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Abstract

Geometric transformation (homography) estimation from a few point correspon-

dences is a necessary processing step in many feature-based object detection, local-

isation, registration and recognition methods. The homography estimation is only

an intermediate and repeated step in often computationally very intensive meth-

ods and, therefore, fast estimation is an essential requirement. In this study we

describe in detail and experimentally compare several estimation methods using

simulated and real data and draw conclusions about which methods should be pre-

ferred. In addition, assuming planar models, we demonstrate how feature-based

methods may in practise benefit from a more restricted homography (similarity,

affinity) instead of allowing the genuine plane-geometric linear variation (projec-

tivity). A more restricted transformation acts as a regulative factor providing nec-

essary robustness when only a few correspondences are available.

1 Introduction

In recent state-of-the-art studies object detection, localisation, registration and recog-

nition from 2D images are still solved as a 2D-to-2D problem despite the fact that

these tasks actually belong to a 3D-to-2D problem domain (e.g. participants in the

VOC2007 challenge [4]). This mistreat provides many insuperable problems, which

have been recognised but only lately resulted to an increasing interest toward 3D-to-

2D methods (e.g. [16]). 2D-to-2D methods still outperform 3D-to-2D methods and

also in this study we directly contribute to the “traditional approach” by investigating

the linear 2D geometry transformation (homography) estimation which is at the core

of most matching methods. A similar problem, pose estimation, is however an intrinsic

part of the 3D-to-2D methods as well. Our interest is to accurately estimate a homog-

raphy from a 2D object model space to 2D image space and vice versa. This process

is especially important for part-based methods where object parts are detected from an

image, and a part-based object model is fitted to the detected parts by looking for the

best match [5, 7, 10, 13, 14]. It is clear, that in methods requiring an exhaustive or ran-

dom search the homography estimation must be very fast and succeed with only a few
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extracted part (usually point) correspondences. Since we have faced this problem in

our previous studies [3, 7, 13] we were motivated to study the homography estimation

itself. In this study we introduce a set of well-known and some less known fast methods

for estimation of homographies of various types (isometry, similarity, affinity and pro-

jectivity) and compare them using realistically generated simulation data and real data

sets for human face detection. The experiments on the real data support the findings

with the simulated data and therefore allows us to draw conclusions for methods prefer-

able for estimating homographies of a specific type from a few point correspondences.

Our data and the homography estimation methods are provided as Matlab source code

at the project web-page: http://www.it.lut.fi/project/homogr/.

2 2D homography

Homography is a linear geometric transformation between two entities in N dimensions

forming a group (two or more consecutive transformations can be expressed as a single

transformation of the same type). 2-D geometric transformations are frequently used

in computer vision and they are expressed in projective 3-space, i.e. in homogenous

coordinates. The most important linear transformations with their degrees of freedom

(dof) explained are:

1. Isometry transformation (isometry) (plane rotation and translation, 3 dof, HE)

2. Similarity transformation (similarity) (+ orthogonal depth translation, i.e. isotropic

scaling, 4 dof, HS)

3. Affine transformation (affinity) (+ rotation in depth with weak perspective effect

(shear), i.e. non-isotropic scaling, 6 dof, HA)

4. Projective transformation (projectivity) (+ perspective effect, 8 dof, HP)

It should be noted that HE ⊂ HS ⊂ HA ⊂ HP = R
3×3The structure of the homogra-

phy matrix is (notation from [8])

H =

[

A t

vT v

]

=





a1 a2 tx
a3 a4 ty
v1 v2 v



 . (1)

In addition to the above homographies, it is possible to define two more 2-D transfor-

mations, but these have been rarely used. It can be seen from the degrees of freedom

between similarity and affinity, and affinity and projectivity, that there are some trans-

formations “between” them. They can, for example, be defined as:

2.5. Similarity+ transformation (5 dof, HS+)

3.5. Affinity+ transformation (7 dof, HA+)

These transformations require parameters from the next level to be constrained (e.g.

one of them fixed). Interpretations of these transformations depend on how the param-

eters are constrained. The constraints can, for example, correspond to some mapping
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of rigid transformations of 3-D points to an image plane for a certain type of camera.

Constraining the parameters makes the transformations “non-symmetric”, and there-

fore, we must denote by HS+ and HA+ the transformations from a “model space”

to “image space” and HS⊕ and HA⊕ vice versa. In our definition, the model space

corresponds to some “aligned space” where the constraints hold (e.g. fixed parameters

have their true values set). In the image space the parameters are affected by other

transformation parameters. Now, knowing the transformation direction is important

since the order of linear operations must be changed, and most importantly, only now

it is possible to derive formula for estimating the transformation parameters. The two

transformations are not subspaces of the complete homography operator space since

they do not form a group.

2.1 Homography matrices and their parametrisation

In the following definitions we follow the notations in [8]. x is a homogenous 3-vector

and t is an inhomogenous translation 2-vector.

Isometry is defined as

x
′ = HEx =

[

R t

0
T 1

]

x =





ǫ cos θ − sin θ tx
ǫ sin θ cos θ ty

0 0 1



x (2)

where ǫ = 1 if the isometry is orientation preserving (Euclidean transformation) and

−1 if orientation reversing (mirroring). In computer vision the mirroring can be useful

if, for example, an object has sensible meaning its visual presence mirrored, e.g. side

view of a motor bike or car, or in computer graphics for producing reflections. Mirror-

ing can be allowed in isometry and similarity, but it is not the typical case. Mirroring

transformations do not form a group with themselves, but combined with non-mirroring

transformations they do. If ǫ = {1,−1} is allowed, then the estimation may need an

explicit usage of the both values.

The definition of the similarity transformation is (Euclidean transformation with scal-

ing) [8]:

x
′ = HSx =

[

sR t

0
T 1

]

x =





s cos θ −s sin θ tx
s sin θ s cos θ ty

0 0 1



x (3)

where s is an isotropic scale (scaling factor).

Affinity is defined as

x
′ = HAx =

[

A t

0
T 1

]

x =





a11 a12 tx
a21 a22 ty
0 0 1



x (4)

where A is a non-singular matrix.

Projectivity is a general non-singular linear transformation of homogeneous coordi-

nates defined as

x
′ = HPx =

[

A t

vT v

]

x =





a11 a12 tx
a21 a22 ty
v1 v2 v



x (5)

containing nine elements, but only their ratio is significant (eight degrees of freedom).
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2.2 Additional example: similarity+

Similarity transformation has 4 degrees of freedom and the next homography, affinity,

6. Similarity requires at least 2 points correspondences and affinity 3. There clearly is

one more transformation between the two homographies, a transformation of 5 degrees

of freedom. For this transformation we cannot use the similarity form in (3) but it

is a “sub-transformation” of affinity in (4). Let us next formulate a naive example

of constrainted affinity, similarity+, by simply fixing one of the affine transformation

parameters reducing degrees of freedom to 5 dof.

The affinity has several different decompositions, one of the most interpretable being

in [8], where the matrix A is decomposed to the standard rotation and non-isotropic

scaling (λ1, λ2) applied at a certain “scaling angle” φ as

A = R(θ)R(−φ)DR(φ) (6)

where

D =

[

λ1 0
0 λ2

]

. (7)

In our naive example we simply fix the scaling angle φ.

There appears a problem with the fixed angle: the points must always be first rotated to

a predefined standard pose where the scaling angle has its true value before applying

the scaling. We may fix, for example, that the points in the model space are in the

standard pose. That makes the similarity+ transformation different depending whether

your are transforming correspondence points from image space to the model space or

from the model space to the image space. If the transformation is made from the model

to the image space, then the scaling and rotation part A is

A+ = R(θ)R(−φfix)DR(φfix) (8)

and if the transformation is made from image to model space

A⊕ = R(−φfix)DR(φfix)R(θ) . (9)

Finally, utilising our assumptions the similarity+ transformation from the model space

to the image space can be defined as

x
′ = HS+x =

[

A+ t

0
T 1

]

(10)

and from the image space to the model space as

x
′ = HS⊕x =

[

A⊕ t

0
T 1

]

. (11)

It is clear that these special transformations require special attention in computing and

estimating their parameters as compared to the true homographies.
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3 Fast—linear and nearly linear—homography estima-

tion from point correspondences

In correspondence based estimation we utilise two sets of geometric entities with known

correspondence labelling and related by an unknown homography. The simplest class

of entities (not necessarily from the estimation point of view) are points. In that case,

the homography is estimated by computationally solving the geometric relationship

between the two point sets, {x1, x2, . . . ,xN} and {x′
1, x

′
2, . . . ,x

′
N}, where the point

xi in the first set corresponds to the point x′
i in the second set, i denoting the label.

Throughout the text we reference to the first set as “model” or source and the sec-

ond as “observation” or image or target, since in our experiments the first corresponds

to known (annotated) landmarks derived from an object description and the second ex-

tracted (possibly noisy or even erroneous) local features extracted from an input image.

The terms are interchangeable.

Our problem domain requires fast computation which restricts approaches to linear or

some very simple iterative, “nearly linear”, methods. In object and especially object

category (e.g. faces, license plates) detection, localisation and recognition problems

descriptions of objects (model) are not rigorous but stochastic in nature and, on the

other hand, all measurements from an input image (observations) must also be consid-

ered noisy. Therefore, the only proper error measure would be the re-projection error

which simultaneously estimates both the homography and the true point locations using

statistical models of errors in the both spaces [8]. However, optimising re-projection

error or even its simpler counterparts, such as error in observation image only or sym-

metric transfer error, require computationally intensive iterative processing which is

not feasible in algorithms where the homography estimation is only a repeated inter-

mediate part. Our problem is thus completely different as compared to, for example,

camera calibration or accurate scene reconstruction where high accuracy is the essen-

tial goal. Next we discuss fast methods which can be computed rapidly and thus be

parts of real-time systems.

3.1 Exact solution

We denote an estimate as an exact solution if it maps source points exactly to target

points and is the unique solution. This, in practice, is possible only for the minimum

required number of correspondences for a homography class. With less points the so-

lution is not unique and with more points there is no guarantee that an exact solution

exists. In some critical configurations, even with the minimum number of correspon-

dences the solution may not be unique, but these configurations can be identified. The

critical configurations may appear for any number of point correspondences. Estima-

tion using the minimum number of correspondences is useful for many applications.

In the following exact solutions are derived for several homography classes.

3.1.1 Isometry

A transformation representing the isometry between two point sets can be uniquely

solved from two point correspondences, given point sets A = {(x1, y1), (x2, y2)} and

B = {(x′
1, y

′
1), (x

′
2, y

′
2)}. The isometry transformation B = HE(A) can be exactly
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solved by the following steps (point transforms used instead of coordinate system trans-

forms to simplify notation).

One of the correspondences, e.g., (x1, y1) and (x′
1, y

′
1), is selected as a pivot element.

First, the point set A is translated by moving the pivot element to the origin

Ao =





1 0 −x1

0 1 −y1

0 0 1



 . (12)

Next, the points are rotated according to the angular difference θ̂ = θ′ − θ to the same

orientation as the points in the set B

R(θ̂) =

[

cos θ̂ − sin θ̂

sin θ̂ cos θ̂

]

(13)

Finally, the points are translated by moving the pivot element to the pivot position in B

AB =





1 0 x′
1

0 1 y′
1

0 0 1



 . (14)

The complete isometry transformation of the points can thus be computed from

xB = HExA = ABR
θ̂
AoxA (15)

where the homogenous rotation matrix is used:

R
θ̂

=

[

R(θ̂) 0

0
T 1

]

. (16)

The rotation matrix can be formulated as follows. Let (dx, dy) = (x2, y2) − (x1, y1)
and (d′

x, d
′
y) = (x′

2, y
′
2) − (x′

1, y
′
1). With the angle θ defined as the angle between the

x-axis and the direction of (dx, dy) it follows that cos θ = dx

r
and sin θ =

dy

r
, where

r = ‖(dx, dy)‖2, and θ′ similarly. If the point sets are related strictly by an isometry,

then r = r′. Using the identities

cos(θ′ − θ) = cos θ′ cos θ + sin θ′ sin θ

sin(θ′ − θ) = sin θ′ cos θ − cos θ′ sin θ
(17)

the rotation matrix can be written as

R(θ̂) =
1

rr′

[

dxd
′
x + dyd

′
y −dxd

′
y + d′

xdy

dxd
′
y − d′

xdy dxd
′
x + dyd

′
y

]

=
1

rr′

[

d′
x d′

y

d′
y −d′

x

] [

dx dy

dy −dx

]

.

(18)

Using equations (12), (14) and (18) the isometry transformation HE = ABR
θ̂
Ao can

be solved using two point correspondences. In the experiments this method is denoted

EX-ISO (exact isometry).
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3.1.2 Similarity

The decomposition of the similarity transformation is similar to the isometry in (15),

but including also an isotropic scale factor, s, in a scaling matrix

S =





s 0 0
0 s 0
0 0 1



 . (19)

Now, the decomposition for the similarity is

xB = HExA = ABSR
θ̂
AoxA . (20)

The exact solution for the similarity transformation is the same as for the isometry

except that the scale factor is solved from

s =
r′

r
. (21)

This method is denoted EX-SIM (exact similarity).

3.1.3 Affinity

The exact solution for the affinity is straightforward in the matrix form





x′
1 x′

2 x′
3

y′
1 y′

2 y′
3

1 1 1



 = X
′ = HAX = HA





x1 x2 x3

y1 y2 y3

1 1 1



 ⇒ HA = X
′
X

−1 (22)

where the last row of HA is automatically enforced to (0, 0, 1) and the other 6 elements

are free. This produces a general non-singular (for a non-degenerate point configura-

tion) linear transformation of inhomogeneous coordinates and a translation.

3.1.4 Projectivity

The exact projectivity (up to a non-zero scale factor) can be computed from 4 point

correspondences, but is postponed until Sec. 3.3 since it is also a linear solution for

more than 4 points.

3.1.5 Additional example: similarity+

In the following we demonstrate exact solution for the naive similarity+ transformation

given in Sec. 2.2. The similarity+ transformation requires 3 point correspondences (two

and a half actually) to be solved. Let A be the model space and B the image space. The

exact solution for the similarity+ transformation begins from the fact that in each space

the lengths of vectors defined by the three given points are related by the non-isotropic

scaling BSA = R(−φ)DR(φ). The similarity+ transform

B
x =

[

R(θ) BSA
BtA

0
T 1

]

A
x . (23)
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Once BSA is known, the problem reduces into an isometry estimation.

The unknowns in BSA are the elements λ1, λ2 of the diagonal matrix D, φ is a known

constant. For two unknowns, two constraints are needed. Choose one correspondence

i = 1 as the pivot and denote the vectors from Axi to
Axj |j = 2, 3 as Avj . Define the

rotation basis vectors

e1 =

[

cos φ
sinφ

]

and e2 =

[

− sinφ
cos φ

]

, (24)

so that R(φ) = [e1 e2]. The squared Euclidean length

‖B
vj‖2 = ‖DR(φ) A

vj‖2

=
[

λ1(e1 · A
vj)

]2
+

[

λ2(e2 · A
vj)

]2

= λ2
1u

2
j + λ2

2v
2
j ,

(25)

where uj = e1 · Avj and vj = e2 · Avj . There is a pair of equations with j = 2, 3:

{

λ2
1u

2
2 + λ2

2v
2
2 = ‖Bv2‖2

λ2
1u

2
3 + λ2

2v
2
3 = ‖Bv3‖2

, (26)

which can be written in matrix form as
[

u2
2 v2

2

u2
3 v2

3

] [

λ2
1

λ2
2

]

=

[

‖Bv2‖2

‖Bv3‖2

]

. (27)

The solution for λ1, λ2 is obvious by multiplying the matrix equation with the inverse

matrix from the left. Positive roots must be chosen for the lambdas to avoid mirroring.

If the 2D point are not in a degenerate configuration (on a line or at a single point), the

uv-matrix is invertible. This follows from the fact, that the (u, v) vectors must then

span the 2D plane.

3.2 Iterative Exact Solution: Random Sampling

If there are more than the minimum required number of correspondences available it is

possible to operate in the spirit of the random sample consensus (RANSAC) [6]. Then

the solution is estimated by randomly selecting the minimum number of correspon-

dences and utilising an exact solution method. The RANSAC solution is more robust

to noise and also to outliers if inlier detection is used. The best transformation can

be selected according to some error measure, e.g. transfer error or symmetric transfer

error. We may define at least two different kinds of iterative exact methods:

1. Iterative cross-selection

2. Iterative weighted averaging

The first method is a straightforward generalisation of the exact formula over more than

the minimum number of points: after N samples the homography producing the small-

est error is selected. If prior information of correspondence uncertainties is available

an optimal selection of N and inlier threshold can be established.
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The second approach corresponds to the first, but instead of using the single best es-

timate it should algebrailly or statistically “weight” the different estimates based on

their confidence. In our experiments only the first method was implemented due to

its simplicity: only N needs to be defined and the transfer error was used as the error

measure (RANSAM-*).

3.3 Direct linear transform (DLT)

The problem of all methods based on the exact estimation formula is that solutions are

always derived from a minimum set of correspondences. It makes more sense that the

solution should combine information from all point correspondences. One of the most

widely used method using an overdetermined set of correspondences is the direct linear

transform (DLT), which forms a linear system and computes the null-space solution by

the singular value decomposition (SVD) [8]. According to Hartley and Zisserman [8],

the solution can be derived from the vector cross product of point correspondences in

homogeneous coordinates, xi = (xi, yi, wi)
T and x′

i = (x′
i, y

′
i, w

′
i)

T, as

x
′

i × Hxi = 0 . (28)

The cross product can be written as a linear system





0
T −w′

ix
T
i y′

ix
T
i

w′
ix

T
i 0

T −x′
ix

T
i

−y′
ix

T
i x′

ix
T
i 0

T









h
1

h
2

h
3



 = 0 (29)

where h
iT are the corresponding rows of the homography matrix. Only two of the

rows are independent and therefore one of them can be discarded and the remaining

ones written in an open form as (the first and second row)

[

0 0 0 −w′

i
xi −w′

i
yi −w′

i
wi y′

i
xi y′

i
yi y′

i
wi

w′

i
xi w′

i
yi w′

i
wi 0 0 0 −x′

i
xi −x′

i
yi −x′

i
wi

]













h1

h2

h3

h4

h5

h6

h7

h8

h9













= 0 . (30)

It is clear that this system can provide a proper solution only for projectivity in (5)

(up to a non-zero scale factor) since it contains 9 free parameters. For an arbitrary

number of correspondences the system only very rarely leads to an exact solution in

the presence of noise. An optimisation method for solving the linear system is needed.

The exact solution would require four and a half 2-D point correspondences. For an

overdetermined case a singular vector corresponding to the smallest singular value in

the SVD provides a solution with the minimal algebraic error (sum of squared residuals

in target space). The less noisy and more well-configured the correspondences are, the

more stable and accurate is the estimate. The most well-known methods based on this

principle are the “Golden standard” method from [8] ([17]) and the methods fixing

H(3, 3) = 1 and utilising least-squares [2] or pseudo-inverse [1] ([9]). These methods

solve the projective transformation matrix and are called as direct linear transformation

(DLT) methods. For unnormalised data the two rather historical methods make sense,

but in general, only the golden standard method should be utilised. The normalisation

procedure is discussed later.
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For a large number of points these methods are practically almost as good as the more

dedicated non-linear methods [8] and due to their computational efficiency these meth-

ods are the most popular in many computer vision related problems, such as in provid-

ing an initial estimate in camera calibration.

3.3.1 Formulations for more restricted transformations

For the more restricted homographies than the projective transformation, the linear

system in (30) can be further restricted. For instance, by using the following equalities

derived from the isometry in (2)

HE ⇔





h
1

h
2

h
3



 =





























h1

h2

h3

h4

h5

h6

h7

h8

h9





























=





























cos θ
− sin θ

tx
sin θ
cos θ
ty
0
0
1





























=





























a
−b
c
b
a
d
0
0
1





























(31)

the system can be simplified to

[

−w′
iyi −w′

ixi 0 −w′
iwi

w′
ixi −w′

iyi w′
iwi 0

]









a
b
c
d









=

(

−y′
iwi

x′
iwi

)

(32)

which can be further organised into a form solvable by the SVD method. From the

solution the transformation matrix (isometry) can be constructed as

HE

HS

}

=





a −b c
b a d
0 0 1



 (33)

However, this solution should not be used in estimation of isometry, because the non-

linear restriction in (31) is not enforced, i.e. ∃θ s.t. cos θ = a and sin θ = b is not

guaranteed. From the SVD point of view a, b, c and d are completely independent

variables. However, a similar formulation can be constructed for the similarity which

actually yields to the form in (31). The difference is that ∃θ, s s.t. s cos θ = a and

s sin θ = b is solvable ∀a, b ∈ R. The solution is evident by summing the squared

constraint equations:

s2(cos2 θ + sin2 θ) = a2 + b2 , (34)

from which s =
√

a2 + b2 taking the positive scale and θ obviously follows. The

provided solution seems to produce equivalent results to Umeyama’s method [18] in

2D. This restricted formulation in (32) is denoted as DLT-R1 in the experiments.

For comparison the experiments were also performed with the Umeyama’s method

(UME) [18].
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A similar restricted formulation for affinity can also be defined:

HA ⇔





h
1

h
2

h
3



 =





























h1

h2

h3

h4

h5

h6

h7

h8

h9





























=





























a11

a12

tx
a21

a22

ty
0
0
1





























=





























a
b
c
d
e
f
0
0
1





























, (35)

which allows an arbitrary matrix A as in (1). The corresponding linear system is now

[

0 0 0 −w′
ixi −w′

iyi −w′
iwi

w′
ixi w′

iyi w′
iwi 0 0 0

]

















a
b
c
d
e
f

















=

(

−y′
iwi

x′
iwi

)

(36)

and from its solution the homography matrix is constructed as

HA =





a b c
d e f
0 0 1



 , (37)

which obeys affinity for non-degenerate correspondences and is denoted as LM-R2 in

the experiments.

As already mentioned another restricted form used in the literature postulates a fixed

element h9 = 1 [1, 2, 9], but this should be avoided since for a projectivity the h9 = 0
may appear in real situations and hence the homography matrix will be badly scaled

and likely arbitrary. Also, for normalised data no robustness improvements can be

gained from fixing an element [8]. Due to its historical significance the method is

however included in the experiments (DLT-R3).

3.3.2 Data normalisation

The DLT method should not be used without the data normalisation [8]. If the dif-

ferent dimensions of data, including the homogeneous coordinate, which is typically

set to unity, differ by orders of magnitude, an estimate minimising the algebraic error

will be biased toward the largest dimension. Therefore, it is necessary to perform data

normalisation before the SVD step and afterwards the estimated homography matrix

must be denormalised. The standard normalisation method (isotropic normalisation)

is described in [8]. Hartley and Zisserman also discuss the case, where the order of

magnitude differences between data dimensions are desired, and present an alterna-

tive normalisation method. A DLT method utilising normalised data is prefixed with

NDLT.
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3.4 Other estimation methods

The literature contains several other linear or near linear estimation methods, such as

Umeyama’s [18] for similarity and isometry (scaling term is discarded) in multiple

dimensions, but these seem to be for special cases or equivalent formulations to 2-D

DLT (such as the Umeyama to DLT-R1). The most important other methods are clearly

the iterative methods optimising other than the algebraic error.

Within existing non-linear and iterative methods the most popular approach is the gra-

dient descent where the two important considerations are 1) which target (error) func-

tion should be optimised and 2) what gradient step method should be used in the opti-

misation. These questions are well covered in the book by Hartley and Zisserman [8],

where the two important error functions are geometric distance and re-projection error.

Since the iterative estimation however is not feasible in our case, these methods were

not included to our study.

4 Experiments

As already mentioned several times, our main interests are methods for feature-based

object detection, localisation, registration and recognition in 2-D. These methods utilise

local object (category) specific features (for example, eye centres and nostrils of human

faces) which are in the “constellation search” stage used as corresponding points (see,

e.g., [3, 13]). Geometric transformations are needed to transform the detected image

features to an object model space or vice versa. In this problem domain, the homog-

raphy estimation is very challenging since objects are typically represented by a few

local features whose spatial variation can be significant (e.g. natural spatial variation of

facial landmarks between individuals). In practice, a good estimate should be achiev-

able with near the minimum required number of correspondences or at least, as a rule

of thumb, with less than 10 point correspondences. Moreover, for iterative search there

are no computational resources available until at least a rough object pose estimate has

been achieved (initial and refining stages in [13]).

4.1 Simulated data

We report experimental results as a statistical estimation error for 200 times repeated

tests of 100 randomly generated points. The measured estimation error was the geo-

metric distance between the true target points and the true source points transformed

using estimated homography, i.e. the true (forward) transfer error. We report mean

of mean errors, median of mean errors and median of maximum errors. Mean over

200 repetitions of mean error of 100 points provides a general accuracy measure. The

median is tolerant to a few (< 50%) disastrous estimation failures, and therefore, may

reveal methods which are more accurate but less robust. Similarly, the median of max-

imums provides the error upper bound for a successful estimation. The transformation

parameters and the noise model were selected to simulate image capturing in practise.

Points were evenly distributed to the span of the input space, 1 to 10 points randomly

selected for estimation and the rest used for the error measure.
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4.1.1 Isometry

In the first experiment, the world consisted of random points, x = (x, y)T, drawn
uniformly from x ∈ [0, 1000] and y ∈ [0, 500] (minimum length of all dimensions

lmin = 500). For each repeat, an orientation preserving isometry transformation as

in (2) was generated from a uniformly random angle −180◦ ≤ θ ≤ 180◦ and uni-

formly distributed random translation ‖t‖ ≤ 0.1lmin. Point correspondences were

randomly selected and the points were perturbed by white noise from N (0, (γlmin)2),
that is, noise was defined by the standard deviation proportional to the dimensions of

the source image (absolute error in pixels independent of resolution). The noise was

separately added to the source (model) and target (image) points.

The results for Umeyama’s method without the scale (UME-ISO), random sampled

exact (RANSAM-ISO) and exact (EX-ISO) methods are shown in Fig. 1. As expected

the exact method is comparable to others only with the smallest number of correspon-

dences available (= 2). The random sampling exact method performed well even for

a larger number of points as it selects the best combination according to the transfer

error, but the Umeyama’s method with the scale discarded outperformed other meth-

ods as it utilises all points in the estimation. All three methods were very robust as

the mean and median graphs correspond to each other; no disastrous estimation errors

occurred for the used noise level. The accuracy is further illustrated in Fig. 2.
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Figure 1: Isometry estimation accuracy (noise γ = 0.080): (a) average mean error; (b)

median mean error; (c) median maximum error.

4.1.2 Similarity

In this experiment, world data was generated exactly as in the previous, but in addition,

the isotropic scale factor was randomly drawn from uniform s ∈
[

1/
√

2,
√

2
]

(at most

half octave scaling).

The results for the similarity transformation estimation are shown in Fig. 3. In this

experiment, Umeyama’s method (UME) and normalised restricted DLT (NDLT-R1)

provided practically the same estimates and were the best estimation methods. With

the used error level the exact method (EX-SIM) provided poor accuracy, but still its

random sampled version (RANSAM-SIM) was very good.
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Figure 2: Example of isometry estimation with noise in corresponding points (UME-

ISO): (a) 100 random points, 4 randomly selected estimation points and the same points

with noise (γ = 0.080); (b) random transformation applied and the corresponding

points with random noise added (γ = 0.080); (c) the point cloud after correct and

estimated transformation (mean error 48.3 and maximum error 63.3 units).
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Figure 3: Accuracy for similarity estimation (noise γ = 0.080): (a) average mean

error; (b) median mean error; (c) median maximum error. UME and NDLT-R1 curves

completely overlap.

4.1.3 Affinity

In this experiment, the isotropic scale was replaced by two independent scale factors

λ1 and λ2 ∈
[

1/
√

2,
√

2
]

−180◦ ≤ θ ≤ 180◦.

The experimental results for the error level γ = 0.080 are shown in Fig. 4. With the

used noise level, the exact method became completely unfeasible providing only poor

estimates. The normalised DLT restricted to affinity (NDLT-R2) performed the best,

but another important result became evident: the more restricted homography estima-

tion (similarity, NDLT-R1) outperformed all affinity estimation methods for a small

number of correspondences (≤ 8) and the average performance remained good even

further. Fig. 4 provides the first evidence how under-parametrisation can be beneficial

for noisy data with few correspondences. The result is demonstrated in Fig. 5.

4.1.4 Projectivity

The parameters for the projectivity experiment were the same as for the affinity exper-

iment, but in addition, the last row h3 of a homography matrix, the “elation transform
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Figure 4: Accuracy for affinity estimation (noise γ = 0.080): (a) average mean error;

(b) median mean error; (c) median maximum error.
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Figure 5: Example of affinity estimation with noise in corresponding points and sim-

ilarity estimation method (NDLT-R1): (a) 100 random points, 3 randomly selected

estimation points and the same points with noise (γ = 0.080); (b) random transfor-

mation applied and the corresponding points with random noise added (γ = 0.080);
(c) the point cloud after correct and estimated transformations (mean error 75.1 and

maximum error 181.2 units).

parameters” v1, v2 and v were randomly drawn from v1, v2 ∈ [−0.001, 0.001] and
v ∈ [0.999, 1.001] (note that v 6= 0 is the scale of the matrix and should not affect to

the estimated transformation). The elation parameters were allowed to vary in these

limited intervals since the noise model was tied to the source space, and therefore, the

target space dimensions should at least roughly correspond to the source dimensions.

However, this corresponds to the typical situation in practise. The noise level was

reduced to γ = 0.025.

The results of the projectivity experiment, shown in Fig. 6, were completely different

as compared to any of the previous. Disastrous estimation errors occurred for all esti-

mation methods, and therefore, the mean error graphs in Fig. 6(a) are completely out

of limits. On the other hand, the median results, shown in Fig. 6(b), provided means

to compare the different methods. Again, the over-restricted homography (affinity,

NDLT-R2) outperformed other methods for 4 and 5 correspondences, its maximum

errors, however, being severe. The normalised DLT methods NDLT and NDLT-R3 per-

formed equally and since the NDLT also allows v = h9 = 0 it should be preferred.

The accuracy of projectivity estimation using the linear methods is further illustrated

in Fig. 7The reason for severe, even disastrous, estimation failures is evident from the
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Figure 6: Accuracy for projectivity estimation (noise γ = 0.025): (a) average mean

error; (b) median mean error; (c) median maximum error.

graphs and also in the illustration. If there are too few correspondences for projectivity,

the estimate becomes “over-fitted” to the selected points. Over-fitting provides poor

generalisation (extrapolation) capability, i.e. the geometric error grows rapidly outside

the convex hull of the correspondences.
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Figure 7: Example of projectivity estimation with noise in corresponding points

(NDLT-R3): (a) 100 random points, 6 randomly selected corresponding points and

the same points with noise (γ = 0.025); (b) random transformation applied and the

corresponding points with random noise added (γ = 0.025); (c) the point cloud af-

ter correct and estimated transformations (mean error 32.1 and maximum error 291.3
units).

4.2 Real data: face detection and localisation

To verify that the previously presented simulated results correspond to practise we

run similar experiments with 2 publicly available data sets of real objects (faces):

XM2VTS/frontal (600 training and 560 test images) [15] and XM2VTS/non-frontal

(XM2VTS MPEG7, 592 training and 588 test images). Links to the data and their

ground truth (manually annotated 10 facial landmarks) are available at the project web

page http://www.it.lut.fi/project/homogr. Example images from the

both are shown in Fig. 8.

A training set is used to establish the spatial distributions of the landmarks, each of

which is approximated by a Gaussian [13]. In image space the distributions are wide
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(a) (b) (c) (d)

Figure 8: Example images from XM2VTS/frontal ((a) 341_1_2, (b)342_1_2) and

XM2VTS/non-frontal ((c) 007__1_up, (d) 064_1_left) and 10 landmarks.

(Fig. 9 (a)), but in a proper model space they are well localised. An example of the set

of model space distributions is shown in Fig. 9 (b), where a similarity transformation

is used to transfer the landmarks into the model space. Any other homography class

could be used instead of the similarity. To measure the fitness of a candidate landmark

constellation in image space, it has to be transformed into the model space. This re-

quires the estimation of a homography between the model and the landmarks in the

image space.
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Figure 9: Point pattern mean model: (a) Mean and 2× std deviation in the image

space; (b) Mean and 2× std deviation in the similarity normalised mean model space;

(c) Local patches of XM2VTS/frontal transformed to the mean model space. [13]

The 10 landmarks were learned from a training set using local image feature extraction

method proposed in [11]. For testing, the same method was used to extract the 100

best candidates for the each landmark from a test set (see Fig. 10 for examples). To

facilitate comparisons the extracted landmarks have been made publicly available at

http://www.it.lut.fi/project/evex/.

A simple but efficient point pattern based random sampling method for detecting the

most likely hypotheses of an object presence was proposed in [13]. The method ran-

domly picks a minimum number of correspondences from the set of extracted image

features, estimates a homography to the mean model space and then transforms all ex-

tracted points to the mean model space. Then the best candidates for each landmark are

selected and a statistical score formed by the product rule. We replaced the homogra-

phy estimation part with the best methods according to the simulated experiment. The

results for the both real data sets are shown in Fig. 11. The accuracy measure is the
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Figure 10: Examples of extracted image features using method in [11]: (a)

XM2VTS/frontal (green: (image-wise) left outer eye corner, yellow: right eye

centre, blue: left nostril, red: right mouth corner); (b) XM2VTS/non-frontal (c)

XM2VTS/frontal failed face localisation (iso); (d) XM2VTS/frontal failed face locali-

sation (iso).

deye distance which measures how far the eye centres are from the ground truth cen-

tres normalised by the eye distance (image resolution invariance) [12]. deye > 0.25 is

considered as a detection failure. For the XM2VTS/frontal all methods performed very

well, only isometry being notably less accurate using 10 best hypotheses of the object

occurrence. This is explained by the fact that isometry cannot capture the scale varia-

tion of faces. For XM2VTS/non-frontal (Fig. 11(b)) affinity outperformed all others as

the face rotation in-depth is best explained by affinity (face considered as a plane) and

cannot be captured by the more restricted transformations. Similarity, however, was

very good as well and projectivity failed as not enough correspondences were correctly

detected in every image due to natural occlusion.
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Figure 11: Face localisation results (cumulative graphs for different homographies de-

noted by the different colours): (a) XM2VTS/frontal; (b) XM2VTS/non-frontal.

5 Conclusions

In this study we experimented on which fast (linear) methods should be preferred for

homography estimation in 2D-to-2D object detection, localisation, registration and
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recognition methods that are based on point correspondences. The results are espe-

cially important in cases where there are only a few correspondences and their loca-

tions in a model or the image space or both are significantly uncertain. That is the case

in the most part-based object models. In addition, we demonstrated the fact that more

restricted homographies provide increased robustness. As a rule of thumb, 2D-to-2D

methods should go beyond affinity and utilise projectivity only in recognised special

cases. Matlab implementations of all the used homography estimation methods are

available at http://www.it.lut.fi/project/homogr.

As demonstrated using the simulated data the exact methods (EX-*) should be used

only for the minimum number of correspondences. Otherwise UME-ISO should be

used for isometry estimation, UME (NDLT-R1) for similarity, NDLT-R2 for affinity

and NDLT for projectivity. However, if only a few correspondences are available and

the correspondences are noisy, then the usage of the more restricted transforms pro-

vides more robust results. This fact was further tested by applying the selected meth-

ods to real experiments where only a negligible accuracy difference occurred between

the homographies. However, for example for XM2VTS/frontal projectivity seems the

most accurate in Fig. 11(a), but gave a failure rate of 1.07% as isometry only 0.36%
(two images shown in Fig. 11(c)-(d)), i.e. projectivity generally provided a more ac-

curate localisation, but isometry was more robust. It is noteworthy that using the more

optimal linear methods for homography estimation from a few point correspondences

we achieved significantly better results to [13] using otherwise the same methods.
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