVSHFLDOO\ LQ SUHVHUYLQJ
LPDJH GHWDLOV DQG LQWURGXFLQJ YHU\ IHZ DUWLIDFWV

, ,1752'8&7,21
,PDJH GHQRLVLQJ LV D YLYLG UHVHDUFK VXEMHFW LQ VLJQDO
SURFHVVLQJ EHFDXVH RI LWV IXQGDPHQWDO UROH LQ PDQ\ DSSOL
FDWLRQV 6RPH RI WKH PRVW UHFHQW DQG VXFFHVVIXO DGYDQFHV
DUH EDVHG RQ *DXVVLDQ VFDOH PL[WXUHV *60 PRGHOLQJ
LQ RYHUFRPSOHWH PXOWLVFDOH WUDQVIRUP GRPDLQ >@ >@ >@
OHDUQHG GLFWLRQDULHV RI DWRPV WR ¿OWHU VPDOO VTXDUH QHLJK
ERUKRRGV >@ VWHHULQJ NHUQHO UHJUHVVLRQ >@ DOVR FRPELQHG
ZLWK OHDUQHG GLFWLRQDULHV >@  VKDSHDGDSWLYH '&7 6$'&7
RQ QHLJKERUKRRGV ZKRVH VKDSHV DUH DGDSWLYH WR WKH LPDJH
VWUXFWXUHV >@ QRQORFDO ¿OWHULQJ EDVHG RQ WKH DVVXPSWLRQ WKDW
WKHUH H[LVW PXWXDOO\ VLPLODU EORFNV LQ QDWXUDO LPDJHV >@
>@ >@ >@ $PRQJ WKHVH GLIIHUHQW VWUDWHJLHV WKH QRQORFDO
¿OWHULQJ ZKLFK RULJLQDWHV IURP WKH ZRUN RI %XDGHV HW DO >@
LV WKH RQH WKDW GHPRQVWUDWHV WKH ELJJHVW SRWHQWLDO ,Q SDUWLFXODU
WKH WUDQVIRUPEDVHG %0' ¿OWHU >@ FDQ EH FRQVLGHUHG VWDWH
RIWKHDUW LQ LPDJH GHQRLVLQJ >@
7KH %0' ¿OWHU H[SORLWV D VSHFL¿F QRQORFDO LPDJH PRG
HOLQJ >@ WKURXJK D SURFHGXUH WHUPHG JURXSLQJ DQG FROODE
RUDWLYH ¿OWHULQJ *URXSLQJ ¿QGV PXWXDOO\ VLPLODU ' LPDJH
EORFNV DQG VWDFNV WKHP WRJHWKHU LQ ' DUUD\V &ROODERUDWLYH
¿OWHULQJ SURGXFHV LQGLYLGXDO HVWLPDWHV RI DOO JURXSHG EORFNV
E\ ¿OWHULQJ WKHP MRLQWO\ WKURXJK WUDQVIRUPGRPDLQ VKULQNDJH
RI WKH ' DUUD\V JURXSV  ,Q GRLQJ VR %0' UHOLHV ERWK RQ
QRQORFDO DQG ORFDO FKDUDFWHULVWLFV RI QDWXUDO LPDJHV QDPHO\
WKH DEXQGDQFH RI PXWXDOO\ VLPLODU SDWFKHV DQG WKDW WKH LPDJH
GDWD LV ORFDOO\ KLJKO\ FRUUHODWHG ,I WKHVH FKDUDFWHULVWLFV DUH
YHUL¿HG WKH JURXS HQMR\V FRUUHODWLRQ LQ DOO WKUHH GLPHQVLRQV
DQG D VSDUVH UHSUHVHQWDWLRQ RI WKH WUXH VLJQDO LV REWDLQHG
E\ DSSO\LQJ D GHFRUUHODWLQJ ' WUDQVIRUP RQ WKH JURXS
7KH HIIHFWLYHQHVV RI WKH VXEVHTXHQW VKULQNDJH GHSHQGV RQ

WKH VSDUVLW\ RI WKH WUXH VLJQDO LH WKH WUXH VLJQDO FDQ EH
EHWWHU VHSDUDWHG IURP WKH QRLVH ZKHQ LWV HQHUJ\ LV FRPSDFWO\
UHSUHVHQWHG LQ WKH ' WUDQVIRUP GRPDLQ :H KDYH VKRZQ >@
WKDW HYHQ LI VTXDUH LPDJH SDWFKHV DQG D ¿[HG ' WUDQVIRUP
DUH XVHG WKH GHQRLVLQJ SHUIRUPDQFH LV YHU\ KLJK DQG WKH
REWDLQHG 06( UHVXOWV DUH VWLOO EH\RQG WKH FDSDELOLWLHV RI PRVW
RI WKH PRUH UHFHQW DQG DGYDQFHG DOJRULWKPV +RZHYHU VTXDUH
LPDJH EORFNV FRQWDLQLQJ ¿QH LPDJH GHWDLOV VLQJXODULWLHV RU
VKDUS DQG FXUYHG HGJHV DUH H[DPSOHV ZKHUH D QRQDGDSWLYH
WUDQVIRUP LV QRW DEOH WR GHOLYHU D VSDUVH UHSUHVHQWDWLRQ 7KXV
IRU WKHVH EORFNV WKH %0' ¿OWHU PD\ LQWURGXFH FHUWDLQ
DUWLIDFWV DQG WKH GHQRLVLQJ LV QRW YHU\ HIIHFWLYH 8QIRUWXQDWHO\
WKHVH DUH RIWHQ WKH YHU\ SDUWV RI WKH LPDJH ZKHUH WKH YLVXDO
DWWHQWLRQ LV PDLQO\ IRFXVHG
,Q RUGHU WR IXUWKHU LQFUHDVH WKH VSDUVLW\ RI WKH WUXH VLJQDO
LQ WKH ' VSHFWUD LQ >@ ZH SURSRVHG D JHQHUDOL]DWLRQ RI
WKH %0' ¿OWHU ZKLFK XVHV JURXSLQJ RI PXWXDOO\ VLPLODU
DGDSWLYHVKDSH QHLJKERUKRRGV 7KH HPSOR\HG ' WUDQVIRUP
WKHUH LV D VHSDUDEOH FRPSRVLWLRQ RI WKH ' 6$'&7 DQG
D ' RUWKRQRUPDO WUDQVIRUP 7KLV WUDQVIRUP LV DSSOLHG RQ
' JURXSV WKDW DUH JHQHUDOL]HG F\OLQGHUV ZLWK DGDSWLYH
VKDSH FURVV VHFWLRQV DV RSSRVHG WR VTXDUH SULVPV LQ %0' 
7KH DGDSWLYHVKDSH QHLJKERUKRRGV HQDEOH ORFDO DGDSWLYLW\ WR
LPDJH IHDWXUHV VR WKDW WKH WUXH VLJQDO LQ VXFK D QHLJKERUKRRG
LV PRVWO\ KRPRJHQHRXV 7KXV WKH VSDWLDO FRUUHODWLRQ LPSURYHV
WKH VSDUVLW\ DV FRPSDUHG ZLWK WKH %0' +RZHYHU HYHQ
WKRXJK WKH QHLJKERUKRRGV KDYH DGDSWLYH VKDSHV WKH 6$'&7
EDVLV DUH ¿[HG IRU DQ\ JLYHQ VKDSH LH WKH EDVLV HOHPHQWV GR
QRW DGDSW WR WKH VLJQDO ZLWKLQ WKH JURXSHG QHLJKERUKRRGV
,Q WKLV SDSHU WR HQDEOH DGDSWLYLW\ RI WKH DSSOLHG VKDSH
DGDSWLYH WUDQVIRUP EDVLV WR WKH LQSXW GDWD ZH SURSRVH SULQ
FLSDO FRPSRQHQW DQDO\VLV 3&$ DV SDUW RI WKH ' WUDQVIRUP
XVHG IRU FROODERUDWLYH ¿OWHULQJ )RU D ' JURXS RI DGDSWLYH
VKDSH LPDJH SDWFKHV ZH REWDLQ D 3&$ EDVLV E\ HLJHQYDOXH GH
FRPSRVLWLRQ RI DQ HPSLULFDO VHFRQGPRPHQW PDWUL[ FRPSXWHG
IURP WKHVH SDWFKHV $V SULQFLSDO FRPSRQHQWV 3&  ZH VHOHFW
RQO\ WKH HLJHQYHFWRUV ZKRVH FRUUHVSRQGLQJ HLJHQYDOXHV DUH
JUHDWHU WKDQ D WKUHVKROG WKDW LV SURSRUWLRQDO WR QRLVH YDULDQFH
+HQFH WKH RYHUDOO ' WUDQVIRUP LV D VHSDUDEOH FRPSRVLWLRQ RI
WKH 3&$ DSSOLHG RQ HDFK LPDJH SDWFK DQG D ¿[HG RUWKRJRQDO
' WUDQVIRUP LQ WKH WKLUG GLPHQVLRQ
,Q WKH VHTXHO ZH SUHVHQW WKH GHYHORSHG GHQRLVLQJ PHWKRG
DQG VKRZ WKDW LW LV FRPSHWLWLYH DQG RXWSHUIRUPV VRPH RI
WKH FXUUHQW EHVW GHQRLVLQJ PHWKRGV SDUWLFXODUO\ LQ SUHVHUYLQJ
LPDJH GHWDLOV DQG SURGXFLQJ YHU\ IHZ DUWLIDFWV
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)LJ  )ORZFKDUW RI WKH SURSRVHG %0'6$3&$ LPDJH GHQRLVLQJ PHWKRG 2SHUDWLRQV VXUURXQGHG E\ GDVKHG OLQHV DUH UHSHDWHG IRU HDFK SURFHVVHG FRRUGLQDWH
RI WKH LQSXW LPDJH

 $SSO\ WKH WUDQVIRUP REWDLQHG LQ 6WHS  RQ HDFK RI WKH
JURXSHG DGDSWLYHVKDSH QHLJKERUKRRGV 6XEVHTXHQWO\
DSSO\ D ' RUWKRJRQDO WUDQVIRUP HJ +DDU ZDYHOHW
GHFRPSRVLWLRQ DORQJ WKH WKLUG GLPHQVLRQ RI WKH '
JURXS
 3HUIRUP VKULQNDJH KDUGWKUHVKROGLQJ RU HPSLULFDO
:LHQHU ¿OWHULQJ RQ WKH ' VSHFWUXP
 ,QYHUW WKH ' WUDQVIRUP IURP 6WHS  WR REWDLQ HVWLPDWHV
IRU DOO RI WKH JURXSHG DGDSWLYHVKDSH QHLJKERUKRRGV
 5HWXUQ WKH REWDLQHG HVWLPDWHV WR WKHLU RULJLQDO ORFDWLRQV
XVLQJ ZHLJKWHG DYHUDJLQJ LQ FDVH RI RYHUODSSLQJ

,, %0'6$3&$ $/*25,7+0
$ $OJRULWKP RXWOLQH
)ROORZLQJ LV DQ RXWOLQH RI WKH SURSRVHG DOJRULWKP ZKLFK
ZH GHQRPLQDWH %0'6$3&$ DQG ZKLFK LV LOOXVWUDWHG LQ
)LJXUH  7KH LQSXW QRLV\ LPDJH LV DVVXPHG WR EH FRUUXSWHG
E\ DQ DGGLWLYH ZKLWH *DXVVLDQ QRLVH ZLWK YDULDQFH  DQG
]HUR PHDQ
 7KH LQSXW LPDJH LV SURFHVVHG LQ UDVWHU VFDQ ZKHUH DW HDFK
SURFHVVHG SL[HO WKH IROORZLQJ RSHUDWLRQV DUH SHUIRUPHG
 2EWDLQ DGDSWLYHVKDSH QHLJKERUKRRG FHQWHUHG DW WKH
FXUUHQW SL[HO XVLQJ WKH GLUHFWLRQDO /3$,&, H[DFWO\
DV LQ >@ >@ 7KH QHLJKERUKRRG LV HQFORVHG ZLWKLQ
D ¿[HGVL]H DQG QRQDGDSWLYH VTXDUH EORFN ZKLFK ZH
WHUP UHIHUHQFH EORFN :H GHQRWH WKH QXPEHU RI SL[HOV
LQ WKH QHLJKERUKRRG E\ Qho =
 )LQG EORFNV WKDW DUH VLPLODU WR WKH UHIHUHQFH RQH XVLQJ
EORFNPDWFKLQJ DQG H[WUDFW DQ DGDSWLYHVKDSH QHLJKERU
KRRG IURP HDFK RI WKHVH PDWFKHG EORFNV XVLQJ WKH VKDSH
REWDLQHG LQ 6WHS  7KH QXPEHU RI PDWFKHG EORFNV LV
GHQRWHG E\ Qju 
 'HWHUPLQH WKH WUDQVIRUP WR EH DSSOLHG RQ WKH DGDSWLYH
VKDSH QHLJKERUKRRGV :H KDYH WZR FDVHV GHSHQGLQJ RQ
Q
LV ODUJHU RU VPDOOHU WKDQ D ¿[HG WKUHVKROG
ZKHWKHU Qju
ho

Q
D ,I Qju
  ZH FRQVLGHU WKDW ZH KDYH IRXQG D VXI
ho
¿FLHQW QXPEHU RI PXWXDOO\ VLPLODU QHLJKERUKRRGV
WR UHOLDEO\ HVWLPDWH D VHFRQGPRPHQW PDWUL[ 7KH
HLJHQYHFWRUV RI WKLV PDWUL[ FRQVWLWXWH WKH VKDSH
DGDSWLYH 3&$ EDVLV 6XEVHTXHQWO\ ZH UHWDLQ RQO\
WKRVH HLJHQYHFWRUV ZKRVH FRUUHVSRQGLQJ HLJHQYDO
XHV DUH JUHDWHU WKDQ D SUHGH¿QHG WKUHVKROG WKXV
REWDLQLQJ D WULPPHG VKDSHDGDSWLYH 3&$ WUDQV
IRUP
Q
?  > ZH GHHP WKHUH DUH QRW HQRXJK VLPLODU
E ,I Qju
ho
QHLJKERUKRRGV WR XVH DV WUDLQLQJ GDWD DQG ZH
UHVRUW WR WKH ¿[HG LH QRQ GDWDDGDSWLYH 6$
'&7 H[DFWO\ DV LQ >@
 )RUP D ' DUUD\ FDOOHG JURXS E\ VWDFNLQJ WRJHWKHU
WKH  Qju > Q  DGDSWLYHVKDSH QHLJKERUKRRGV ZLWK
KLJKHVW VLPLODULW\ WR WKH UHIHUHQFH RQH ZKHUH Q LV
D ¿[HG SDUDPHWHU WKDW UHVWULFWV WKH QXPEHU RI ¿OWHUHG
QHLJKERUKRRGV

% 7ULPPHG 3&$
6LQFH WKH PDLQ FRQWULEXWLRQ RI WKH SURSRVHG PHWKRG LV WKH
DSSOLFDWLRQ RI WKH VKDSH DQG GDWDDGDSWLYH 3&$ WUDQVIRUP
RQ JURXSV RI DGDSWLYHVKDSH QHLJKERUKRRGV ZH H[SODLQ LQ
GHWDLO ZKDW LV GRQH LQ 6WHS D ZKLOH ZH UHIHU WKH UHDGHU WR
RXU SUHYLRXV ZRUNV >@ >@ >@ IRU GHWDLOV RQ WKH RWKHU VWHSV
RI WKH DOJRULWKP 7KH LQSXW IRU 6WHS D LV D JURXS RI Qju
DGDSWLYHVKDSH QHLJKERUKRRGV WKDW DUH IRXQG WR EH PXWXDOO\
VLPLODU :H UHSUHVHQW HDFK RI WKHVH ' QHLJKERUKRRGV DV D
' FROXPQ YHFWRU y l RI OHQJWK Qho  l  > = = = > Qju  $Q
Qho  Qho VDPSOH VHFRQGPRPHQW PDWUL[ LV WKHQ FRPSXWHG
E\ PDWUL[ PXOWLSOLFDWLRQ

W

y  y  = = = y Qju
> 
F  y  y  = = = y Qju
DQG VXEVHTXHQWO\ LWV HLJHQYDOXH GHFRPSRVLWLRQ \LHOGV


X W FX  V    v > v > = = = > vQho >
ZKHUH X LV RUWKRQRUPDO PDWUL[ DQG V LV D GLDJRQDO PDWUL[
FRQWDLQLQJ HLJHQYDOXHV RUGHUHG E\ PDJQLWXGH v A v A
   A vQho  )LQDOO\ WKH 3&V XVHG IRU WKH GHFRPSRVLWLRQ RI WKH
DGDSWLYH±VKDSH QHLJKERUKRRGV DUH WKH ¿UVW Qwulp FROXPQV RI
X  ZKHUH Qwulp LV WKH QXPEHU RI HLJHQYDOXHV JUHDWHU WKDQ
  >  EHLQJ D ¿[HG WKUHVKROG $Q LOOXVWUDWLRQ RI WULPPHG
3&V LV JLYHQ LQ )LJXUH 
& ,WHUDWLYH UH¿QHPHQW
6LPLODUO\ WR >@ >@ >@ WKH DERYH DOJRULWKP FDQ EH DSSOLHG
LQ PRUH WKDQ RQH LWHUDWLRQ ,Q WKLV ZRUN ZH SURSRVH D WKUHH
LWHUDWLRQ DSSURDFK ,Q WKH ¿UVW LWHUDWLRQ WKH VKULQNDJH LV
SHUIRUPHG E\ KDUGWKUHVKROGLQJ DQG WKH VHDUFK IRU VLPLODU
EORFNV LV SHUIRUPHG LQ WKH QRLV\ LPDJH VLQFH WKLV LV WKH RQO\
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)LJ  ,OOXVWUDWLRQ RI WKH 3&V VKRZQ RQ WKH ULJKW VLGH DIWHU WULPPLQJ IRU IRXU SDUWLFXODU DGDSWLYHVKDSH QHLJKERUKRRGV 7KH JUHHQ RYHUOD\ LV XVHG WR VKRZ
WKH IRXQG VLPLODU QHLJKERUKRRGV XVHG WR IRUP D ' JURXS 7KH 3&V DUH OLVWHG LQ GHFUHDVLQJ PDJQLWXGH RI WKHLU FRUUHVSRQGLQJ HLJHQYDOXHV 2QH FDQ REVHUYH
WKDW WKH ¿UVW IHZ 3&V KDYH WKH VWURQJHVW VLPLODULW\ ZLWK WKH QRLVHIUHH VLJQDO LQ WKH QHLJKERUKRRG
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DYDLODEOH LQSXW ,Q WKH IROORZLQJ WZR LWHUDWLRQV ZH XWLOL]H WKH
HVWLPDWH LPDJH IURP HDFK SUHYLRXV LWHUDWLRQ LQ WKH IROORZLQJ
PDQQHU




WKH VHDUFK IRU VLPLODU EORFNV LV GRQH LQ WKH HVWLPDWH
LPDJH
WKH VDPSOH VHFRQGPRPHQW PDWUL[  LV FRPSXWHG IURP
QHLJKERUKRRGV H[WUDFWHG IURP WKH HVWLPDWH LPDJH
IRU WKH WKLUG LWHUDWLRQ WKH VKULQNDJH LV SHUIRUPHG E\
HPSLULFDO :LHQHU ¿OWHULQJ

7KH LPSURYHPHQW FRQWULEXWHG E\ WKH VHFRQG DQG E\ WKH
WKLUG LWHUDWLRQ FDQ EH MXVWL¿HG DV IROORZV %HFDXVH QRLVH KDV
DOUHDG\ EHHQ DWWHQXDWHG LQ WKH HVWLPDWH LPDJHV ERWK WKH EORFN
PDWFKLQJ DQG WKH HVWLPDWLRQ RI WKH VHFRQG PRPHQWV DUH PRUH
DFFXUDWH ZKHQ WKHVH RSHUDWLRQV DUH FDUULHG RXW RQ DQ HVWLPDWH
LPDJH ,W UHVXOWV LQ VSDUVHU ' JURXS VSHFWUD DV ERWK WKH
PXWXDO VLPLODULW\ ZLWKLQ HDFK JURXS DQG GHFRUUHODWLRQ GXH WR
3&$ DUH HQKDQFHG ,Q DGGLWLRQ WKH HPSLULFDO :LHQHU ¿OWHULQJ
LV PRUH HIIHFWLYH WKDQ KDUGWKUHVKROGLQJ ZKHQ WKH HVWLPDWH
LPDJH IURP WKH VHFRQG LWHUDWLRQ LV XVHG IRU SURYLGLQJ D UHOLDEOH
HVWLPDWH RI WKH SRZHU VSHFWUXP RI WKH ' JURXSV
,,, 5 (68/76
:H SUHVHQW UHVXOWV REWDLQHG ZLWK WKH SURSRVHG WKUHH
LWHUDWLRQ %0'6$3&$ :H XVH GLIIHUHQW YDOXHV IRU  DQG
 LQ HDFK LWHUDWLRQ   =>    LQ WKH ¿UVW LWHUDWLRQ
  >    LQ WKH VHFRQG LWHUDWLRQ DQG   =>   
LQ WKH WKLUG LWHUDWLRQ 7KH FRPSOH[LW\ RI WKH DOJRULWKP LV OLQHDU
ZLWK UHVSHFW WR WKH QXPEHU RI SL[HOV LQ WKH LQSXW LPDJH DQG
WKH FRPSXWDWLRQ WLPH RI RXU 0DWODERQO\ LPSOHPHQWDWLRQ 0
¿OH WDNHV DSSUR[LPDWHO\  PLQXWHV RQ D *+] 3HQWLXP
PDFKLQH IRU D  LPDJH
7KH 3615 DQG WKH PHDQ VWUXFWXUDO VLPLODULW\ LQGH[ PDS
066,0 >@ UHVXOWV RI WKH SURSRVHG PHWKRG DUH SURYLGHG
LQ 7DEOH , ,Q )LJXUH  ZH FRPSDUH GHQRLVHG LPDJHV RI WKH
SURSRVHG PHWKRG DQG WKH PHWKRGV WKDW LW H[WHQGV %0'
>@ 36$'&7 >@ DQG 6$%0' >@ 5HODWLYHO\ KLJK QRLVH
VWDQGDUG GHYLDWLRQV    DQG    ZHUH XVHG LQ RUGHU WR
HPSKDVL]H WKH GLIIHUHQFHV LQ WKH UHVXOWV E\ HDFK PHWKRG )URP
WKH ¿JXUH ZH REVHUYH WKDW WKH SURSRVHG PHWKRG HIIHFWLYHO\
UHFRQVWUXFWV ¿QH GHWDLOV DQG DW WKH VDPH WLPH LQWURGXFHV OHVV
DUWLIDFWV WKDQ WKH RWKHU PHWKRGV 7KLV REVHUYDWLRQ LV DOVR
VXSSRUWHG E\ WKH LPSURYHPHQW LQ WHUPV RI 066,0 DQG 3615
RYHU WKH RWKHU PHWKRGV
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,9 ' ,6&866,21 $1' &21&/86,216
5HJDUGOHVV RI WKH VKDSH RI WKH DGDSWLYHVKDSH QHLJKERUKRRG
REWDLQHG LQ 6WHS  RI RXU DOJRULWKP ZH XVH EORFNPDWFKLQJ
RI VTXDUH EORFNV WR ¿QG VLPLODU QHLJKERUKRRGV MXVW DV LW LV
GRQH LQ WKH RULJLQDO %0' DOJRULWKP >@ 7KHUH DULVHV WKH
TXHVWLRQ ZK\ WKH PDWFKLQJ LV QRW GRQH EHWZHHQ DGDSWLYH
VKDSH QHLJKERUKRRGV ,Q WKH SUHVHQFH RI QRLVH WKH HPSOR\HG
GLVWDQFH PHDVXUH c QRUP RI WKH GLIIHUHQFH EHWZHHQ WZR
QHLJKERUKRRGV XVHG IRU WKH PDWFKLQJ FDQ EH UHOLDEO\ FRP
SXWHG RQO\ LI WKH QXPEHU RI HOHPHQWV LQ WKH QHLJKERUKRRG
LV JUHDWHU WKDQ D QXPEHU WKDW GHSHQGV RQ WKH VLJQDOWR
QRLVH UDWLR 615 LQ WKHVH EORFNV DQ LOOXVWUDWLRQ RI VXFK
³EUHDNGRZQ SRLQW´ FDQ EH VHHQ LQ >@  7KXV FRQVLGHULQJ WKDW
D VKDSHDGDSWLYH QHLJKERUKRRG PD\ FRQVLVW RQO\ RI D VLQJOH
SL[HO DQG WKDW WKH 615 FDQ EH UHODWLYHO\ ORZ ZH FRQFOXGH
WKDW WKH PDWFKLQJ FDQQRW EH GRQH DPRQJ WKH DGDSWLYHVKDSH
QHLJKERUKRRGV ZLWK VXI¿FLHQW UHOLDELOLW\
,W LV ZRUWK GLVFXVVLQJ WKH FRQGLWLRQ IRU XVLQJ WKH 3&$
Q
  /HW XV UHPDUN WKDW
LQVWHDG RI WKH ¿[HG 6$'&7 LH Qju
ho
WKH HIIHFWLYHQHVV RI WKH 3&$ FUXFLDOO\ GHSHQGV RQ WKH VDPSOH
VHFRQGPRPHQW PDWUL[ V   7KH LGHDO FDVH ZRXOG EH WR
FRPSXWH WKH VHFRQG PRPHQWV IURP WKH QRLVHIUHH LPDJH LH
IURP DQ RUDFOH  EXW LQ UHDOLW\ ZH FDQ RQO\ HVWLPDWH WKHP HLWKHU
IURP WKH QRLV\ GDWD DV LQ WKH ¿UVW LWHUDWLRQ RI WKH DOJRULWKP
RU IURP RWKHUZLVH GLVWRUWHG GDWD IRU WKH VHFRQG DQG WKLUG
LWHUDWLRQV WKH PDWUL[ LV FRPSXWHG IURP WKH LPDJH HVWLPDWH
SURGXFHG E\ WKH ¿UVW DQG VHFRQG LWHUDWLRQ UHVSHFWLYHO\  $
UHDVRQDEOH DVVXPSWLRQ LV WKDW JUHDWHU Qju UHVXOWV LQ EHWWHU
HVWLPDWLRQ RI WKH VHFRQGPRPHQW PDWUL[ :KHQ Qju LV VPDOO
VD\ Qju ?  Qho  WKH VHFRQG PRPHQWV FDQQRW EH UHOLDEO\
HVWLPDWHG GXH WR OLPLWHG WUDLQLQJ GDWD DQG ZH UHVRUW WR WKH
¿[HG 6$'&7 WUDQVIRUP :H UHFDOO WKDW LQ WKH WKUHH LWHUDWLRQV
ZH XVH   => > = UHVSHFWLYHO\ 1RWH WKDW DOUHDG\ LQ
WKH FDVH Qju ? Qho ZKHQ  ?   ZH KDYH Qho Qju
QXOO HLJHQYDOXHV ZKRVH FRUUHVSRQGLQJ HLJHQYHFWRUV GR QRW
FRQYH\ PHDQLQJIXO LQIRUPDWLRQ +RZHYHU WKHVH HLJHQYHFWRUV
ZLOO EH WULPPHG VLQFH ZH EDVLFDOO\ NHHS RQO\ WKRVH HLJHQ
YHFWRUV FRUUHVSRQGLQJ WR WKH ODUJHU HLJHQYDOXHV ,Q IDFW WKLV
WULPPLQJ FDQ EH FRQVLGHUHG DV SDUW RI WKH VKULQNDJH DV LW LV
HTXLYDOHQW WR XQFRQGLWLRQDO WUXQFDWLRQ WR ]HUR RI WKH WUDQVIRUP
FRHI¿FLHQWV WKDW ZRXOG KDYH FRUUHVSRQGHG WR WKH GLVFDUGHG
HLJHQYHFWRUV :H QRWH WKDW WKH 3& WULPPLQJ DSSURDFK WKRXJK
D VWDQGDUG SURFHGXUH LQ WKH SUDFWLFDO DSSOLFDWLRQ RI WKH 3&$
HJ 6HFWLRQ  RI >@ &KDSWHU  RI >@  LV TXLWH FRDUVH
DQG EHWWHU ZD\V FRXOG EH GHYLVHG WR LQFRUSRUDWH WKH HLJHQYDOXH
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PDJQLWXGHV LQ WKH VKULQNDJH LWVHOI
/HW XV EULHÀ\ FRPSDUH RXU PHWKRG ZLWK WKH .69' >@
DQG WKH ORFDO 3&$ GHQRLVLQJ >@ ERWK RI ZKLFK HPSOR\
GDWDDGDSWLYH WUDQVIRUP EDVHV 7KH .69' SHUIRUPV WUDLQLQJ
RI D JOREDO RYHUFRPSOHWH LQ JHQHUDO GLFWLRQDU\ RI EDVLV
HOHPHQWV RQ VPDOO VTXDUH SDWFKHV WKH WUDLQLQJ FDQ EH GRQH
RQ D VHW RI QRLVHIUHH LPDJHV RU GLUHFWO\ RQ WKH QRLV\ LPDJH
7KH HI¿FDF\ RI WKH VXEVHTXHQW GHQRLVLQJ SHUIRUPHG RQ QRLV\
LPDJH SDWFKHV GHSHQGV RQ WKH DELOLW\ RI WKH GLFWLRQDU\ HOH
PHQWV WR VSDUVHO\ UHSUHVHQW WUXHLPDJH GDWD DQG WKXV VHSDUDWH
LW IURP WKH QRLVH 7KH ORFDO 3&$ GHQRLVLQJ >@ H[SORLWV
3&$ RQ VTXDUH LPDJH EORFNV ZKHUH WKH FRYDULDQFH PDWUL[
XVHG E\ WKH 3&$ LV HVWLPDWHG IURP DOO EORFNV LQ D JLYHQ
QHLJKERUKRRG 7KH SURSRVHG DSSURDFK H[SORLWV DGDSWLYHVKDSH
QHLJKERUKRRGV ZKLFK DOORZV IRU IXUWKHU DGDSWDWLRQ WR LPDJH
GHWDLOV DQG LW HVWLPDWHV WKH VHFRQGPRPHQW PDWUL[ IRU WKH 3&$
XVLQJ VLPLODU DGDSWLYHVKDSH QHLJKERUKRRGV DV WUDLQLQJ GDWD
² DQG QRW MXVW DQ\ ORFDO QHLJKERUKRRGV )XUWKHUPRUH WKH
VSDUVLW\ RI WKH WUXH GDWD LV IXUWKHU LQFUHDVHG E\ DSSO\LQJ D
WUDQVIRUP DORQJ WKH WKLUG GLPHQVLRQ RI WKH JURXSHG DGDSWLYH
VKDSH QHLJKERUKRRGV
7KH H[SHULPHQWDO UHVXOWV VKRZQ LQ 6HFWLRQ ,,, DUH YHU\
SURPLVLQJ DQG GHPRQVWUDWH WKDW E\ HPSOR\LQJ VKDSHDGDSWLYH
3&$ ZH FDQ IXUWKHU LPSURYH WKH VWDWHRIWKHDUW GHQRLVLQJ
SHUIRUPDQFH RI WKH %0' DOJRULWKP )XWXUH ZRUN VKDOO DG
GUHVV QRYHO VKULQNDJH FULWHULD ZKLFK DUH DGDSWLYH ZLWK UHVSHFW
WR WKH XWLOL]HG WUDQVIRUPV DQG WKH XVH RI DGDSWLYH WUDQVIRUPV
IRU WKH WKLUGGLPHQVLRQ RI WKH JURXS

>@ - ( -DFNVRQ $ 8VHU¶V *XLGH WR 3ULQFLSDO &RPSRQHQWV :LOH\ 
>@ , 7 -ROOLIIH 3ULQFLSDO &RPSRQHQW $QDO\VLV QG HG 6SULQJHU 
>@ & .HUYUDQQ DQG - %RXODQJHU ³2SWLPDO VSDWLDO DGDSWDWLRQ IRU SDWFK
EDVHG LPDJH GHQRLVLQJ´ ,((( 7UDQV ,PDJH 3URFHVV YRO  QR 
SS ± 2FWREHU 
>@ 6 /DQVHO ³'HQRLVH/DE´ KWWSZZZVWDQIRUGHGXaVODQVHO'HQRLVH/DE
>@ ' 0XUHVDQ DQG 7 3DUNV ³$GDSWLYH SULQFLSDO FRPSRQHQWV DQG LPDJH
GHQRLVLQJ´ LQ 3URF ,((( ,QW &RQI ,PDJH 3URFHVV YRO  6HSWHPEHU

>@ - 3RUWLOOD 9 6WUHOD 0 :DLQZULJKW DQG ( 3 6LPRQFHOOL ³,PDJH
GHQRLVLQJ XVLQJ D VFDOH PL[WXUH RI *DXVVLDQV LQ WKH ZDYHOHW GRPDLQ´
,((( 7UDQV ,PDJH 3URFHVV YRO  QR  SS ± 1RYHPEHU

>@ + 7DNHGD 6 )DUVLX DQG 3 0LODQIDU ³.HUQHO UHJUHVVLRQ IRU LPDJH
SURFHVVLQJ DQG UHFRQVWUXFWLRQ´ ,((( 7UDQV ,PDJH 3URFHVV YRO 
QR  )HEUXDU\ 
>@ = :DQJ $ & %RYLN + 5 6KHLNK DQG ( 3 6LPRQFHOOL ³,PDJH
TXDOLW\ DVVHVVPHQW )URP HUURU PHDVXUHPHQW WR VWUXFWXUDO VLPLODULW\´
,((( 7UDQV ,PDJH 3URFHVV YRO  QR  $SULO 

$&.12:/('*0(17
7KLV ZRUN ZDV VXSSRUWHG E\ WKH $FDGHP\ RI )LQODQG
SURMHFW QR  )LQQLVK 3URJUDPPH IRU &HQWUHV RI ([
FHOOHQFH LQ 5HVHDUFK  SURMHFW QR  )LQODQG
'LVWLQJXLVKHG 3URIHVVRU 3URJUDPPH  DQG SURMHFW
QR  3RVWGRFWRUDO 5HVHDUFKHU¶V 3URMHFW  DQG
E\ 7DPSHUH *UDGXDWH 6FKRRO LQ ,QIRUPDWLRQ 6FLHQFH DQG
(QJLQHHULQJ 7,6( 
5 ()(5(1&(6
>@ $ %XDGHV % &ROO DQG - 0 0RUHO ³$ UHYLHZ RI LPDJH GHQRLVLQJ
DOJRULWKPV ZLWK D QHZ RQH´ 0XOWLVFDOH 0RGHOLQJ DQG 6LPXODWLRQ
YRO  QR  SS ± 
>@ 3 &KDWWHUMHH DQG 3 0LODQIDU ³&OXVWHULQJEDVHG GHQRLVLQJ ZLWK ORFDOO\
OHDUQHG GLFWLRQDULHV´ ,((( 7UDQV ,PDJH 3URFHVV  DFFHSWHG IRU
SXEOLFDWLRQ
>@ . 'DERY $ )RL 9 .DWNRYQLN DQG . (JLD]DULDQ ³,PDJH GHQRLVLQJ
E\ VSDUVH ' WUDQVIRUPGRPDLQ FROODERUDWLYH ¿OWHULQJ´ ,((( 7UDQV
,PDJH 3URFHVV YRO  QR  SS ± $XJXVW 
>@ ²² ³$ QRQORFDO DQG VKDSHDGDSWLYH WUDQVIRUPGRPDLQ FROODERUDWLYH
¿OWHULQJ´ LQ 3URF /RFDO DQG 1RQORFDO $SSUR[ LQ ,PDJH 3URFHVV
/DXVDQQH 6ZLW]HUODQG 6HSWHPEHU 
>@ ²² ³6SDWLDOO\ DGDSWLYH VXSSRUW DV D OHDGLQJ PRGHOVHOHFWLRQ WRRO IRU
LPDJH ¿OWHULQJ´ LQ 3URF :,706( 7DPSHUH )LQODQG $XJXVW 
>@ 0 (ODG DQG 0 $KDURQ ³,PDJH GHQRLVLQJ YLD VSDUVH DQG UHGXQGDQW UHS
UHVHQWDWLRQV RYHU OHDUQHG GLFWLRQDULHV´ ,((( 7UDQV RQ ,PDJH 3URFHVV
YRO  QR  SS ± 'HFHPEHU 
>@ $ )RL 9 .DWNRYQLN DQG . (JLD]DULDQ ³3RLQWZLVH 6KDSH$GDSWLYH
'&7 IRU KLJKTXDOLW\ GHQRLVLQJ DQG GHEORFNLQJ RI JUD\VFDOH DQG FRORU
LPDJHV´ ,((( 7UDQV ,PDJH 3URFHVV YRO  QR  SS ±
0D\ 
>@ - *XHUUHUR&RORQ DQG - 3RUWLOOD ³7ZROHYHO DGDSWLYH GHQRLVLQJ XVLQJ
*DXVVLDQ VFDOH PL[WXUHV LQ RYHUFRPSOHWH RULHQWHG S\UDPLGV´ LQ 3URF
,((( ,QW &RQI ,PDJH 3URFHVV YRO  *HQRYD ,WDO\ 6HSWHPEHU 
>@ - $ *XHUUHUR&ROyQ ( 3 6LPRQFHOOL DQG - 3RUWLOOD ³,PDJH GHQRLVLQJ
XVLQJ PL[WXUHV RI *DXVVLDQ VFDOH PL[WXUHV´ LQ 3URF ,((( ,QW &RQI
,PDJH 3URFHVV 2FWREHU 
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)LJ  =RRPHG IUDJPHQWV RI &DPHUDPDQ DQG %RDWV LPDJHV ¿OWHUHG ZLWK WKH PHWKRGV WKDW ZH FRPSDUH ZLWK 7KH QXPEHUV OLVWHG LQ EUDFNHWV DUH 3615
>G%@ DQG 066,0 UHVXOWV UHVSHFWLYHO\
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