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Abstract

This study promotes the use of statistical methods in spegdssification tasks since sta-
tistical methods have certain advantages which advocate uke in pattern recognition.
One central problem in statistical methods is estimatiomlass conditional probability
density functions based on examples in a training set. fnstiidy maximum likelihood es-
timation methods for Gaussian mixture models are reviewedigscussed from a practical
point of view. In addition, good practices for utilizing frability densities in feature clas-
sification and selection are discussed for Bayesian, and imguortantly, for non-Bayesian
tasks. As a result, the use of confidence information in thssification is proposed and a

method for confidence estimation is presented. The propositre tested experimentally.
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1 Introduction

Recently, black box and gray box pattern recognition (PR) feature classifica-
tion methods have proved to be very powerful and methods asamnulti-layer
perceptron neural networks [1] and support vector maclRlesre frequently ap-
plied with a great success. Furthermore, other novel mstbeem to embed feature
selection into a classifier synthesis as, for example, inAtti@Boost boosting al-
gorithm [3]. These powerful methods are also state-ofattenethods in practice
and it is justifiable to ask whether structural and stattRR approaches are still

relevant.

Drawbacks in black and gray box PR methods are often theapiigility to provide
confidence information for their decision or difficulty inrcorporating risk and cost
models into the recognition process. In many applicatibrssrot sufficient just to
assign one predefined class to new observations; for examgéee detection fa-
cial evidence, such as eye centers and nostrils, shouldtbetelé from a scene and
provided to the next processing level in ranked order (basticlates first) in or-
der to perform detection computationally efficiently [4,6ray box methods may
include the confidence information as an ad hoc solutiortisitaal methods, on
the other hand, usually provide the information in an intet@ble form along with
sufficient mathematical foundations. Statistical methibds provide some advan-
tages over black box methods; the decision making is baseghanterpretable
basis from which the most probable or lowest risk (expectest)mption can be
chosen (e.g. Bayesian decision making [6]) and differesteolations can be com-

pared based on their statistical properties.
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In a typical PR problem, features from known observationgiaing set, are pro-
vided and necessary statistics must be established fogmémm of unknown ob-

servations and estimation of confidence. A class of patistypically represented
as a probability density function (pdf) of features. Setatiof proper features is
a distinct and application specific problem, but as a moresggrconsideration,
finding a proper pdf estimate has a crucial impact on sucgkessfognition. Typ-

ically, the form of the pdf is somehow restricted and the dleas reduced to a
problem of fitting the restricted model to observed featu@ten already simple
models such as a single Gaussian distribution (normalloliséd random variable)
can efficiently represent patterns but a more general medeh as a finite mix-
ture model, must be used to approximate more complex pdi#rarily complex

probability density functions can be approximated usiniggfimixture models. The
finite mixture representation is a natural choice for cartands of observations:
observations which are produced by a randomly selected¢dsdam a set of alter-
native sources belonging to a same main class. This kindkiecurs when object
categories are identified instead of object classes. Fangbea features from eye
centers are partitioned into closed eye and open eye, oraSencand Asian eye
sub classes. The problem arises how probability densiiesld be approximated
with finite mixture models and how the model parameters shbel estimated.
Equally important is to define correct practices for the ugmd's in pattern recog-

nition and classification tasks.

In this study Gaussian mixture model (GMM) pdf’s are studasdinite mixture
models. The two main considerations with the GMM are esionadf number of
Gaussian components and robustness of the algorithm t@t®elsingularities oc-
curring due to a small sample size. It cannot be assumedhbaiger knows all

necessary details, and thus, the estimation should be enssgd and utilize ex-



isting approximation and statistical theories. Severaegion methods have been
proposed in literature and the most prominent ones are iexpetally evaluated in
this study. The methods are extende@tosince complex domain features, such as
Gabor filter responses, seem to be convenient for some apphs [4,7]. Correct
classification practices are analyzed and defined basedbbiepr characteristics:
i) classifying an unknown observation into one of predefiokses, ii) finding
best candidates from a set of observations, iii) decidiaghssociation to a sin-
gle known class when other classes are unknown or their gsnapé insufficient,
and iv) concluding what useful statistical information slitbbe provided to the
next processing level. Finally, by providing implemeraas ([8]) for the described
methods, we aim to encourage good practices when using GMM fod repre-

sentation and discrimination of patterns.

2 Gaussian mixture probability density function

Finite mixture models and their typical parameter estiorathethods can approxi-
mate a wide variety of pdf's and are thus attractive solimn cases where single
function forms, such as a single normal distribution, fdibwever, from a practical
point of view it is often sound to form the mixture using onegbefined distribu-
tion type, a basic distribution. Generally the basic dittion function can be of
any type but the multivariate normal distribution, the Gaas distribution, is un-
doubtedly one of the most well-known and useful distribagion statistics, playing
a predominant role in many areas [9]. For example, in muita analysis most
of the existing inference procedures have been developael the assumption of
normality and in linear model problems the error vector iefassumed to be

normally distributed. The multivariate normal distribartialso appears in multiple



comparisons, in studies of the dependence of random vasigihd in many other
related fields. If no prior knowledge of a pdf of a phenomendaste, only a general
model can be used and the Gaussian distribution is a gooddededFor a more
detailed discussion on the theory, properties and analytasults of multivariate

normal distributions we refer to [9].

2.1 Multivariate normal distribution

A non-singular multivariate normal distribution of/a dimensional random vari-

able X — x can be defined as

. — 1 1 Ty —1
XNN(%M,Z)—WGXP —5@—pu) X (@ - p) (1)
wherep is the mean vector and the covariance matrix of the normally distributed
random variableX . Multivariate Gaussian pdf’s belong to the class of eltipliy

contoured distributions, and thus, for example equiprditaburfaces of the Gaus-

sian areu-centered hyperellipsoids [9].

The Gaussian distribution in Eq. 1 can be used to describd aefareal valued
random vector£ < RP”). A similar form can be derived for complex random

vectors & € CP) as [10]

exp [—(x — p)'S 7 (z — p)| (2)

where* denotes the adjoint matrix (transpose and complex corgigat



2.2 Finite mixture model

Despite the fact that multivariate Gaussian pdf’s have lseenessfully used to rep-
resent features and discriminate between different cdasseany practical prob-
lems (e.g., [11,12]) the assumption of single componemidéastrict requirements
for characteristics of the phenomenon: a single basic el&ssh smoothly varies
around the class mean. The most significant problem is natalyp the smooth
behavior but the assumption of unimodality. For multimégddistributed features
the unimodality assumption may cause an intolerable enrthré estimated pdf and
consequently in the discrimination between classes. &am not only in the lim-
ited representation power but also in completely wrongrpretations (e.g. a class
represented by two Gaussian distributions and anothes bitsveen them). In ob-
ject recognition this can be the case for such a simple thsrglauman eye, which
is actually an object category instead of a class since Mgaaence of the eye may
include open eyes, closed eyes, Caucasian eyes, Asiareggesyith glasses, and

SO on.

For a multimodal random variable, whose values are gertefatene of several
randomly occurring independent sources instead of a ssaglece, a finite mixture
model can be used to approximate the true pdf. If the Gaus$sranis sufficient
for single sources, then a Gaussian mixture model (GMM) @anded in the ap-
proximation. It should be noted that this does not necdgsaed to be the case as

GMMs can also approximate many other types of distribut{ses Fig. 1).

The GMM probability density function can be defined as a widlsum of Gaus-

sians

C
p(x; 0) = Z ae N (s, 3 (3)



(@) (b)
Fig. 1. A uniform distributiort/(0, 1) is represented by00 evenly spaced data points. The
distribution is approximated using a Gaussian mixture rhadé EM parameter estimation.

whereq,. is the weight of the:th component. The weight can be interpretechas
priori probability that a value of the random variable is generatethecth source,
andthusp) < a,. <1 andzfz1 a. = 1. Now, a Gaussian mixture model probability

density function can be completely defined by a parametg(3}
0:{0517/1’17217"'70507/“"0720} . (4)

An example of a Gaussian mixture model pdf is shown in Fig. 2.
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Fig. 2. Surface of a two-dimensional Gaussian mixture mpdéith three components

and contour plots (equiprobability surfaces).

2.3 Estimating mixture model parameters

A vital question with GMM pdf’s is how to estimate the modekrg@aeters ind.
For a mixture ofC' components and & dimensional random variabl¥ (X —

x € RP) the total number of parameters to be estimated is presamfEable 1.



The number of free parameters is lower for pure complex dheata for data where
real and imaginary parts are concatenated to form a reabwvetidouble length.
However, if computing with real numbers is necessary, thepimg from C to
R? should be chosen according to data. If magnitude and phasesentation is
used the phase may introduce a discontinuity into featurék Nevertheless, us-
ing purely complex representation may be advantageousijrireg| less training
examples in parameter estimation. In the calculations #duyges of freedom for a
single real variable i$ and for a single complex variabfe The same identity has
been used in the degrees of freedom for the complex covariaratrix since it

applies as an upper bound.

Table 1

Number of free parameters in a Gaussian mixture model.

Type e e Ye Tot.
x € RP 1 D iD*+iD C(3D*+3D)+C -1
x € CP 1 2D D? C(D?+2D)+C —1

xeCP R 1 2D 2D?4+D C(2D?>+3D)+C -1

In the literature two principal approaches exist for estintgathe parameters: ma-
ximume-likelihood estimation and Bayesian estimation. \&linere are strong the-
oretical and methodological arguments supporting Baypesséimation, in practice
the maximum-likelihood estimation is simpler and, whendufe designing clas-
sifiers, can lead to classifiers nearly as accurate; manyeimgahtation issues sup-
port the selection of maximume-likelihood estimation. Iimstetudy the maximum-

likelihood estimation is selected purely for practicalseas.



2.3.1 Maximum-likelihood estimation

Assume that there is a set of independent san¥les{x,...,xy} drawn from
a single distribution described by a probability densitydiionp(x; €) wheref is

the pdf parameter list. The likelihood function

tells the likelihood of the datX given the distribution or, more specifically, given

the distribution parameters éh The goal is to find) that maximizes the likelihood:
0 = arg max L(X;0) . (6)
Usually this function is not maximized directly but the |oigiam
N
L(X;0) =1n L(X;0) Z Inp(xz,; o (7

called the log-likelihood function, which is analyticakasier to handle. Because
of the monotonicity of the logarithm function, the solutitmEq. (6) is the same

usingL(X; @) or L(X; 0).

Depending omp(x; 8) it might be possible to find the maximum analytically by
setting the derivatives of the log-likelihood function tera and by solvin@. For

a Gaussian pdf the analytical solution leads to well-knostmeates of mean and
variance but usually the analytical approach is intraetalsl practice an iterative
method such as the expectation maximization (EM) algorigased. Maximizing
the likelihood may in some cases lead to singular estimatash is the fundamen-

tal problem of maximum likelihood methods with Gaussiantori& models [13].

If the parameters of the Gaussian mixture model pdf must eated for K dif-
ferent classes it is typical to assume independence,nstgnces belonging to one

class do not reveal anything about other classes. In theoé@isgependent classes,



the estimation problem ok class-conditional pdf’s can be divided inkbseparate

estimation problems.

2.3.2 Basic EM estimation

The expectation maximization (EM) algorithm is an iteratimethod for calcu-
lating maximum likelihood distribution parameter estiegfrom incomplete data
(elements missing in feature vectors) [15]. The algoritlam also be used to handle
cases where an analytical approach for maximum likelih@tidw@tion is not feasi-
ble, such as Gaussian mixtures with unknown and unrestracieariance matrices

and means.

In the following discussion of the estimation the notatiom alerivations corre-

spond to the ones used by Duda et al. [16] and Figueiredo am¢iL¥4.

Assume that each training sample contains known featues&sing or unknown
features. Existing features are represented apd all unknown features by. The

expectation step (E-step) for the EM algorithm is to formfilngction
Q(0:6") =Ey[In L(X,Y;0)[X; 6] (8)

where@' is the previous estimate for the distribution parametedséis the vari-
able for a new estimate describing the (full) distributignis the likelihood func-
tion in Eq. (5). The function calculates the likelihood ottHata, including the
unknown featurey marginalized with respect to the current estimate of theidis
bution described by’. The maximization step (M-step) is to maximiggo: 6")

with respect t@ and set

0! «— arg max Q(6;6"). (9)
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The steps are repeated until a convergence criterion is met.

For the convergence criterion it is suggested (e.g. [1&l) th
QO 6") — Q667 <T (10)
with a suitably selected and (e.g. [18]) that
16" — 0" < e (11)

for an appropriately chosen vector norm ancCommon for both these criteria is
that iterations are stopped when the change in the valusdfbw a threshold. A
more sophisticated criterion can be derived from Eq. (1Q)dgg a relative instead

of an absolute rate of change.

The initialization is one of the problems with the EM algbrit. The selection of

the initial valueg® (partly) determines where the algorithm converges or higs t
boundary of the parameter space producing singular, mgi@sm results. Singu-
larities occur especially with arbitrary (not restrictemvariance matrices. Some

solutions use multiple random starts or a clustering algorifor initialization [17].

In the case of Gaussian mixture models the known datainterpreted as incom-
plete data. The missing part is the knowledge of which component produced
each sample,,. For eache,, there is a binary vectay,, = {y,. 1, ..., ync}, Where
yn,c = 1, if the sample was produced by the componerr zero otherwise. The

complete data log-likelihood is

N C
In£(X,Y;0) ZZ p(x,|c; 0)) . (12)

The E-step contains computation of the conditional expectaf the complete
data log-likelihood, the&)-function, givenX and the current estima& of the pa-

rameters. Since the complete data log-likelihbod (X, Y; 0) is linear with respect

11



to the missingY, the conditional expectatio/ = E[Y | X, 8] has simply to be

computed and put intm £(X,Y; 8). Therefore
Q6,6 =E [hw(x,v; 0)|X, 02} = InL(X,W; 6) (13)
where the elements & are defined as
Wy =E [yn,c | X, GZ} =Pr {yn,c =1]|z,, GZ} . (14)

The probability can be calculated with the Bayes law ([17])

_aip(a,|c: )
i1 0 p(@al5; 6')

(15)

Wh, e

whereq! is the a priori probability (of estimaté’) andw,, . is the a posteriori
probability thaty,, . = 1 after observinge,,. In other wordsyw,, . is the probability

thatx,, was produced by component

Applying the M-step to the problem of estimating the disitibn parameters for
the C-component Gaussian mixture with arbitrary covarianceices, the result-

ing iteration formulas are as follows:

ot = — % W e (16)
N n=1
i+l _ ZnNzl LWy c (17)
¢ ZnN:1 Wn,c
N 7 7
EiJrl — Zn:l wn,c(wn _]V/“I’c+1><wn - l’l’c+1)T (18)
Zn:l wn,c

The new estimates are gathere@to' (Eq. 4). If the convergence criterion (Egs. 10
or 11) is not satisfied, + 7 + 1 and Egs. (15)—(18) are evaluated again with new

estimates.

The interpretation of the Egs. (16)—(18) is actually quiteitive. The weighty. of

a component is the portion of samples belonging to that compio The weight is

12



computed by approximating the component-conditional pith the previous pa-
rameter estimates and taking the posterior probabilityaohesample point belong-
ing to the component(Eq. 15). The component mean and covariance matrix..
are estimated in the same way. The samples are weightedheithprobabilities
of belonging to the component, and then the sample mean amplesgovariance

matrix are computed.

It is worthwhile noting that hitherto the number of compotsefi was assumed
to be known. Clustering techniques try to find the true cksstend components
from a training set, but our task of training a classifier amyeds a good enough
approximation of the distribution of each class. Thereféreloes not need to be
guessed accurately, it is just a parameter defining the eodatylof the approxi-
mating distribution. Too small’ prevents the classifier from learning the sample
distributions well enough and too largémay lead to an overfitted classifier. More
importantly, too large will definitely lead to singularities if the amount of trang

data becomes insufficient.

2.3.3 Figueiredo-Jain Algorithm

The Figueiredo-Jain (FJ) algorithm tries to overcome thnegor weaknesses of
the basic EM algorithm [17]. The EM algorithm presented iotom 2.3.2 requires
the user to set the number of components and the number rermeead during
the estimation process. The FJ algorithm adjusts the nuaflm@mponents during
estimation by annihilating components that are not suppdyy the data. The other
EM failure point is the boundary of the parameter space. Bidawthe boundary
when it annihilates components that are becoming singelaalso allows starting

with an arbitrarily large number of components, which taskthe initialization

13



issue with the EM algorithm. The initial guesses for meansashponents can be
distributed into the whole space occupied by training sasi\péven setting one

component for every single training sample.

The classical way to select the number of mixture componisnts adopt the
"model-class/model” hierarchy, where some candidate itsqdexture pdf’s) are
computed for each model-class (number of components) hamdsielect the "best”
model. The idea behind the FJ algorithm is to abandon sucérarchy and to find
the "best” overall model directly. Using the minimum messé&ngth criterion and

applying it to mixture models leads to the objective functjb7]

Na,
12

Coo, N  Cun(V+1)

) +

A(Q,X):% 3 In

c:ac>0
whereN is the number of training point¥; is the number of free parameters spec-
ifying a component, and’,,, is the number of components with nonzero weight in
the mixture (. > 0). 8 in the case of Gaussian mixture is the same as in Eq. (4).
The last termn £(X, 0) is the log-likelihood of the training data given the distri-

bution parameter8 (Eq. 7).

The EM algorithm can be used to minimize Eq. (19) with a fixgd [17]. It leads

to the M-step with the component weight updating formula

N
maxq0,| > wpe| — %
i1 _ n=1
¢ c N )
Y.max{ 0, > wy,;| — %
j=1 n=1

This formula contains an explicit rule for annihilating cpoments by setting their

Q

(20)

weights to zero. Other distribution parameters are updaged Egs. (17) and (18).

The above M-step is, however, not suitable for the basic Ejdrghm. When initial

C'is high, it can happen that all weights become zero because ofcdche compo-

14



nents have enough support from the data. Therefore a compainge EM algo-
rithm (CEM) is adopted. CEM updates the components one byammeputing the
E-step (updatingV) after each component update, whereas the basic EM updates
all components "simultaneously”. When a component is atatéd its probability

mass is immediately redistributed strengthening the reimgicomponents [17].

When CEM converges, it is not guaranteed that the minimur(6f X) is found,
because the annihilation rule (Eq. 20) does not take intowdcthe decrease
caused by decreasing,,. After convergence the component with the smallest
weight is removed and the CEM is run again, repeating dntil= 1. Then the
estimate with the smallest(0, X) is chosen. The implementation of the FJ algo-

rithm uses a modified cost function instead\@®, X) [17].

Hitherto the only assumptions are that the EM algorithm cawistten for the mix-
ture distribution and all components are parameterizelddrsame way (number of
parameterd’ for a component). With the Gaussian mixture model the nurober
parameters per componentlis= D + 1 D? + 1D in the case of real valued data
and arbitrary covariance matrices. With complex valued daé number of real
free parameter¥ = 2D + D? where D is the dimensionality of the (complex)
data. For complex data the number of free parameters sheutdgdaced by the
new value forV" instead of the values from Figueiredo and Jain, who derilied t
rule for real valued data [17]. As can be seen in Eq. (20) the vadue amplifies
the annihilation, which makes sense because there are regreas of freedom in
a component. On the other hand there are more training détala same num-
ber of training points, because the data is complex (twoe&ln one variable as

opposed to one value).
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2.3.4 Greedy EM algorithm

The greedy algorithm starts with a single component and #uels components
into the mixture one by one [19]. The optimal starting comgarfor a Gaussian
mixture is trivially computed with optimal meaning the hegt training data like-
lihood. The algorithm repeats two steps: insert a compoimémthe mixture, and
run EM until convergence. Inserting the component thateases the likelihood
the most is thought to be an easier problem than initialianghole near-optimal
distribution. Component insertion involves searchingtfoe parameters for only
one component at a time. Recall that EM finds a local optimunthie distribution

parameters, not necessarily the global optimum, which sékan initialization

dependent method.

Let po denote aC'-component mixture with parametefig.. The general greedy

algorithm for the Gaussian mixture is as follows [19]:

Algorithm 1 Greedy EM
1: Compute the optimal (in the ML sense) one-component mixfweed seilC' +—
1.
2: Find a new componenY¥ (x; ', ') and corresponding mixing weight that

increase the likelihood the most:

N
{, ¥ o'} = arg {mgx} > In[(1 — a)po(x,) + aN(z.; 1, 2)]  (21)
S |

while keeping fixed.
3: Setpeyi(x) « (1 — o )pe(x) + /N (x; 1/, Y') and thenC' < C + 1.
4: Updatepc using EM (or some other method) until convergence. [optiona

5: Evaluate some stopping criterion; go to Step 2 or quit.
The stopping criterion in Step 5 can be, for example, any kinehodel selection

16



criterion, wanted number of components, or the minimum egs$ength criterion.

The crucial point is of course Step 2. Finding the optimal meswwponent requires
a global search, which is performed by creatiigy..,q candidate components.
The number of candidates will increase linearly with the bemof components
C, having N...q candidates per each existing component. The candidatkimgsu
in the highest likelihood when inserted into the (previamsjture is selected. The
parameters and weight of the best candidate are then useedgr8B$nstead of the

truly optimal values.

The candidates for executing Step 2 are initialized asvidldhe training data set
X is partitioned intoC' disjoint data set§A.}, ¢ = 1...C, according to the pos-
terior probabilities of individual components; the dataisd3ayesian classified by
the mixture components. From eag8hthe number ofV..,.q candidates is initial-
ized by picking uniformly randomly two data poinis andx, in A.. The setA.
is then partitioned into two using smallest distance selaatvith respect tac; and
x,. The mean and covariance of these two new subsets are thegiara for two
new candidates. The candidate weights are set to half of énxghivof the compo-
nent that produced the s&t. Then newr; andx, are drawn untilV,,,q candidates
are initialized withA.. The partial EM algorithm is then used on each of the can-
didates. The partial EM differs from the EM and CEM algorithby optimizing
(updating) only one component of a mixture; it does not cleaagy other com-
ponents. In order to reduce the time complexity of the atgorj a lower bound
on the log-likelihood is used instead of the true log-likelond. The lower-bound
log-likelihood is calculated with only the points in the pestive sef.. The partial
EM update equations are as follows:

aN(z,;p, )
1 —a)po(x) + aN(z;p,X)

Wp,041 = ( (22)
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1

a= Wn, 41 (23)
R(A.) n%; +
o= 2oneA, Wn,C+1%n (24)

>_neA. Wn,C+1
2 oneA, wn,CJrl(wn — p)(®, — N)T

ZneAc Wn,C+1

Y — (25)

whereX(A,) is the number of training samples in the #et These equations are
much like the basic EM update equations in Eqgs. (16)—(18¢. @drtial EM itera-
tions are stopped when the relative change in log-likelkhoithe resulting”’ + 1
-component mixture drops below a threshold or a maximum reurobiterations is

reached. When the partial EM has converged, the candidagady to be evaluated.

2.3.5 Avoiding covariance matrix singularities

All the above estimation methods may fail due to singulesitappearing during
computation of new estimates. Several heuristic expl@vaciance matrix fixing
procedures can be applied in order to prevent singulariiegly et al. [20] also
present an algorithm using factorized covariance mattitaisavoids singularities

altogether. The method used with the EM and FJ algorithmessnibed next.

Computation numerics may introduce inaccuracies so tleatdkiariance matrix is
no longer strictly Hermitian (complex conjugate symmetfic= ¥*). The matrix

is forced to Hermitian by
=X
2

Y+ X - (26)

and removing an imaginary part from the diagonal.
The matrix is tested for positive definiteness with Choleskyorization Chol). If
the test is negative, the diagonal of the matrix is modifiethe diagonal contains

elements that are less thae, the diagonal values are grown by an amount relative

to the largest absolute value on the diagonal, ensuringth&megative diagonal

18



elements become positive enough. If the diagonal elemeats@er the diagonal

is grown by1.0 percent.

2.4 Experiments

All the above methods are publicly available in the Matlativgare package pro-
vided by the authors [8]. In the experiments discussed fextiethods were ap-
plied in classification tasks with several publicly avaitablata sets. A comparison
between the three methods, EM, FJ and GEM, was performedaloate their
accuracy and robustness. The experiments were conductehyogg both the pa-
rameter related to the number of components and the amodatatised for train-
ing. For FJ and GEM the number of components actually denthiadnaximum
number of components. Mean and maximum accuracies andthlgoerash rate
were inspected. A crash is a situation where the algorithes cot produce a final
mixture estimate and cannot continue, e.g., in EM a coveeanatrix becomes

undefined or in FJ all mixture components are annihilated.

Forest spectral data first introduced by Jaaskelainen gt1dlwas used in the first
experiment. Since the original data were of high dimengityrtaey were projected
to fewer dimensions as proposed in [22]. For training, \regyamounts of the data
(20—70%) were randomly selected ard% were used for classification by Bayes
rule. Fig. 3(a) shows that all methods performed equallyl @eedl minimum and
maximum accuracies were both near the mean accuracy. ltcsbewunoted that
in Fig. 3(a) FJ and GEM always converged to the same numbeoraponents,
that is, a single Gaussian. GEM was the most stable in termsash rate while
EM frequently crashed for a non-optimal number of composi@nd the FJ algo-

rithm did not succeed until enough training examples wectuted (Fig. 3(b)).
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The crash rate is represented as a proportion of the totabeuof re-executions
of the algorithm and re-executions with reselected datard were no significant
differences in maximum accuracies of the different methelen they succeeded
in estimation as shown in Figs. 3(c) and 3(d). However, fooadyesult EM must

be executed several times.

Class

7 3 B B a 7
Number of estimated mixture components (max) Components for training

(@) (b)

% of data used
(max) Components for raining (max) Components for training

(©) (d)
Fig. 3. Results for the 23-d forest data as functions of arhofitraining data: (a) classifi-
cation accuracy70% of data used for training and min., max., and mean curveseplpt

(b) algorithm crash rate; (c) mean accuracy; (d) maximunuzoy.

By projecting the data on fewer dimensions the data becomesther and all
methods perform more reliably. Due to the smoothness theidcdat crash ei-
ther [23]. However, more discriminating information isti@ad consequently the

maximal accuracy decreases.

In the second experiment well-known waveform data were .uShd waveform
data consisted of 5000 40-element vectors, where the firdiiaes are meaningful

attributes with added noise and the last 19 elements arenmise. The optimal
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Bayes classification accuracyd6% [24]. FJ reached the optimum with one Gaus-
sian component and the other methods came very close (Flg.Fy. 4(a) it seems
that there is enough data for slight overfitting. The GreeMy(EEM) shows that

it adds components very greedily. Otherwise all method®paed equally.

(max) Components for raining (max) Components for training

() (d)

Fig. 4. Results for the waveform data as functions of amofitaming data: (a) classifi-

cation accuracy70% of data used for training and min., max., and mean curveseplpt

(b) algorithm crash rate; (c) mean accuracy; (d) maximunozoy.

Based on the experiments it can be said that the standarddgvitaim outperforms
FJ and GEM if good prior knowledge exists about the numbeoofmonents. Both
FJ and GEM automatically estimate the number of componewtg aeems that FJ
produces more accurate results, but also requires moningagamples than GEM.
As an implementation GEM is the most stable while the stah@ is the most
unstable. The unsupervised nature of FJ and GEM, howevémstivates their

use in many practical applications.
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3 Feature discrimination and classification

Bayesian decision making is the most standard way to clasb#ervations if class
conditional pdf’s are known but the classification can beliadponly to one of
the four items mentioned in the introduction: i) classificatof an unknown ob-
servation into one of predefined classes. It should be nbtadhe plain use of the
Bayes formula does not guarantee Bayesian optimal deaisaiking and there are
numerous pattern recognition problems which cannot bedtatad as a Bayesian

task [6].

In this study Gaussian mixture models are considered tesepi class conditional
pdf's. The Bayesian rule can be used to select which classsigrafor an unclassi-
fied observation, but the weakness of the approach is thastenpari probabilities
can be used only to make a decision between known classessiogke obser-
vation. It is important to note that posteriors cannot bedusecompare different
observations, for example, to decide which one of them isema&rably from a cer-
tain class. Comparison between instances must be basednenatber statistical

reasoning.

The Bayesian decision making was useful only in the first jgrobdefined in the
introduction, but the other two problems: ii) finding beshdalates from a set of
observations and iii) deciding a class association to deskigpwn class when other
classes are unknown or their samples are insufficient mustimilated in another
way. In this study use of confidence information is proposeti @nfidence addi-
tionally covers the last problem, iv) concluding what u$statistical information

should be provided to the next processing level.
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3.1 Classification using the Bayesian decision rule

Bayesian classification and decision making are based dmpility theory and
the principle of choosing the most probable or the lowest (expected cost)
option [6,18]. Assume that there is a classification tasklassfy feature vec-
tors (observations) td( different classes. A feature vector is denotedras=
[z1, 29, ..., 2p]T whereD is the dimension of a vector. The probability that a fea-
ture vectorz belongs to a class; is P(wx|x), and it is often referred to as a pos-
teriori probability. The classification of the vector is doaccording to posterior

probabilities or decision risks calculated from the praliidés [6].

The posterior probabilities can be computed with the Bagasdla

p(@|wg) P(w)

Plade) === )

(27)

wherep(x|wy) is the probability density function of class. in the feature space
andP(wy) is the a priori probability, which gives the probability ot class before
measuring any features. If a priori probabilities are notialty known, they must
be explicitly defined or estimated from the training set. Aafaerror exists if a
prioria probabilities do not exist [6]. The divisor
K
p(x) = ;p(iv\wz’)]p(wi) (28)

is merely a scaling factor to assure that posterior proltigsilare really probabil-
ities, i.e., their sum is one. It can be shown that choosiegcthss of the highest
posterior probability produces the minimum error probiap|lL6,6,18]. However,
if the cost of making different kinds of errors is not unifgrthe decision can be

made with a risk function that computes the expected cosgube posterior prob-

abilities, and the class with minimum risk is chosen [6].
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3.2 Classification using confidence

The term confidence may have various different meanings@mnaufiations, but in

our case confidence is used to measure reliability of a ¢leestson result where a
class label is assigned to an observation. If confidencenisitas more probable
that a wrong decision has been made. Intuitively, the vallaectass conditional pdf
at an observation corresponds to confidence for a specifis:dlae higher the pdf

value, the more instances in a corresponding class appeiarsio the observation.

A posteriori is a between-class measure for a single obsenvéut pdf values can
be used as an inter-class measure to select the best rdpteseaf a class. For
example, in object detection it is computationally effitisnprocess best evidence
candidates representing parts of an object first [5]. Uhjlile¥idence candidates

can be pruned as outliers. In such tasks the use of confideheneéficial.

3.2.1 Interpretation of confidence

A posteriori values can be used to select the most probabss ¢br a single ob-
servation, but confidence values can be used to select theretiable class rep-
resentative among many observations. In certain taskéidemce can be used to
discard observations which cannot be sufficiently reliasiyigned to any of known
classes, that is, their pdf values are too low for reliablesien making. The same
approach can be used in two class problems where trainingga are avail-
able only for one class and observations which do not passdefined confidence
level are assigned to the unknown class (e.g. in detectionatbr failure condi-
tions [12]). In that sense the confidence does not refer togesvalue limit but to

a certain allowed region in the feature space.
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Definition 1 Confidence value: € [0,1] and confidence regio® C € for a
probability distribution functiord) < p(x) < oo, V& € Q.  is a confidence value

related to a non-unique confidence regiBnsuch that

/Q\R p(x)de = K (29)

The definition of confidence in Definition 1 is easily intera@e via the confidence
regionR. It is a region which covers a proportidn- « of the probability mass of
p(x), because for probability distributions p(x)dx = 1. It is clear thats = 1
for R contains only a finite number of individual points and= 0 for R = Q. It
should be noted that the confidence value has no use untédgiaR is defined as
a minimal volume region which satisfies Definition 1. The mmal volume region

is called the highest density region (HDR) [25].

A class specific confidence valug can be defined for each= 1, ..., K different
classes, but intuitively the same value is good for all das# confidence value
corresponds to the proportion of a probability mass thatramin an are& . In

a classification task where certain confidence for decisiaking is required, the
confidence value itself is not used but the confidence reBipitself is important
since a sample vectaris allowed to enter the class, only if x € R,. If a sample
is not within the confidence region of any of the classes, istnine classified to a
garbage class. The garbage class is a special class anésasgigned to the class
need special attention; for example, more information edee for observations in
the garbage class or in a two-class problem where data imblabnly from one

class the garbage class may represent the other class wittkaown distribution.

There are various uses for the confidence value in classuiicator example, in

the search for the best evidence sets from a large set of eartip use of the
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confidence value may decrease the work done in further poaesteps. Confi-

dence may also be directly used to guarantee the reliabilitiye classification. In

condition monitoring, mechanical failures typically evelduring the process and
too early warning may lead to too pessimistic repair proceslut is often easy to
collect samples from normal system conditions as with dom@imonitoring, but

all failures can never be comprehensively recorded, angl tino class classifica-
tion to normal or failure condition can be performed utiigithe confidence value:
samples within the confidence region are assigned to theal@lass and outside
that to the failure condition, whose probability distrilaut is unknown. Correct use
and the advantages of using confidence in classificatiorb@illemonstrated and

further discussed in the experimental part of this study.

3.2.2 Rank-order statistics based confidence estimation

An analytical solution for finding the confidence region (mrmal volume region)
would be very difficult to implement in practice. Formulatioan be based on in-
tegration rules of multidimensional Gaussians and usiagignt information. The
formulation would be simple for a single multi-dimensio@aussian, but becomes
more difficult when there are several non-overlapping Ganssand very complex
when overlapping is allowed: integration must be done olleoanponents in ev-
ery ellipsoid. The required theory for the computationsexj26—28], but the op-
timization may become computationally infeasible. Thdfscient and sufficiently
accurate approximating methods are needed. One such mailhdd described

next.

To find the confidence region, a reverse approach can be udiedl ta pdf value

7 which is at the border of the confidence region. It is assurhad the pdf is
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continuous and the gradient of the pdf is never zero in a wheighborhood of
any point where the pdf value is nonzeranust be equal everywhere in the border,
otherwise the region cannot be the minimal volume regioih [26an be computed
by rank-order statistics using the density quantile ([25{)) and by generating
data according to the pdf function. Density quantile is thpasite of confidence

k=1—F(r).

N (u,X) distributed data can be generated by generafirdimensional vectors
y,, each element i.i.dV (0, 1), and computinge; = y, Chol ¥ + u [9]. Com-
plex valued data can be generated by generafirdgjmensional vectorg; with
each elementi.i.d{(0, 7) and computinge; = (y, cos z; +y,isin z;) Chol X + p.
Gaussian mixture data can be generated by first randomligtsej@ne of the com-
ponents using component weights as probabilities and teeergting a point with

the parameters of the selected component.

Definition 2 The density quantilé’(7) corresponding to a pdf valueis

F(r) = /p o D@ (30)

The density quantile corresponds to HDR probability massantegral over a re-
gion where pdf values remain above the given minimal leveClearly F'(7) €

[0, 1] since it is similar to a cumulative pdf. The pdf valuéhas no interpretation
which could be used, but it is easy to define a density quaetide, a quantile a§.9
would accept the most typicab% of instances generated by the pdf. The quantile
is a non-increasing function, and thus, a reverse mappifg = 7 can be defined,

whereF € [0, 1] is the desired quantile.

The density quantile has a well-known connection to the denfte bounds of a

normal distribution and its pdf. When extended to mixturésiamal distribu-
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tions, the confidence bounds may become arbitrarily comateihe number of
mixture components increases. An example of a one-dimealsiase is illustrated
in Figure 5. HDR regions become even more complex in multtisional complex
space<P.

Relation of PDF value threshold and HDR probability mass.
T T T T

— PDF
threshold

[ HDR mass

03

0.251-

o 02F

0151

PDF val

01r

Fig. 5. A highest density region (HDR) of a two-component Gt and the correspond-
ing threshold in one dimension. The confidence region is ngdo a simple connected

set.

An analytical solution forF'(7) or h(F') can be very difficult, but a Monte Carlo
method can be used to approximate the functions. Compntatibzes random
sampling by generatingy random pointse,, x,, ...,y from a distribution de-
scribed byp(x). The pdf value is computed for every point = p(x;) and all
pi's are ordered into a sequente= (yi,...,yn) = sort {p;} in an ascending
order.Y represents now a non-decreasing finite series which candzkbtasesti-
mateF(7) andh(F). We have now reduced the original sp&Z® into (a discrete

approximation of]R*. A similar method was proposed by Hyndman [25].

Now, the value ofF'() can be approximated by
i =argmax{y; | y; < 71} (31)
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and, with linear interpolation,

1 if 7 <

F(r)~ <0 if 7> yn (32)

1 — ZHED - otherwise

where the linear interpolation term

0.5 if yis1 —yi =0

l(i,7) = : (33)
—T—¥_ otherwise
Yi+1—Yi

The reverse mappin(F') can be approximated by

7=hF)~ (34)

yi+ (N —=1)(1—=F)+1—4)(yis1 —y;) otherwise

wherei = |(N —1)(1 — F) + 1].

Now, the estimated pdf valuecan be used as a limit pdf value where observations
falling below are directed to the “garbage class”. Hithedioly Gaussian mixture
models have been applied, but the proposed estimation agprpplies to any

continuous pdf’s that fulfill the gradient condition giveanthis section.

3.3 Experiments

Bayesian decision making was already demonstrated in fheriexents where dif-
ferent estimation algorithms were compared and in theslitee there is an enor-
mous number of experimental studies utilizing Bayesiansi@e making. Here

two examples are presented in order to demonstrate the esafdence.
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In the first experiment the use of confidence information wadied in an appli-
cation where its usability is apparent. In face detectiotho@s where detection of
a whole face is based on smaller facial parts, evidenceyriesmtire extracted from
every spatial location (e.g., [4,5]) and ranked as possbidence from different
classes. The detection of the whole face is based on inspeafispatial connec-
tions of different evidence. In Fig. 6(a) an example faaiaage is shown and the
10 ground truth evidence keypoints are marked [4]. In thmitng phase Gabor
features were extracted from training set images and clasditoonal pdf’s were
estimated for each evidence class by the FJ method. In Hijy.a60df surface is
shown for the evidence class number 7 corresponding to thigd#t on the image)
nostril. Figs. 6(c) and 6(d) display the confidence regidndemsity quantile$).5
and0.05 corresponding t@.5 and0.95 confidence values respectively. It is clear
that the correct evidence location, the left nostril, wasady included in the€.95
confidence region, and thus, the evidence search spacefoextprocessing level
was reduced dramatically. Using the confidence informaitde possible to rank
evidence from each class and provide at most a requestedenwhbest candi-
dates to a next processing level [4] but also allow the pdggithat evidence is

not found on the image.

W ————

ol

\\‘"‘

‘;\

(@) (b) (©) (d)

Fig. 6. Example of using density quantile to definine conftderegions : (a) face image

and 10 marked evidence classes; (b) pdf value surface fdetih@n image) nostril class;

(c) confidence thresholal5 (F'(7) = 0.5); (d) confidence thresholel95 (F'(7) = 0.05).

Lindh et al. [12] have proposed a statistical solution fotredeng motor bearing
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failures from stator current signals of electric motord,they pointed out the draw-
back that not only normal condition but also failure coratitimeasurements are
needed in their solution. In practice, providing failurend@gion measurements is
often economically impossible and it is difficult to covelrfallure situations while

normal condition data is produced continuously. This expent used the same
features as proposed in the original study [12], but onlymadrcondition measure-
ments were used to form a pdf and confidence was used to deztidtedn normal

and failure conditions. In Fig. 7 a ROC curve is shown for tbaducted exper-

iment. From the curve it can be seen how more normal conditieasurements
were correctly identified (true positives) by decreasirgd¢bnfidence, but also an
increasing number of failure conditions were consideratbashal (false positives).
The optimal trade-off depends on the application. On therdtand, there was only
a minor difference when comparing to the result where aldoréacondition pdf

was used in Bayesian classification (a prioria probabslitvere estimated from the

training set, which does not correspond to the situationmaciice).

confidence 0.01

o
o
T

True positive
o
ol

o
IS

0.1f —— Only normal class with confidence |
*  Bayesian classifier with both classes|
n n n

0 0.2 0.4 0.6 0.8 1
False positive

Fig. 7. Receiver operating characteristic (ROC) curve &ingl confidence value in two
class classification of electric motors. A positive testitesorresponds to normal operating

condition of a motor.
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4 Conclusions

Our motivation for this study was to show that statisticatmoels, especially meth-
ods based on class conditional probability density fumstiof features, are suitable
in certain classification tasks. The study was aimed to biilisefeature classifi-
cation and evidence based object detection, which wereamstidered in depth in

this study but only briefly demonstrated in the experiments.

The estimation of unknown pdf’s is a common problem and is $tidy Gaussian
mixture models (GMM) were analyzed as a model, and expectatiaximization
(EM), Figueiredo-Jain (FJ) and greedy EM (GEM) algorithnessvstudied for es-
timating GMM parameters. The study also covered estimaifaomplex data in
multiple dimensions for which case EM and FJ were used. lhsdbat EM is the
most suitable approach if the number of components is knaweawo reliably be
estimated. The optimal number of components can also beasiil using a sepa-
rate evaluation set and by pruning. However, the two unsugesd methods FJ and
greedy EM seemed to be robust and reliable algorithms for Ghdkdmeter esti-
mation. In practice, singularities however occur, and thigorithms must tolerate

them, for example by enforcing covariance matrices to nogegar form.

Estimated pdf’s can be used in classification and the secart@pthis study con-
centrated on three different classification problems anat\kimd of information is

needed in the next levels of processing. The first classdicaroblem was solved
in a traditional way by utilizing Bayes formula, but the néxb problems required
a non-Bayesian approach. The use of confidence, as defined study, was pro-
posed and a method to establish confidence information waslirced. Finally the

use of confidence information was demonstrated experirhgnta

32



This work presents a view of using feature pdf’s in classiittaand ranking of

extracted features, observations. The work consisted aidy ©f how pdf's can

be estimated and a study of how the classification should terpeed. In future

research, the results will be applied to an invariant detecif object evidence by

utilizing simple Gabor features and statistical ranking.
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