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Abstract

This study promotes the use of statistical methods in specific classification tasks since sta-

tistical methods have certain advantages which advocate their use in pattern recognition.

One central problem in statistical methods is estimation ofclass conditional probability

density functions based on examples in a training set. In this study maximum likelihood es-

timation methods for Gaussian mixture models are reviewed and discussed from a practical

point of view. In addition, good practices for utilizing probability densities in feature clas-

sification and selection are discussed for Bayesian, and more importantly, for non-Bayesian

tasks. As a result, the use of confidence information in the classification is proposed and a

method for confidence estimation is presented. The propositions are tested experimentally.
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1 Introduction

Recently, black box and gray box pattern recognition (PR) and feature classifica-

tion methods have proved to be very powerful and methods suchas multi-layer

perceptron neural networks [1] and support vector machines[2] are frequently ap-

plied with a great success. Furthermore, other novel methods seem to embed feature

selection into a classifier synthesis as, for example, in theAdaBoost boosting al-

gorithm [3]. These powerful methods are also state-of-the-art methods in practice

and it is justifiable to ask whether structural and statistical PR approaches are still

relevant.

Drawbacks in black and gray box PR methods are often their incapability to provide

confidence information for their decision or difficulty in incorporating risk and cost

models into the recognition process. In many applications it is not sufficient just to

assign one predefined class to new observations; for example, in face detection fa-

cial evidence, such as eye centers and nostrils, should be detected from a scene and

provided to the next processing level in ranked order (best candidates first) in or-

der to perform detection computationally efficiently [4,5]. Gray box methods may

include the confidence information as an ad hoc solution. Statistical methods, on

the other hand, usually provide the information in an interpretable form along with

sufficient mathematical foundations. Statistical methodsthus provide some advan-

tages over black box methods; the decision making is based onan interpretable

basis from which the most probable or lowest risk (expected cost) option can be

chosen (e.g. Bayesian decision making [6]) and different observations can be com-

pared based on their statistical properties.
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In a typical PR problem, features from known observations, atraining set, are pro-

vided and necessary statistics must be established for recognition of unknown ob-

servations and estimation of confidence. A class of patternsis typically represented

as a probability density function (pdf) of features. Selection of proper features is

a distinct and application specific problem, but as a more general consideration,

finding a proper pdf estimate has a crucial impact on successful recognition. Typ-

ically, the form of the pdf is somehow restricted and the search is reduced to a

problem of fitting the restricted model to observed features. Often already simple

models such as a single Gaussian distribution (normal distributed random variable)

can efficiently represent patterns but a more general model,such as a finite mix-

ture model, must be used to approximate more complex pdf’s; arbitrarily complex

probability density functions can be approximated using finite mixture models. The

finite mixture representation is a natural choice for certain kinds of observations:

observations which are produced by a randomly selected source from a set of alter-

native sources belonging to a same main class. This kind of task occurs when object

categories are identified instead of object classes. For example, features from eye

centers are partitioned into closed eye and open eye, or Caucasian and Asian eye

sub classes. The problem arises how probability densities should be approximated

with finite mixture models and how the model parameters should be estimated.

Equally important is to define correct practices for the use of pdf’s in pattern recog-

nition and classification tasks.

In this study Gaussian mixture model (GMM) pdf’s are studiedas finite mixture

models. The two main considerations with the GMM are estimation of number of

Gaussian components and robustness of the algorithm to tolerate singularities oc-

curring due to a small sample size. It cannot be assumed that the user knows all

necessary details, and thus, the estimation should be unsupervised and utilize ex-
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isting approximation and statistical theories. Several estimation methods have been

proposed in literature and the most prominent ones are experimentally evaluated in

this study. The methods are extended toCn since complex domain features, such as

Gabor filter responses, seem to be convenient for some applications [4,7]. Correct

classification practices are analyzed and defined based on problem characteristics:

i) classifying an unknown observation into one of predefinedclasses, ii) finding

best candidates from a set of observations, iii) deciding class association to a sin-

gle known class when other classes are unknown or their samples are insufficient,

and iv) concluding what useful statistical information should be provided to the

next processing level. Finally, by providing implementations ([8]) for the described

methods, we aim to encourage good practices when using GMM pdf’s for repre-

sentation and discrimination of patterns.

2 Gaussian mixture probability density function

Finite mixture models and their typical parameter estimation methods can approxi-

mate a wide variety of pdf’s and are thus attractive solutions for cases where single

function forms, such as a single normal distribution, fail.However, from a practical

point of view it is often sound to form the mixture using one predefined distribu-

tion type, a basic distribution. Generally the basic distribution function can be of

any type but the multivariate normal distribution, the Gaussian distribution, is un-

doubtedly one of the most well-known and useful distributions in statistics, playing

a predominant role in many areas [9]. For example, in multivariate analysis most

of the existing inference procedures have been developed under the assumption of

normality and in linear model problems the error vector is often assumed to be

normally distributed. The multivariate normal distribution also appears in multiple
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comparisons, in studies of the dependence of random variables, and in many other

related fields. If no prior knowledge of a pdf of a phenomenon exists, only a general

model can be used and the Gaussian distribution is a good candidate. For a more

detailed discussion on the theory, properties and analytical results of multivariate

normal distributions we refer to [9].

2.1 Multivariate normal distribution

A non-singular multivariate normal distribution of aD dimensional random vari-

ableX 7→ x can be defined as

X ∼ N (x;µ,Σ) =
1

(2π)D/2|Σ|1/2
exp

[

−
1

2
(x− µ)TΣ−1(x− µ)

]

(1)

whereµ is the mean vector andΣ the covariance matrix of the normally distributed

random variableX. Multivariate Gaussian pdf’s belong to the class of elliptically

contoured distributions, and thus, for example equiprobability surfaces of the Gaus-

sian areµ-centered hyperellipsoids [9].

The Gaussian distribution in Eq. 1 can be used to describe a pdf of a real valued

random vector (x ∈ RD). A similar form can be derived for complex random

vectors (x ∈ CD) as [10]

N C(x;µ,Σ) =
1

πD|Σ|
exp

[

−(x − µ)∗Σ−1(x− µ)
]

(2)

where∗ denotes the adjoint matrix (transpose and complex conjugate).
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2.2 Finite mixture model

Despite the fact that multivariate Gaussian pdf’s have beensuccessfully used to rep-

resent features and discriminate between different classes in many practical prob-

lems (e.g., [11,12]) the assumption of single component leads to strict requirements

for characteristics of the phenomenon: a single basic classwhich smoothly varies

around the class mean. The most significant problem is not typically the smooth

behavior but the assumption of unimodality. For multimodally distributed features

the unimodality assumption may cause an intolerable error in the estimated pdf and

consequently in the discrimination between classes. Errors are not only in the lim-

ited representation power but also in completely wrong interpretations (e.g. a class

represented by two Gaussian distributions and another class between them). In ob-

ject recognition this can be the case for such a simple thing as a human eye, which

is actually an object category instead of a class since visual presence of the eye may

include open eyes, closed eyes, Caucasian eyes, Asian eyes,eyes with glasses, and

so on.

For a multimodal random variable, whose values are generated by one of several

randomly occurring independent sources instead of a singlesource, a finite mixture

model can be used to approximate the true pdf. If the Gaussianform is sufficient

for single sources, then a Gaussian mixture model (GMM) can be used in the ap-

proximation. It should be noted that this does not necessarily need to be the case as

GMMs can also approximate many other types of distributions(see Fig. 1).

The GMM probability density function can be defined as a weighted sum of Gaus-

sians

p(x; θ) =
C
∑

c=1

αcN (x;µc,Σc) (3)
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Fig. 1. A uniform distributionU(0, 1) is represented by100 evenly spaced data points. The

distribution is approximated using a Gaussian mixture model and EM parameter estimation.

whereαc is the weight of thecth component. The weight can be interpreted asa

priori probability that a value of the random variable is generatedby thecth source,

and thus,0 ≤ αc ≤ 1 and
∑C

c=1 αc = 1. Now, a Gaussian mixture model probability

density function can be completely defined by a parameter list [13]

θ = {α1,µ1,Σ1, . . . , αC,µC ,ΣC} . (4)

An example of a Gaussian mixture model pdf is shown in Fig. 2.
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Fig. 2. Surface of a two-dimensional Gaussian mixture modelpdf with three components

and contour plots (equiprobability surfaces).

2.3 Estimating mixture model parameters

A vital question with GMM pdf’s is how to estimate the model parameters inθ.

For a mixture ofC components and aD dimensional random variableX (X 7→

x ∈ RD) the total number of parameters to be estimated is presentedin Table 1.
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The number of free parameters is lower for pure complex data than for data where

real and imaginary parts are concatenated to form a real vector of double length.

However, if computing with real numbers is necessary, the mapping fromC to

R2 should be chosen according to data. If magnitude and phase representation is

used the phase may introduce a discontinuity into features [14]. Nevertheless, us-

ing purely complex representation may be advantageous, requiring less training

examples in parameter estimation. In the calculations the degree of freedom for a

single real variable is1 and for a single complex variable2. The same identity has

been used in the degrees of freedom for the complex covariance matrix since it

applies as an upper bound.

Table 1

Number of free parameters in a Gaussian mixture model.

Type αc µc Σc Tot.

x ∈ R
D 1 D 1

2D
2 + 1

2D C(12D
2 + 3

2D) + C − 1

x ∈ C
D 1 2D D2 C(D2 + 2D) + C − 1

x ∈ C
D → R

2D 1 2D 2D2 +D C(2D2 + 3D) + C − 1

In the literature two principal approaches exist for estimating the parameters: ma-

ximum-likelihood estimation and Bayesian estimation. While there are strong the-

oretical and methodological arguments supporting Bayesian estimation, in practice

the maximum-likelihood estimation is simpler and, when used for designing clas-

sifiers, can lead to classifiers nearly as accurate; many implementation issues sup-

port the selection of maximum-likelihood estimation. In this study the maximum-

likelihood estimation is selected purely for practical reasons.
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2.3.1 Maximum-likelihood estimation

Assume that there is a set of independent samplesX = {x1, . . . ,xN} drawn from

a single distribution described by a probability density functionp(x; θ) whereθ is

the pdf parameter list. The likelihood function

L(X; θ) =
N
∏

n=1

p(xn; θ) (5)

tells the likelihood of the dataX given the distribution or, more specifically, given

the distribution parameters inθ. The goal is to find̂θ that maximizes the likelihood:

θ̂ = argmax
θ
L(X; θ) . (6)

Usually this function is not maximized directly but the logarithm

L(X; θ) = lnL(X; θ) =
N
∑

n=1

ln p(xn; θ) (7)

called the log-likelihood function, which is analyticallyeasier to handle. Because

of the monotonicity of the logarithm function, the solutionto Eq. (6) is the same

usingL(X; θ) orL(X; θ).

Depending onp(x; θ) it might be possible to find the maximum analytically by

setting the derivatives of the log-likelihood function to zero and by solvingθ. For

a Gaussian pdf the analytical solution leads to well-known estimates of mean and

variance but usually the analytical approach is intractable. In practice an iterative

method such as the expectation maximization (EM) algorithmis used. Maximizing

the likelihood may in some cases lead to singular estimates,which is the fundamen-

tal problem of maximum likelihood methods with Gaussian mixture models [13].

If the parameters of the Gaussian mixture model pdf must be estimated forK dif-

ferent classes it is typical to assume independence, i.e., instances belonging to one

class do not reveal anything about other classes. In the caseof independent classes,
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the estimation problem ofK class-conditional pdf’s can be divided intoK separate

estimation problems.

2.3.2 Basic EM estimation

The expectation maximization (EM) algorithm is an iterative method for calcu-

lating maximum likelihood distribution parameter estimates from incomplete data

(elements missing in feature vectors) [15]. The algorithm can also be used to handle

cases where an analytical approach for maximum likelihood estimation is not feasi-

ble, such as Gaussian mixtures with unknown and unrestricted covariance matrices

and means.

In the following discussion of the estimation the notation and derivations corre-

spond to the ones used by Duda et al. [16] and Figueiredo and Jain [17].

Assume that each training sample contains known features and missing or unknown

features. Existing features are represented byX and all unknown features byY. The

expectation step (E-step) for the EM algorithm is to form thefunction

Q(θ; θi) ≡ EY[ lnL(X,Y; θ) |X; θ
i ] (8)

whereθi is the previous estimate for the distribution parameters and θ is the vari-

able for a new estimate describing the (full) distribution.L is the likelihood func-

tion in Eq. (5). The function calculates the likelihood of the data, including the

unknown featureY marginalized with respect to the current estimate of the distri-

bution described byθi. The maximization step (M-step) is to maximizeQ(θ; θi)

with respect toθ and set

θi+1 ← argmax
θ

Q(θ; θi). (9)
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The steps are repeated until a convergence criterion is met.

For the convergence criterion it is suggested (e.g. [16]) that

Q(θi+1; θi)−Q(θi; θi−1) ≤ T (10)

with a suitably selectedT and (e.g. [18]) that

||θi+1 − θi|| ≤ ǫ (11)

for an appropriately chosen vector norm andǫ. Common for both these criteria is

that iterations are stopped when the change in the values falls below a threshold. A

more sophisticated criterion can be derived from Eq. (10) byusing a relative instead

of an absolute rate of change.

The initialization is one of the problems with the EM algorithm. The selection of

the initial valueθ0 (partly) determines where the algorithm converges or hits the

boundary of the parameter space producing singular, meaningless results. Singu-

larities occur especially with arbitrary (not restricted)covariance matrices. Some

solutions use multiple random starts or a clustering algorithm for initialization [17].

In the case of Gaussian mixture models the known dataX is interpreted as incom-

plete data. The missing partY is the knowledge of which component produced

each samplexn. For eachxn there is a binary vectoryn = {yn,1, . . . , yn,C}, where

yn,c = 1, if the sample was produced by the componentc, or zero otherwise. The

complete data log-likelihood is

lnL(X,Y; θ) =
N
∑

n=1

C
∑

c=1

yn,c ln (αc p(xn|c; θ)) . (12)

The E-step contains computation of the conditional expectation of the complete

data log-likelihood, theQ-function, givenX and the current estimateθi of the pa-

rameters. Since the complete data log-likelihoodlnL(X,Y; θ) is linear with respect
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to the missingY, the conditional expectationW ≡ E[Y |X, θ] has simply to be

computed and put intolnL(X,Y; θ). Therefore

Q(θ, θi) ≡ E
[

lnL(X,Y; θ) |X, θi
]

= lnL(X,W; θ) (13)

where the elements ofW are defined as

wn,c ≡ E
[

yn,c |X, θ
i
]

= Pr
[

yn,c = 1 |xn, θ
i
]

. (14)

The probability can be calculated with the Bayes law ([17])

wn,c =
αi
c p(xn|c; θ

i)
∑C

j=1 α
i
j p(xn|j; θ

i)
(15)

whereαi
c is the a priori probability (of estimateθi) andwn,c is the a posteriori

probability thatyn,c = 1 after observingxn. In other words,wn,c is the probability

thatxn was produced by componentc.

Applying the M-step to the problem of estimating the distribution parameters for

theC-component Gaussian mixture with arbitrary covariance matrices, the result-

ing iteration formulas are as follows:

αi+1
c =

1

N

N
∑

n=1

wn,c (16)

µi+1
c =

∑N
n=1 xnwn,c
∑N

n=1wn,c

(17)

Σi+1
c =

∑N
n=1wn,c(xn − µi+1

c )(xn − µi+1
c )T

∑N
n=1wn,c

. (18)

The new estimates are gathered toθi+1 (Eq. 4). If the convergence criterion (Eqs. 10

or 11) is not satisfied,i ← i + 1 and Eqs. (15)–(18) are evaluated again with new

estimates.

The interpretation of the Eqs. (16)–(18) is actually quite intuitive. The weightαc of

a component is the portion of samples belonging to that component. The weight is
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computed by approximating the component-conditional pdf with the previous pa-

rameter estimates and taking the posterior probability of each sample point belong-

ing to the componentc (Eq. 15). The component meanµc and covariance matrixΣc

are estimated in the same way. The samples are weighted with their probabilities

of belonging to the component, and then the sample mean and sample covariance

matrix are computed.

It is worthwhile noting that hitherto the number of components C was assumed

to be known. Clustering techniques try to find the true clusters and components

from a training set, but our task of training a classifier onlyneeds a good enough

approximation of the distribution of each class. Therefore, C does not need to be

guessed accurately, it is just a parameter defining the complexity of the approxi-

mating distribution. Too smallC prevents the classifier from learning the sample

distributions well enough and too largeC may lead to an overfitted classifier. More

importantly, too largeC will definitely lead to singularities if the amount of training

data becomes insufficient.

2.3.3 Figueiredo-Jain Algorithm

The Figueiredo-Jain (FJ) algorithm tries to overcome threemajor weaknesses of

the basic EM algorithm [17]. The EM algorithm presented in Section 2.3.2 requires

the user to set the number of components and the number remains fixed during

the estimation process. The FJ algorithm adjusts the numberof components during

estimation by annihilating components that are not supported by the data. The other

EM failure point is the boundary of the parameter space. FJ avoids the boundary

when it annihilates components that are becoming singular.FJ also allows starting

with an arbitrarily large number of components, which tackles the initialization
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issue with the EM algorithm. The initial guesses for means ofcomponents can be

distributed into the whole space occupied by training samples, even setting one

component for every single training sample.

The classical way to select the number of mixture componentsis to adopt the

”model-class/model” hierarchy, where some candidate models (mixture pdf’s) are

computed for each model-class (number of components), and then select the ”best”

model. The idea behind the FJ algorithm is to abandon such a hierarchy and to find

the ”best” overall model directly. Using the minimum message length criterion and

applying it to mixture models leads to the objective function [17]

Λ(θ,X) =
V

2

∑

c:αc>0

ln(
Nαc

12
) +

Cnz

2
ln

N

12
+

Cnz(V + 1)

2
− lnL(X, θ) (19)

whereN is the number of training points,V is the number of free parameters spec-

ifying a component, andCnz is the number of components with nonzero weight in

the mixture (αc > 0). θ in the case of Gaussian mixture is the same as in Eq. (4).

The last termlnL(X, θ) is the log-likelihood of the training data given the distri-

bution parametersθ (Eq. 7).

The EM algorithm can be used to minimize Eq. (19) with a fixedCnz [17]. It leads

to the M-step with the component weight updating formula

αi+1
c =

max

{

0,

(

N
∑

n=1
wn,c

)

− V
2

}

C
∑

j=1
max

{

0,

(

N
∑

n=1
wn,j

)

− V
2

} . (20)

This formula contains an explicit rule for annihilating components by setting their

weights to zero. Other distribution parameters are updatedas in Eqs. (17) and (18).

The above M-step is, however, not suitable for the basic EM algorithm. When initial

C is high, it can happen that all weights become zero because none of the compo-
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nents have enough support from the data. Therefore a component-wise EM algo-

rithm (CEM) is adopted. CEM updates the components one by one, computing the

E-step (updatingW) after each component update, whereas the basic EM updates

all components ”simultaneously”. When a component is annihilated its probability

mass is immediately redistributed strengthening the remaining components [17].

When CEM converges, it is not guaranteed that the minimum ofΛ(θ,X) is found,

because the annihilation rule (Eq. 20) does not take into account the decrease

caused by decreasingCnz. After convergence the component with the smallest

weight is removed and the CEM is run again, repeating untilCnz = 1. Then the

estimate with the smallestΛ(θ,X) is chosen. The implementation of the FJ algo-

rithm uses a modified cost function instead ofΛ(θ,X) [17].

Hitherto the only assumptions are that the EM algorithm can be written for the mix-

ture distribution and all components are parameterized in the same way (number of

parametersV for a component). With the Gaussian mixture model the numberof

parameters per component isV = D + 1
2
D2 + 1

2
D in the case of real valued data

and arbitrary covariance matrices. With complex valued data the number of real

free parametersV = 2D + D2 whereD is the dimensionality of the (complex)

data. For complex data the number of free parameters should be replaced by the

new value forV instead of the values from Figueiredo and Jain, who derived the

rule for real valued data [17]. As can be seen in Eq. (20) the new value amplifies

the annihilation, which makes sense because there are more degrees of freedom in

a component. On the other hand there are more training data with the same num-

ber of training points, because the data is complex (two values in one variable as

opposed to one value).
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2.3.4 Greedy EM algorithm

The greedy algorithm starts with a single component and thenadds components

into the mixture one by one [19]. The optimal starting component for a Gaussian

mixture is trivially computed with optimal meaning the highest training data like-

lihood. The algorithm repeats two steps: insert a componentinto the mixture, and

run EM until convergence. Inserting the component that increases the likelihood

the most is thought to be an easier problem than initializinga whole near-optimal

distribution. Component insertion involves searching forthe parameters for only

one component at a time. Recall that EM finds a local optimum for the distribution

parameters, not necessarily the global optimum, which makes it an initialization

dependent method.

Let pC denote aC-component mixture with parametersθC . The general greedy

algorithm for the Gaussian mixture is as follows [19]:

Algorithm 1 Greedy EM

1: Compute the optimal (in the ML sense) one-component mixturep1 and setC ←

1.

2: Find a new componentN (x;µ′,Σ′) and corresponding mixing weightα′ that

increase the likelihood the most:

{µ′,Σ′, α′} = arg max
{µ,Σ,α}

N
∑

n=1

ln[(1− α)pC(xn) + αN (xn;µ,Σ)] (21)

while keepingpC fixed.

3: SetpC+1(x)← (1− α′)pC(x) + α′N (x;µ′,Σ′) and thenC ← C + 1.

4: UpdatepC using EM (or some other method) until convergence. [optional]

5: Evaluate some stopping criterion; go to Step 2 or quit.

The stopping criterion in Step 5 can be, for example, any kindof model selection
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criterion, wanted number of components, or the minimum message length criterion.

The crucial point is of course Step 2. Finding the optimal newcomponent requires

a global search, which is performed by creatingCNcand candidate components.

The number of candidates will increase linearly with the number of components

C, havingNcand candidates per each existing component. The candidate resulting

in the highest likelihood when inserted into the (previous)mixture is selected. The

parameters and weight of the best candidate are then used in Step 3 instead of the

truly optimal values.

The candidates for executing Step 2 are initialized as follows: the training data set

X is partitioned intoC disjoint data sets{Ac}, c = 1 . . . C, according to the pos-

terior probabilities of individual components; the data set is Bayesian classified by

the mixture components. From eachAc the number ofNcand candidates is initial-

ized by picking uniformly randomly two data pointsxl andxr in Ac. The setAc

is then partitioned into two using smallest distance selection with respect toxl and

xr. The mean and covariance of these two new subsets are the parameters for two

new candidates. The candidate weights are set to half of the weight of the compo-

nent that produced the setAc. Then newxl andxr are drawn untilNcand candidates

are initialized withAc. The partial EM algorithm is then used on each of the can-

didates. The partial EM differs from the EM and CEM algorithms by optimizing

(updating) only one component of a mixture; it does not change any other com-

ponents. In order to reduce the time complexity of the algorithm, a lower bound

on the log-likelihood is used instead of the true log-likelihood. The lower-bound

log-likelihood is calculated with only the points in the respective setAc. The partial

EM update equations are as follows:

wn,C+1 =
αN (xn;µ,Σ)

(1− α)pC(x) + αN (x;µ,Σ)
(22)
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α =
1

ℵ(Ac)

∑

n∈Ac

wn,C+1 (23)

µ =

∑

n∈Ac
wn,C+1xn

∑

n∈Ac
wn,C+1

(24)

Σ =

∑

n∈Ac
wn,C+1(xn − µ)(xn − µ)T
∑

n∈Ac
wn,C+1

(25)

whereℵ(Ac) is the number of training samples in the setAc. These equations are

much like the basic EM update equations in Eqs. (16)–(18). The partial EM itera-

tions are stopped when the relative change in log-likelihood of the resultingC + 1

-component mixture drops below a threshold or a maximum number of iterations is

reached. When the partial EM has converged, the candidate isready to be evaluated.

2.3.5 Avoiding covariance matrix singularities

All the above estimation methods may fail due to singularities appearing during

computation of new estimates. Several heuristic explicit covariance matrix fixing

procedures can be applied in order to prevent singularities. Nagy et al. [20] also

present an algorithm using factorized covariance matricesthat avoids singularities

altogether. The method used with the EM and FJ algorithms is described next.

Computation numerics may introduce inaccuracies so that the covariance matrix is

no longer strictly Hermitian (complex conjugate symmetric, Σ = Σ∗). The matrix

is forced to Hermitian by

Σ← Σ−
Σ− Σ∗

2
(26)

and removing an imaginary part from the diagonal.

The matrix is tested for positive definiteness with Choleskyfactorization (Chol). If

the test is negative, the diagonal of the matrix is modified. If the diagonal contains

elements that are less than10ε, the diagonal values are grown by an amount relative

to the largest absolute value on the diagonal, ensuring alsothat negative diagonal
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elements become positive enough. If the diagonal elements are larger the diagonal

is grown by1.0 percent.

2.4 Experiments

All the above methods are publicly available in the Matlab software package pro-

vided by the authors [8]. In the experiments discussed next the methods were ap-

plied in classification tasks with several publicly available data sets. A comparison

between the three methods, EM, FJ and GEM, was performed to evaluate their

accuracy and robustness. The experiments were conducted byvarying both the pa-

rameter related to the number of components and the amount ofdata used for train-

ing. For FJ and GEM the number of components actually denotedthe maximum

number of components. Mean and maximum accuracies and algorithm crash rate

were inspected. A crash is a situation where the algorithm does not produce a final

mixture estimate and cannot continue, e.g., in EM a covariance matrix becomes

undefined or in FJ all mixture components are annihilated.

Forest spectral data first introduced by Jaaskelainen et al.[21] was used in the first

experiment. Since the original data were of high dimensionality they were projected

to fewer dimensions as proposed in [22]. For training, varying amounts of the data

(20–70%) were randomly selected and30% were used for classification by Bayes

rule. Fig. 3(a) shows that all methods performed equally well and minimum and

maximum accuracies were both near the mean accuracy. It should be noted that

in Fig. 3(a) FJ and GEM always converged to the same number of components,

that is, a single Gaussian. GEM was the most stable in terms ofcrash rate while

EM frequently crashed for a non-optimal number of components and the FJ algo-

rithm did not succeed until enough training examples were included (Fig. 3(b)).
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The crash rate is represented as a proportion of the total number of re-executions

of the algorithm and re-executions with reselected data. There were no significant

differences in maximum accuracies of the different methodswhen they succeeded

in estimation as shown in Figs. 3(c) and 3(d). However, for a good result EM must

be executed several times.

1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of estimated mixture components

C
la

ss
ifi

ca
tio

n 
ac

cu
ra

cy

EM
FJ
GEM

(a)

20

30

40

50

60

70

1
2 3 4 5 6 7 8

16
32

64

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

% of data used
for training(max) Components

EM
FJ
GEM

(b)

20

30

40

50

60

70

1
2 3 4 5 6 7 8

16
32

64

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

% of data used
for training(max) Components

EM
FJ
GEM

(c)

20

30

40

50

60

70

1
2 3 4 5 6 7 8

16
32

64

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

% of data used
for training(max) Components

EM
FJ
GEM

(d)

Fig. 3. Results for the 23-d forest data as functions of amount of training data: (a) classifi-

cation accuracy (70% of data used for training and min., max., and mean curves plotted);

(b) algorithm crash rate; (c) mean accuracy; (d) maximum accuracy.

By projecting the data on fewer dimensions the data becomes smoother and all

methods perform more reliably. Due to the smoothness the FJ did not crash ei-

ther [23]. However, more discriminating information is lost and consequently the

maximal accuracy decreases.

In the second experiment well-known waveform data were used. The waveform

data consisted of 5000 40-element vectors, where the first attributes are meaningful

attributes with added noise and the last 19 elements are purenoise. The optimal
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Bayes classification accuracy is86% [24]. FJ reached the optimum with one Gaus-

sian component and the other methods came very close (Fig. 4). In Fig. 4(a) it seems

that there is enough data for slight overfitting. The Greedy EM (GEM) shows that

it adds components very greedily. Otherwise all methods performed equally.
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Fig. 4. Results for the waveform data as functions of amount of training data: (a) classifi-

cation accuracy (70% of data used for training and min., max., and mean curves plotted);

(b) algorithm crash rate; (c) mean accuracy; (d) maximum accuracy.

Based on the experiments it can be said that the standard EM algorithm outperforms

FJ and GEM if good prior knowledge exists about the number of components. Both

FJ and GEM automatically estimate the number of components and it seems that FJ

produces more accurate results, but also requires more training samples than GEM.

As an implementation GEM is the most stable while the standard EM is the most

unstable. The unsupervised nature of FJ and GEM, however, still motivates their

use in many practical applications.
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3 Feature discrimination and classification

Bayesian decision making is the most standard way to classify observations if class

conditional pdf’s are known but the classification can be applied only to one of

the four items mentioned in the introduction: i) classification of an unknown ob-

servation into one of predefined classes. It should be noted that the plain use of the

Bayes formula does not guarantee Bayesian optimal decisionmaking and there are

numerous pattern recognition problems which cannot be formulated as a Bayesian

task [6].

In this study Gaussian mixture models are considered to represent class conditional

pdf’s. The Bayesian rule can be used to select which class to assign for an unclassi-

fied observation, but the weakness of the approach is that a posteriori probabilities

can be used only to make a decision between known classes for asingle obser-

vation. It is important to note that posteriors cannot be used to compare different

observations, for example, to decide which one of them is more reliably from a cer-

tain class. Comparison between instances must be based on some other statistical

reasoning.

The Bayesian decision making was useful only in the first problem defined in the

introduction, but the other two problems: ii) finding best candidates from a set of

observations and iii) deciding a class association to a single known class when other

classes are unknown or their samples are insufficient must beformulated in another

way. In this study use of confidence information is proposed and confidence addi-

tionally covers the last problem, iv) concluding what useful statistical information

should be provided to the next processing level.
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3.1 Classification using the Bayesian decision rule

Bayesian classification and decision making are based on probability theory and

the principle of choosing the most probable or the lowest risk (expected cost)

option [6,18]. Assume that there is a classification task to classify feature vec-

tors (observations) toK different classes. A feature vector is denoted asx =

[x1, x2, . . . , xD]
T whereD is the dimension of a vector. The probability that a fea-

ture vectorx belongs to a classωk is P (ωk|x), and it is often referred to as a pos-

teriori probability. The classification of the vector is done according to posterior

probabilities or decision risks calculated from the probabilities [6].

The posterior probabilities can be computed with the Bayes formula

P (ωk|x) =
p(x|ωk)P (ωk)

p(x)
(27)

wherep(x|ωk) is the probability density function of classωk in the feature space

andP (ωk) is the a priori probability, which gives the probability of the class before

measuring any features. If a priori probabilities are not actually known, they must

be explicitly defined or estimated from the training set. A fatal error exists if a

prioria probabilities do not exist [6]. The divisor

p(x) =
K
∑

i=1

p(x|ωi)P (ωi) (28)

is merely a scaling factor to assure that posterior probabilities are really probabil-

ities, i.e., their sum is one. It can be shown that choosing the class of the highest

posterior probability produces the minimum error probability [16,6,18]. However,

if the cost of making different kinds of errors is not uniform, the decision can be

made with a risk function that computes the expected cost using the posterior prob-

abilities, and the class with minimum risk is chosen [6].
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3.2 Classification using confidence

The term confidence may have various different meanings and formulations, but in

our case confidence is used to measure reliability of a classification result where a

class label is assigned to an observation. If confidence is low, it is more probable

that a wrong decision has been made. Intuitively, the value of a class conditional pdf

at an observation corresponds to confidence for a specific class: the higher the pdf

value, the more instances in a corresponding class appear similar to the observation.

A posteriori is a between-class measure for a single observation, but pdf values can

be used as an inter-class measure to select the best representative of a class. For

example, in object detection it is computationally efficient to process best evidence

candidates representing parts of an object first [5]. Unlikely evidence candidates

can be pruned as outliers. In such tasks the use of confidence is beneficial.

3.2.1 Interpretation of confidence

A posteriori values can be used to select the most probable class for a single ob-

servation, but confidence values can be used to select the most reliable class rep-

resentative among many observations. In certain tasks, confidence can be used to

discard observations which cannot be sufficiently reliablyassigned to any of known

classes, that is, their pdf values are too low for reliable decision making. The same

approach can be used in two class problems where training examples are avail-

able only for one class and observations which do not pass a predefined confidence

level are assigned to the unknown class (e.g. in detection ofmotor failure condi-

tions [12]). In that sense the confidence does not refer to a single value limit but to

a certain allowed region in the feature space.
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Definition 1 Confidence valueκ ∈ [0, 1] and confidence regionR ⊆ Ω for a

probability distribution function0 ≤ p(x) < ∞, ∀x ∈ Ω. κ is a confidence value

related to a non-unique confidence regionR such that

∫

Ω\R
p(x)dx = κ (29)

The definition of confidence in Definition 1 is easily interpretable via the confidence

regionR. It is a region which covers a proportion1− κ of the probability mass of

p(x), because for probability distributions
∫

Ω p(x)dx = 1. It is clear thatκ = 1

for R contains only a finite number of individual points andκ = 0 for R = Ω. It

should be noted that the confidence value has no use until the regionR is defined as

a minimal volume region which satisfies Definition 1. The minimal volume region

is called the highest density region (HDR) [25].

A class specific confidence valueκk can be defined for eachk = 1, . . . , K different

classes, but intuitively the same value is good for all classes. A confidence value

corresponds to the proportion of a probability mass that remains in an areaRk. In

a classification task where certain confidence for decision making is required, the

confidence value itself is not used but the confidence regionRk itself is important

since a sample vectorx is allowed to enter the classωk only if x ∈ Rk. If a sample

is not within the confidence region of any of the classes, it must be classified to a

garbage class. The garbage class is a special class and samples assigned to the class

need special attention; for example, more information is needed for observations in

the garbage class or in a two-class problem where data is available only from one

class the garbage class may represent the other class with anunknown distribution.

There are various uses for the confidence value in classification. For example, in

the search for the best evidence sets from a large set of samples the use of the
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confidence value may decrease the work done in further processing steps. Confi-

dence may also be directly used to guarantee the reliabilityof the classification. In

condition monitoring, mechanical failures typically evolve during the process and

too early warning may lead to too pessimistic repair procedures. It is often easy to

collect samples from normal system conditions as with condition monitoring, but

all failures can never be comprehensively recorded, and thus, two class classifica-

tion to normal or failure condition can be performed utilizing the confidence value:

samples within the confidence region are assigned to the normal class and outside

that to the failure condition, whose probability distribution is unknown. Correct use

and the advantages of using confidence in classification willbe demonstrated and

further discussed in the experimental part of this study.

3.2.2 Rank-order statistics based confidence estimation

An analytical solution for finding the confidence region (minimal volume region)

would be very difficult to implement in practice. Formulation can be based on in-

tegration rules of multidimensional Gaussians and using gradient information. The

formulation would be simple for a single multi-dimensionalGaussian, but becomes

more difficult when there are several non-overlapping Gaussians and very complex

when overlapping is allowed: integration must be done over all components in ev-

ery ellipsoid. The required theory for the computations exists [26–28], but the op-

timization may become computationally infeasible. Thus, efficient and sufficiently

accurate approximating methods are needed. One such methodwill be described

next.

To find the confidence region, a reverse approach can be used tofind a pdf value

τ which is at the border of the confidence region. It is assumed that the pdf is
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continuous and the gradient of the pdf is never zero in a wholeneighborhood of

any point where the pdf value is nonzero.τ must be equal everywhere in the border,

otherwise the region cannot be the minimal volume region [25]. τ can be computed

by rank-order statistics using the density quantile ([25])F (τ) and by generating

data according to the pdf function. Density quantile is the opposite of confidence

κ = 1− F (τ).

N (µ,Σ) distributed data can be generated by generatingD-dimensional vectors

yi, each element i.i.d.N (0, 1), and computingxi = yi Chol Σ + µ [9]. Com-

plex valued data can be generated by generatingD-dimensional vectorszi with

each element i.i.d.U(0, π) and computingxi = (yi cos zi+yii sin zi) Chol Σ+µ.

Gaussian mixture data can be generated by first randomly selecting one of the com-

ponents using component weights as probabilities and then generating a point with

the parameters of the selected component.

Definition 2 The density quantileF (τ) corresponding to a pdf valueτ is

F (τ) =
∫

p(x)≥τ
p(x)dx . (30)

The density quantile corresponds to HDR probability mass, an integral over a re-

gion where pdf values remain above the given minimal levelτ . ClearlyF (τ) ∈

[0, 1] since it is similar to a cumulative pdf. The pdf valueτ has no interpretation

which could be used, but it is easy to define a density quantile, e.g., a quantile of0.9

would accept the most typical90% of instances generated by the pdf. The quantile

is a non-increasing function, and thus, a reverse mappingh(F ) = τ can be defined,

whereF ∈ [0, 1] is the desired quantile.

The density quantile has a well-known connection to the confidence bounds of a

normal distribution and its pdf. When extended to mixtures of normal distribu-
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tions, the confidence bounds may become arbitrarily complexas the number of

mixture components increases. An example of a one-dimensional case is illustrated

in Figure 5. HDR regions become even more complex in multidimensional complex

spacesCD.
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Fig. 5. A highest density region (HDR) of a two-component GMMpdf and the correspond-

ing threshold in one dimension. The confidence region is no longer a simple connected

set.

An analytical solution forF (τ) or h(F ) can be very difficult, but a Monte Carlo

method can be used to approximate the functions. Computation utilizes random

sampling by generatingN random pointsx1,x2, . . . ,xN from a distribution de-

scribed byp(x). The pdf value is computed for every pointpi = p(xi) and all

pi’s are ordered into a sequenceY = (y1, . . . , yN) = sort {pi} in an ascending

order.Y represents now a non-decreasing finite series which can be used to esti-

mateF (τ) andh(F ). We have now reduced the original spaceCD into (a discrete

approximation of)R+. A similar method was proposed by Hyndman [25].

Now, the value ofF (τ) can be approximated by

i = argmax
i
{yi | yi ≤ τ} (31)
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and, with linear interpolation,

F (τ) ≈







































1 if τ < y1

0 if τ ≥ yN

1− i−1+l(i,τ)
N−1

otherwise

(32)

where the linear interpolation term

l(i, τ) =























0.5 if yi+1 − yi = 0

τ−yi
yi+1−yi

otherwise

. (33)

The reverse mappingh(F ) can be approximated by

τ = h(F ) ≈























yN if i = N

yi + ((N − 1)(1− F ) + 1− i)(yi+1 − yi) otherwise

(34)

wherei = ⌊(N − 1)(1− F ) + 1⌋.

Now, the estimated pdf valueτ can be used as a limit pdf value where observations

falling below are directed to the “garbage class”. Hitherto, only Gaussian mixture

models have been applied, but the proposed estimation approach applies to any

continuous pdf’s that fulfill the gradient condition given in this section.

3.3 Experiments

Bayesian decision making was already demonstrated in the experiments where dif-

ferent estimation algorithms were compared and in the literature there is an enor-

mous number of experimental studies utilizing Bayesian decision making. Here

two examples are presented in order to demonstrate the use ofconfidence.
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In the first experiment the use of confidence information was studied in an appli-

cation where its usability is apparent. In face detection methods where detection of

a whole face is based on smaller facial parts, evidence, features are extracted from

every spatial location (e.g., [4,5]) and ranked as possibleevidence from different

classes. The detection of the whole face is based on inspection of spatial connec-

tions of different evidence. In Fig. 6(a) an example facial image is shown and the

10 ground truth evidence keypoints are marked [4]. In the training phase Gabor

features were extracted from training set images and class conditional pdf’s were

estimated for each evidence class by the FJ method. In Fig. 6(b) a pdf surface is

shown for the evidence class number 7 corresponding to the left (left on the image)

nostril. Figs. 6(c) and 6(d) display the confidence regions of density quantiles0.5

and0.05 corresponding to0.5 and0.95 confidence values respectively. It is clear

that the correct evidence location, the left nostril, was already included in the0.95

confidence region, and thus, the evidence search space for the next processing level

was reduced dramatically. Using the confidence information, it is possible to rank

evidence from each class and provide at most a requested number of best candi-

dates to a next processing level [4] but also allow the possibility that evidence is

not found on the image.

(a) (b) (c) (d)

Fig. 6. Example of using density quantile to definine confidence regions : (a) face image

and 10 marked evidence classes; (b) pdf value surface for theleft (in image) nostril class;

(c) confidence threshold0.5 (F (τ) = 0.5); (d) confidence threshold0.95 (F (τ) = 0.05).

Lindh et al. [12] have proposed a statistical solution for detecting motor bearing
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failures from stator current signals of electric motors, but they pointed out the draw-

back that not only normal condition but also failure condition measurements are

needed in their solution. In practice, providing failure condition measurements is

often economically impossible and it is difficult to cover all failure situations while

normal condition data is produced continuously. This experiment used the same

features as proposed in the original study [12], but only normal condition measure-

ments were used to form a pdf and confidence was used to decide between normal

and failure conditions. In Fig. 7 a ROC curve is shown for the conducted exper-

iment. From the curve it can be seen how more normal conditionmeasurements

were correctly identified (true positives) by decreasing the confidence, but also an

increasing number of failure conditions were considered asnormal (false positives).

The optimal trade-off depends on the application. On the other hand, there was only

a minor difference when comparing to the result where also failure condition pdf

was used in Bayesian classification (a prioria probabilities were estimated from the

training set, which does not correspond to the situation in practice).

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

confidence 0.01

confidence 0.50

False positive

T
ru

e 
po

si
tiv

e

Only normal class with confidence
Bayesian classifier with both classes
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class classification of electric motors. A positive test result corresponds to normal operating

condition of a motor.
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4 Conclusions

Our motivation for this study was to show that statistical methods, especially meth-

ods based on class conditional probability density functions of features, are suitable

in certain classification tasks. The study was aimed to be useful in feature classifi-

cation and evidence based object detection, which were not considered in depth in

this study but only briefly demonstrated in the experiments.

The estimation of unknown pdf’s is a common problem and in this study Gaussian

mixture models (GMM) were analyzed as a model, and expectation maximization

(EM), Figueiredo-Jain (FJ) and greedy EM (GEM) algorithms were studied for es-

timating GMM parameters. The study also covered estimationof complex data in

multiple dimensions for which case EM and FJ were used. It seems that EM is the

most suitable approach if the number of components is known or can reliably be

estimated. The optimal number of components can also be estimated using a sepa-

rate evaluation set and by pruning. However, the two unsupervised methods FJ and

greedy EM seemed to be robust and reliable algorithms for GMMparameter esti-

mation. In practice, singularities however occur, and thus, algorithms must tolerate

them, for example by enforcing covariance matrices to non-singular form.

Estimated pdf’s can be used in classification and the second part of this study con-

centrated on three different classification problems and what kind of information is

needed in the next levels of processing. The first classification problem was solved

in a traditional way by utilizing Bayes formula, but the nexttwo problems required

a non-Bayesian approach. The use of confidence, as defined in this study, was pro-

posed and a method to establish confidence information was introduced. Finally the

use of confidence information was demonstrated experimentally.

32



This work presents a view of using feature pdf’s in classification and ranking of

extracted features, observations. The work consisted of a study of how pdf’s can

be estimated and a study of how the classification should be performed. In future

research, the results will be applied to an invariant detection of object evidence by

utilizing simple Gabor features and statistical ranking.
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